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What is crossed product by an endomorphism? &#‘3

Throughout A is unital C*-algebra.

Crossed product by an automorphism o : A — A is a universal
C*-algebra C*(A, u) generated by A and u subject to relations:

a(a) = vau™, a~(a) = u*au, acA

Problem If o : A — A is an endomorphism, then_a —a}="au.
What relation should we use instead?

Let A C B be C*-algebras with a common unit 1, U € B.
Proposition (the Hint).
Let & : A — A be a map of the form a(a) = UaU*. Then

a is an endomorphism <= U is a partial isometry, U*U € A’
<= U is a partial isometry and
Ua=a(a)U, a€ A
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Def. A pair (7, U) is a representation of (A, «) in a C*-algebra B if

7 : A— B is a unital homomorphism, U € B and
e

Ur(a)U" = w(a(a)), aeA

Let J<A. We say that (, U) is a J-covariant representation if

JC{aeA: U Ur(a) =n(a)}.

Prop. There is a J-covariant represen. (¢,u) in a C*-algebra C*(A, a; J) s.t.:

a) C*(A,q;J) is generated by ¢(A) and u,

b) for every J-covariant representation (, U) there is a homomorphism of
mx U of C*(A,a; J) given by (m x U)ov=m and (7w x U)(u) = U.

Moreover, ¢ is injective if and only if J C (kera)*.

Def. We call C*(A, «; J) the relative crossed product of (A, «) relative to J.

We define the crossed product by putting C*(A, a) := C*(A, o; (ker a)™r).
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Remark.

@ C*(A, ) is the (unrelative) crossed product
u is an isometry <= « is a monomorphism
@ C"(A,o; A) is Stacey’s crossed product (u is always an isometry)
A embeds into C*(A, o; A) <= « is a monomorphism

@ C"(A, «o;{0}) 'Toeplitz’ crossed product (u is never an isometry)
studied by Raeburn et al.

Remark.
For any (A, @) and J there is a canonical endomorphism oy : A; — Aj s.t.
0 C"(Aa; J) = C* (A, )

@ keray is a complemented ideal in Ay

From now on we assume that ker o is a complemented ideal.
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Ideal structure

Def. We say that / < A is invariant if (kera)* Na~(/) = I N (kera)*t. J

If / is invariant then a(/) C I and we have the restricted «|; : | — [ and
the quotinet oy : A/l — A/l endomorphism.
Theorem. Equality / = ANZ yields a bijection between

invariant ideals / in A and gauge-invariant ideals Z in C*(A, «).

Moreover:
C*(A)/T = C*(A/l,a)

and Z is Morita-Rieffel equivalent to C*(/, «).

Theorem. C*(A, «) is simple if and only if

there are no non-trvial invariant ideals in A and either

i) «is pointwise quasinilpotent (V.4 «"(a) — 0) or

ii) « is injective and no power «", n > 0, is inner.
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Endomorphisms of C(X)-algebras

Suppose that X := Prim(A) is Hausdorff and «(Z(A)) C Z(A)a(1).

Then Z(A) = C(X) and we may treat A as a section algebra of the bundle
|| cx A(x), where A(x) := A/x, x € X. Then we have

ax(a(e(x)), x €A,

acA xeX.
0, x & A,

a(a)(x) = {

where
1) ¢ : A — X continuous proper map, A C X is open,

2) {ax}xea 'continuous’ bundle of homomorphisms . : A(p(x)) = A(x).

Theorem.

@ If ¢ is topologically free, for every covariant representation (7, U), with =
injective, the representation 7 x U of C*(A, ) is faithful,

@ If ¢ is free, then we have a bijective correspondence

ANZ ={a€ A:a(x)=0 forall x € V}

between ideals Z< C*(A, ) and closed sets V s.t. p(ANV)=p(A)NV.
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Exel’s crossed product

Def. A transfer operator for an endomorphism a: A — A is
a positive linear map £ : A — A such that L£(aa(b)) = L(a)b, a, b € A.

Ex. 0 : M — M a local homeomorphism on a compact Hausdorff M.
The standard transfer operator for a(a) = aoo, a€ A:= C(M), is

L@ = —— 3 aly).
10, 2,

Any transfer operator is of the form £,(a)(x) = >_ -1 p(¥)a(y)
where p : M — [0, 00) is continuous.
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Exel’s crossed product

Def. A transfer operator for an endomorphism a.: A — A is
a positive linear map £ : A — A such that L(aa(b)) = L(a)b, a, b € A.

Def. (7, S) is a representation of an Exel system (A, a, £) in B if
7w : A — B is a unital homomorphism, S € B and

SEErP=rtea))s, S*m(a)S = w(L(a)) for all a € A.

