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Abstract
We present foundations of the theory of Banach algebras associated with étale Haus-

dorff groupoids, which was elaborated in a more general twisted non-Hausdorff setting in
[BKM25], [BKM26]. Considering the special more regular case allows us to simplify
and streamline some of the constructions and arguments. Amongst the main results are
description of representations and simplicity criteria for such algebras.

In addition, we introduce and study Lp-operator algebras, for p P r1,8s, associated
to local homeomorphisms through Renault-Deaconu groupoids. We apply this to algebras
generated by representations of transfer operators on Lp-spaces and obtain a description
of spectra of weighted composition operators generating the corresponding universal Lp-
operator algebras. This provides a general framework previously studied by the author
for Bernoulli shifts in [Bar24], and gives an Lp-generalization of the theory developed for
Hilbert spaces in [BK21], as well as of certain C˚-algebraic results from [BKL24].

Furthermore, we provide a full self-contained proof of Banach-Lamperti theorem char-
acterizing (not necessarily invertible) isometries between Lp-spaces associated to localizable
measures as (generalized) weighted composition operators. The formulation of this theorem
for non-invertible isometries has caused some confusion and is often incorrectly formulated
already for σ-finite measures.
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Introduction

Group C˚-algebras emerged from 1930s-1940s work of Murray-von Neumann, through
the work of Gelfand and Naimark [GN43] who provided the axiomatic foundation of the
theory of C˚-algebras. From then until the present day, the reduced group C˚-algebra
C˚

r pGq of a group G, which is a completion of a group ˚-algebra CcpGq in the norm given
by the regular representation, is both an important object of study and an indispensable
tool used to study properties of groups in harmonic analysis and geometric group theory.
In fact other Banach algebra completions of CcpGq, such as the Banach algebra L1pGq,
already studied in detail by Segal [Seg47], or Herz algebras of p-pseudofunctions [Her71],
which are now also called reduced Lp-operator group algebras [GT15], are standard tools
in modern harmonic analysis and related fields.

In the realm of C˚-algebras the theory of group algebras was extended with huge suc-
cess to transformation groups, groupoids and even more general structures and actions.
One of the many crucial results showing importance of such constructions is that all classi-
fiable simple C˚-algebras are reduced C˚-algebras of (twisted) étale locally compact Haus-
dorff groupoids [Li20]. Perhaps one of the most important class of étale groupoids, apart
from transformation groupoids modelling group actions, are the so-called Renault-Deaconu
groupoids, which are associated to irreversible dynamical systems implemented by local
homeomorphisms. Renault [Ren80, III.2] associated such a groupoid to the topological
Bernoulli shift on t1, . . . , nuN to model Cuntz algebra On. Deaconu [Dea95] considered
general covering maps on compact spaces and called the associated groupoid C˚-algebras
crossed products by endomorphisms. Nowadays C˚-algebras associated to irreversible maps
are often recognized as Exel’s crossed products or crossed products by transfer operators,
[Exe031], [EV06], [Kwa17], [BKL24]. The crucial role of transfer operators in these
constructions provides a direct link to thermodynamical formalism and ergodic theory. It
should also be noted that Arzumanian and Vershik [AV78] were perhaps first to study
an operator algebra associated to an irreversible dynamical system, which they defined
concretely as the C˚-algebra generated by some weighted composition operators on the
Hilbert space L2pµq. The fact that such C˚-algebras are modeled by Renault-Deaconu
groupoids was explored by the author and his supervisor in [BK21] where the combination
of C˚-algebraic analysis and thermodynamical formalism arguments lead to a dynamical
description of spectra of the corresponding weighted composition operators.

In the 2010s, through a series of lectures and preprints, cf. [Phi12], [Phi13a], [Phi13b],
Phillips initiated a program of generalizing important C˚-algebraic constructions and re-
sults to Banach algebras, which he called Lp-operator algebras. By definition these are
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Banach algebras that can be isometrically represented on Lp-spaces Lppµq for an arbitrary
measure µ, and fixed p P r1,8q. For p “ 2 these are operator algebras that include C˚-
algebras. Phillips’s program has noticeably grown in recent years, see the survey paper
[Gar21] and [GT15], [GL17], [BP19] [CoR19], [GT20], [GT22], [AO22], [HO23],
[CGT24], [CMR25]. For p ‰ 2 the proofs usually require different techniques, and one
of the most important tools used in this case is Banach-Lamperti theorem which states
that (invertible) isometries on Lp-spaces are weighted compositions operators [Ban32],
[Lam58], [FJ03]. This can sometimes serve as a replacement of the involution and the
C˚-equality available only for p “ 2. On the other hand, for p ‰ 2, the more rigid geome-
try of Lp-spaces allows for stronger rigidity results for Lp-operator algebras than those for
C˚-algebras, see [GT22], [HO23], [CGT24].

In this thesis we discuss fundamental results concerning representation theory and ideal
structure of complex Banach algebras associated to a locally compact Hausdorff groupoid
G. Thus in general we are interested in Banach algebra completions of the convolution
algebra CcpGq. The main motivation and applications come from groupoid Lp-operator
algebras (and their symmetrised versions) [GL17], [AO22], [HO23], [CGT24], but there
is a merit in considering more general Banach algebras completions. For instance, the
notion of Banach algebra crossed product for group actions seems to be well established
and enjoys considerable interest [DDW11], [JST12], [JT16], [BK24], but this is not
an Lp-operator algebra. Thus it is desirable to have a theory groupoid Banach algebras
that cover Banach algebra crossed products of discrete transformation groups. In fact
algebras of étale groupoids can be viewed as crossed products of inverse semigroup actions
and this viewpoint plays a crucial role in this thesis. As in [BK24], to cover both Lp-
operator algebras and their symmetrised versions we will often consider groupoid LP -
operator algebras where P Ď r1,8s is a non-empty set of parameters. The main two
fundamental results that we present and discuss in detail are:

‚ Disintegration-integration theorem for representations;
‚ Dynamical criteria for the intersection property and simplicity.

These two results are in essence the main goals of the papers [BKM25], [BKM26] where
a more general context is considered. Namely, the groupoids there are not necessarily
Hausdorff, they are equipped with twists and the scalar field is either R or C. In the
present dissertation we decided to discuss the more regular case, where the groupoids are
Hausdorff, there are no twists, and the spaces are complex. There are several reasons for
this. Firstly, the author contributed to [BKM25], [BKM26] mainly in this case. Secondly,
in this setup some technicalities can be avoided and theory can be presented in a slightly
different, more accessible way, which may be useful for a number of readers. Thirdly,
for many applications and in particular for that we present here Hausdorff groupoids are
enough.

Our disintegration-integration theorem (Section 5.3) gives a bijective correspondence
between representations of a groupoid Banach algebra and covariant representations of
the corresponding inverse semigroup action. Applying this to representations on Lp-spaces
we establish a clean hierarchy between regular and full Lp-operator algebras for different
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p P r1,8s (Theorem 5.33). This is summarized in Figure 1, where F ppGq and F p
r pGq

are the full and reduced Lp-operator algebra of G, FIpGq :“ CcpGq
}¨}I is the completion in

Hahn’s I-norm, C˚pGq and C˚
r pGq are standard C˚-algebras associated to G. The downward

arrows are contractive homomorphisms extending identities on CcpGq. The algebras in the
middle column are Banach ˚-algebras, the horizontal anti-isomorphisms are given by the
involution in CcpGq, 1{p ` 1{q “ 1. For p “ 1,8 the full and reduced groupoid algebras
always coincide.
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Figure 1. Hierarchy of groupoid Banach algebras