Let T(A,x¢ L) := C*(«(A) U {s}) where (¢, s) is the universal
representation of (A,x( L). Exel’s crossed product A X, » N is the
quotient of T (A, 25 L) by the ideal generated by

{¢(a) — k: a € Aa(A)A and (¢(a), k) is a redundancy}.

Rem. A transfer operator is a c.p. map; for a;, b; € A we have

> brLara) = £((Y aa(6) (Y aa(by))) = o.
i=1 Jj=1

ij=1
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Let o : A — A be a linear completely positive map (c.p. map)

Def. Representation of (A, p) in B is (7, S) where

7w : A — B is a unital homomorphism, S € B and
S*m(a)S = w(o(a)) for all a € A.

Toeplitz algebra of (A, p) is C*-algebra T (A, g) := C*(:(A) U s)
generated by the universal representation (¢, s) of (A, o).

Def. Redundancy is a pair (:(a), k) where
a€A ke A)su(A)s*L(A) and t(a)(b)s = ku(b)s for all b € A.

Def. GNS-kernel of g is N, := {a € A: p((ab)*ab) =0 for all b € A} J

Rem. If o = « is multiplicative, then N, = ker a and J

(¢(a), k) is a redundancy <= k = ss*i(a)
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Def. The crossed product C*(A, ) is the quotient of T (A, o)
by the ideal generated by

{t(a)—k:a€e NQL and (c(a), k) is a redundancy}.
More generally, for J < A we define C*(A, o; J) similarly but with

{«(a) — k:a € Jand («a), k) is a redundancy}.

Corollary.

@ If o = «v is multiplicative, then (assuming u = s*)
C*(A oz )= C* (A, p; J), C*(A,a) = C*(A, p).

@ If p = L is a transfer operator for an endomorphism «, then
AXarN=C"(ApJ), O(A,a, L) = C*(A, p)

where J = Aa(A)A and O(A, o, L) is an adjusted crossed product
(Exel and Royer 2007)
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Thm. For any J < A we have
C(A 0 ) Z0(X,, JNJ(X,)),  C*(A0) =0x,

where X, is the GNS C*-correspondence, i.e. Hausdorff completion of
the algebraic tensor product A® A with (a® b,c ® d)a := b*p(a*c)d,
where a- (b® c) - d := (ab) ® (cd) for a, b, c,d € A.

Ex If A= C(V) commutative, then X, ~ (V, E, i = {x}xev) where

o(a)(x) = / a)duely), x€EV,acA

and
E = Usuppuxx{x}CV x V
xeV \L i
In special cases (V, E, u) is: v
a topological relation (Brenken 2004),

a topological quiver (Muhly, Tomoforde 2005),
a ‘Markov operator’ (lonescu, Muhly, Vega 2012).
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Example 1 (z>-mapping on T)
Let H = L,(T), A C L(H) consists of operators of multiplication by

continuous functions:
A== C(T).

Consider the isometry S € L(H):

(SN =), (SN =5 > F(w)

w2=z

SaS* - is not an operator of multiplication ¢ A
acA= T 1

S*a$ - operator of multiplication by 53 .. ,a(w) €A
Hence £(a) := S*aS$ is a positive map on A where

L(a)(z) = 32,0, a(w), ac A= (C(T), zeT.

Prop. C*(AU{S}) = C*(A, L) - crossed product by a c.p. map
Also C*(AU{S}) =2 A x4, N - Exel's crossed product
a(a)(z) = a(z?), ae A= (C(T), zeT.
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Example 2 (z>-mapping on T)

Let H = Lr(R), A C L(H) consists of operators of multiplication by
continuous periodic functions with period 1:

A= C(T).
Consider unitary operator U € L(H)

(Uf)(x) = V2 £(2x), (U*f)(X):%f<%>.

UaU* - operator of multiplication by a(2x) € A

A—
€ {U*aU - operator of multiplication by a(%) ¢ A

Hence «(a) := UaU* is an endomorphism of .4 where

a(a)(z) = a(z?), ac A~ (C(T), z€eT.
Prop. C*(AU{U}) = C*(A, «) - crossed product by an endomorphism
Also C*(AU{U}) = B x13 Z - crossed product by an automorphism

B:= C* (U2, U"AU"),  B(b):= UbU*,  B~Y(b) = U*bU.




ommutative. lts spectrum is:

C*(Uoeo UAUM) is ¢
Smale's Solenoid (. F"(T) where F : T — T acts as follows

Algebra B :




o UTAU*") is commutative. Its spectrum is:

C(Unz

Smale's Solenoid (o F(T) where F : T — T acts as follows

Algebra B




Algebra B = C*(UJ,—, U"AU*") is commutative. Its spectrum is:
Smale’s Solenoid (), F"(7T) where F : T — T acts as follows
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solenoid.swf
Media File (application/x-shockwave-flash)
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