As another application of disintegration theorem, we give a geometric description of
representations of F ppGq on spaces Lppµq, where µ is a localizable measure, via the so-called
spatial partial isometries. These are special kind of weighted composition operators on
Lppµq. This in particular gives a natural bijective correspondence between non-degenerate
representations of F ppGq and F p1

pGq for any p, p1 P p1,8q (Theorem 5.38), which is quite
surprising as in many cases there is no non-zero continuous homomorphism from F ppGq

to F p1

pGq. Also this shows that in the constructions of Lp-analogues of Cuntz or graph
algebras, [Phi12], [CoR19], [CMR25], the use of spatial partial isometries is not an
assumption, in fact it is forced by the relations, or more precisely by the groupoid model
(see Section 6.4). We emphasize that the disintegration theorem developed here is different
than the one in [GL17], which gives measure theoretical disintegration of representations
of F ppGq, for p P p1,8q, on Lp-spaces associated with standard Borel measures.

To study the ideal structure of the considered algebras we introduce a general notion of
a reduced groupoid Banach algebra. This is a Banach algebra completion FRpGq of CcpGq,
which contains as a Banach subalgebra the algebra C0pXq of continuous and vanishing at
infinity functions on the unit space X of G. The property of “being reduced” can be phrased
equivalently in terms of faithfulness of a canonical conditional expectation or in terms of
existence of the so-called j-map, which is an injective contractive map from a completion
of CcpGq to C0pGq. The j-map allows us to treat abstract elements in the Banach algebras
as functions on the groupoid G. A key condition in the study of the ideal structure of C˚-
algebras associated to discrete group actions and their generalizations is topological freeness,
see [ZM68], [KT90], [Tom92], [AS93], [KM21], [KM22]. In the context of Hausdorff
étale groupoids topological freeness is also known under the name effectiveness [Ren08],
[KM21], [KM22]. For any reduced groupoid Banach algebra FRpGq, we show (see Section
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6.2) that G is topologically free if and only if C0pXq is maximal abelian subalgebra in FRpGq,
and if this holds, then every non-zero (closed two-sided) ideal in FRpGq has a non-zero
intersection with C0pXq. The latter property is called the intersection property or detection
of ideals. Simplicity of FRpGq is equivalent to the intersection property and minimality of G.
Hence we conclude that in the presence of topological freeness minimality of G is equivalent
to simplicity of FRpGq. This generalizes the corresponding results for Banach algebra
crossed product from [BK24]. This also applies to the reduced Lp-operator algebras F p

r pGq

and so solves in positive the problem posed in [GL17, Problem 8.2]. Moreover, when the
full F ppGq and reduced F p

r pGq algebras coincide, which is automatic when p P t1,8u and
holds for all p P r1,8s when G is amenable, then F ppGq is simple if and only if G is
topologically free and minimal.

We illustrate the above results on Lp-operator algebras associated to Renault-Deaconu
groupoids (Section 6.3). Outside of the C˚-setting such algebras so far have been considered
only in the context of graph algebras, see [CoR19], [CMR25], [BKM26]. In addition, in
this thesis we discuss the following two new issues, which perhaps deserve to be published
in the form of two further articles:

‚ We characterize weighted composition operators and present the full proof and the
correct formulation of general Lamperti’s theorem for Lp-spaces associated with
localizable measures;

‚ We introduce Lp-operator algebras associated to transfer operators and describe
the spectra of weighted composition operators that generate these algebras.

Up to an isometric isomorphism, every Lp-space is of the form Lppµq for a localizable
measure µ and for such measures existence of Radon-Nikodym derivative can be char-
acterized. This allows to formulate the Banach-Lamperti characterization of invertible
isometries on arbitrary Lp-spaces with p ‰ 2. This was proved recently for p P p1,8qzt2u

in [GT22] where a “point-free” approach to Lp-spaces is used. However, the characteri-
zation of non-invertible isometries between Lp-spaces already for σ-finite measures causes
considerable confusion in the literature. We give (in Chapter 2) a right formulation and
self-contained, detailed proof of this theorem, which seems not to appear in the literature
in this level of generality. In addition, we characterize in general bounded weighted com-
position operators on Lp-spaces, where the composition operator is given by a set map,
rather than a point map. This part of the thesis is of independent interest and can be read
independently of the remaining material.

Finally in the last chapter (Chapter 7) we generalize a main part of [BK21] from
Hilbert spaces to Lp-spaces. We apply the theory developed in this thesis to model Lp-
operator algebras associated with transfer operators, which can be viewed as Lp-analogues
of Exel’s crossed products [Exe031], [EV06]. Also combining this with some operator
theory techniques and formulas from thermodynamical formalism we obtain description of
weighted composition operators that generate these algebras. This gives a general theory
covering the particular example worked out in [Bar24]. The spectral theory in Lp-operator
algebras is much more subtle than the one in C˚-algebras. However, for instance when
the underlying local homeomorphism generates a simple graph algebra, the spectrum is
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independent of the representation (see Theorem 7.54 and Conjecture 7.51).
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Chapter 3
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ù
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ù
ñ

ù
ñ

Figure 2. Dependence of chapters

Structure of the dissertation: Schematic relationships between chapters are pre-
sented in Figure 2. Chapter 1 is preliminary and contains the well known to experts
definitions, constructions and results concerning étale groupoids and inverse semigroups.
In particular, we recall the correspondence between étale groupoids and inverse semigroup
actions, which is given by a construction of the transformation groupoid.

The main result of Chapter 2 is a general characterization of isometries between Lp-
spaces associated to localizable measures, as (generalized) weighted composition operators,
see Theorem 2.44, Theorem 2.46, and Corollary 2.51. Such results are usually called
Lamperti or Banach-Lamperti theorems and are well known to experts in special cases
— for (σ-)finite measures [Lam58], [FJ03] or for invertible isometries and p P p1,8qzt2u

[GT22]. For the sake of completeness, we give a full and detailed account on localizable
measures, Radon-Nikodym derivatives and weighted composition operators associated to
set morphisms.

In Chapter 3 we use Banach-Lamperti theorems from Chapter 2 to characterize repre-
sentations of the algebra C0pXq on Lp-spaces (Theorem 3.11) and identify Moore-Penrose
partial isometries with spatial partial isometries for p P r1,8szt2u (Theorem 3.26). This
chapter is based on [BKM25, Section 2].

In Chapter 4 we give a self-contained and simplified presentation of the theory of co-
variant representations for inverse semigroup actions on Banach algebras, introduced in
[BKM25]. The main result is a general universal description of the associated Banach
algebra crossed product, that allows disintegration of all representations of the crossed
product (Theorem 4.31). Such a disintegration was studied in [BKM25] only for actions
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on spaces, using groupoid models. However, considering crossed products of inverse semi-
group actions on noncommutative Banach spaces might be of interest. We report on these
constructions and results in [BK26].

Chapter 5 introduces inverse semigroup graded groupoid Banach algebras, which are
shown to be isomorphic to inverse semigroup crossed products. This leads to Disintegration-
Integration Theorem for representation of such algebras (Theorem 5.21). This theorem is
used to establish relationship between Lp-groupoid algebras summarized in Figure 1 and
characterization of their representations in terms of weighted shift operators (Theorems
5.33, 5.38). These are the main results of [BKM25] (in the untwisted Hausdorff case).

Chapter 6 discusses reduced groupoid Banach algebras, and relationship between inter-
section property for such algebras and topological freeness of the groupoid. Here the main
results are Theorems 6.31, 6.33. They imply efficient simplicity criteria. These results form
a part of [BKM26]. As a new application we obtain characterization of the intersection
property and simplicity for Lp-operator algebras associated to Renault-Deaconu groupoids
(Theorems 6.41, 6.46), which generalizes the corresponding results for C˚-algebras, see
[BKL24].

In Chapter 7 we introduce Lp-operator algebra crossed product for transfer operators
of local homeomorphisms and identify them with groupoid algebras (Theorem 7.20). Using
this groupoid model, analysis of Riesz projections, direct computations and formulas for the
spectral radius for transfer operators, we obtain a dynamical description of the universal
weighted composition operators generating the crossed product (Theorem 7.48). This
generalizes the corresponding result for C˚-algebras [BK21] and gives efficient estimates
for the spectrum of operators satisfying certain relations involving the transfer operator
(cf. Conjecture 7.51 and Theorem 7.54).
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Horowski and Dr. Suvrajit Bhattacharjee for their careful reading of the manuscript and
for their valuable comments and suggestions, which significantly improved the quality and
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support, guidance, and encouragement throughout the preparation of this dissertation. I
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CHAPTER 1

Étale groupoids and inverse semigroup actions

An action of a discrete group G on a topological space X is simply a group homomor-
phism G Ñ HomeopXq from G to the group of homeomorphisms of X. This can be viewed
as a dynamical system with discrete time and evolution happening via global symmetries.
There are two natural ways of generalizing this to evolution via local symmetries of X.
One may consider either inverse semigroup actions by partial homeomorphisms of X or
étale groupoids with unit space X. It is well known that these two generalizations are
in essence equivalent, see [Pat99], [Exe08]. In this preliminary chapter we recall this
correspondence, for convenience of the reader and to settle notation. This will be crucial
in the sequel.

1.1. Inverse semigroups

Let S be a semigroup (i.e. a set with an associative multiplication). An element t P S
is called partially invertible if there is an element t˚ P S such that

t “ tt˚t and t˚ “ t˚tt˚.

Then t˚t and tt˚ are idempotents, and we call t˚ a generalized inverse for t.
Definition 1.1. A semigroup S is an inverse semigroup if every element in S has a

unique generalized inverse.
Remark 1.2. A semigroup S is called regular if every element in S has (a not necessarily

unique) generalized inverse in S. By [Law98, Theorem 1.1.3] a regular semigroup S is an
inverse semigroup if and only if the semigroup of idempotents

EpSq :“ te P S : e2
“ eu

is commutative. Hence uniqueness of a generalized inverse is strictly tied to commutativity
of the corresponding range and source idempotents.

Let S be an inverse semigroup. Then the map t ÞÑ t˚ is an anti-multiplicative involution,
and any semigroup homomorphism between two inverse semigroups is automatically ˚-
preserving. Idempotents in S do not only commute but we also have the following equalities
(1.1) EpSq “ te P S : e2

“ eu “ ttt˚ : t P Su “ tt˚t : t P Su

see for instance [Pat99, Proposition 2.1.1]. There is a natural partial order on S where
for any s, t P S we write s ď t if one of the following equivalent conditions hold:

(1) s “ ts˚s,
(2) s “ ss˚t,
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(3) s “ te for some e P EpSq,
(4) s “ et for some e P EpSq,

see [Law98, Theorem 1.4.6]. For e, f P EpSq, e ď f is equivalent to ef “ e. If S has a
unit 1 then e P EpSq if and only if e ď 1.

Example 1.3. A group G is an inverse semigroup with a unique idempotent, which
then is necessarily a unit, cf. [Law98, Proposition 1.4.4].

Example 1.4. Let X be a non-empty set. A partial bijection on X is a bijection
θ : U Ñ θpUq between two subsets U, θpUq Ď X. For two partial bijections θ : U Ñ θpUq,
ϑ : V Ñ ϑpV q we define their composition as the usual composition on the largest domain
that it makes sense

θ ˝ ϑ : ϑ´1
pU X ϑpV qq Ñ θpU X ϑpV qq.

Then the set S :“ PBijpXq of all partial bijections on X with the above composition is
an inverse semigroup. In this semigroup, θ˚ “ θ´1 : θpUq Ñ U is the inverse to θ, and
idempotents EpSq “ tθ : θ “ id|U for some open U Ď Xu may be identified with subsets
of X. Moreover, θ ď ϑ if and only if θ is the restriction of the map ϑ to the domain of θ.

Remark 1.5. The above is generic as every inverse semigroup S can be identified with
an inverse subsemigroup of PBijpXq for some X. Namely, for every inverse semigroup S
we have an injective semigroup homomorphism h : S Ñ PBijpSq, where for any t P S
the corresponding partial bijection is ht : t˚tS Ñ tt˚S where htpsq :“ ts, see [Pat99,
Proposition 2.1.3], [Law98, Proposition 1.5.1].

Example 1.6. Let X be a topological space. A partial homeomorphism on X is a
homeomorphism between two open subsets of X. The set PHomeopXq of all partial home-
omorphisms on X is an inverse subsemigroup of PBijpXq.

Definition 1.7. An action of an inverse semigroup S on a topological space X is a
semigroup homomorphism θ : S Ñ PHomeopXq which is “approximately” unital. Namely,
θ can be identified with a family of homeomorphisms θt : Xt˚ Ñ Xt between two open
subsets Xt˚ , Xt Ď X such that

(1) θt ˝ θs “ θts (as partial maps) for all s, t P S
(2)

Ť

tPS Xt “ X.
If S is unital, then (2) means that the homomorphism θ is unital, i.e. θ1 “ id |X . If S has
a zero, i.e., an element 0 P S such that 0s “ s0 “ 0 for any s P S, then we will also require
that X0 “ H and θ0 is the empty map.

Remark 1.8. It readily follows from the axioms of an inverse semigroup action θ : S Ñ

PHomeopXq that for all s, t P S and e P EpSq we have
Xt˚ “ Xt˚t, Xt “ Xtt˚ , θe “ id |Xe , s ď t ùñ Xs˚ Ď Xt˚ and θt|Xs˚ “ θt.

In particular, condition (2) in Definition 1.7 is equivalent to
Ť

ePEpSq
Xe “ X.

Example 1.9. If the inverse semigroup is a group G, then an action of G as an inverse
semigroup is a group action in the usual sense, that is, a group homomorphism θ : G Ñ

HomeopXq.
8



1.2. Étale groupoids

A good introduction to étale groupoids is [Sim20]. A groupoid is a small category G
in which every arrow is invertible. As it is customary, we identify G with its set of arrows
and in particular we identify object with the identity arrows. We will denote the unit space
of G by X Ď G. Thus we have the range and domain maps r, d : G Ñ X Ď G that map
arrows to their final and initial objects, respectively:
(1.2) rpγq “ γγ´1, dpγq “ γ´1γ.

By convention we compose arrows from right to left, so the set of composable arrows is
G2

“ tpη, γq P G ˆ G : dpηq “ rpγqu.

Definition 1.10. A topological groupoid is a groupoid G equipped with a topology
that makes the composition and inversion of arrows continuous.

Continuity of composition means that the map G2 Q pη, γq Ñ ηγ P G is continuous,
where G2 is equipped with the product topology inherited from G ˆ G. In a number of
sources, including [Sim20], it is additionally assumed that in the topological groupoid the
range and domain maps r, d : G Ñ X Ď G are continuous, but this follows from (1.2):

Lemma 1.11. In every topological groupoid G the range and source maps r, d : G Ñ

X Ď G are continuous.
Proof. Let pγnq be a net in G converging to γ P G. Then pγ´1

n q converges to γ´1 P G
and so pγn, γ

´1
n q is a net in G2 converging to pγ, γ´1q P G2. Hence rpγnq “ γnγ

´1
n Ñ γγ´1 “

rpγq. Similarly one shows that spγnq Ñ spγq. □

Here we will consider topological groupoids with a much stronger property that the
range and domain maps are local homeomorphisms. Recall that a continuous map between
topological spaces is a local homeomorphism if it is open and locally injective. This is
a notion of a local isomorphism or in other words étale morphism in the category of
topological spaces.

Definition 1.12. An étale groupoid is a topological groupoid G such that the range
and source maps r, d : G Ñ X are local homeomorphisms, i.e., locally injective and open.
In general, a bisection of topological groupoid G is a subset U Ď G such that r|U and s|U
are partial homeomorphisms of G, i.e. U , rpUq, dpUq are open in G and r|U : U Ñ rpUq,
d|U : U Ñ dpUq are homeomorphisms.

Remark 1.13. Clearly, a topological groupoid is étale if and only if it can be covered by
bisections if and only if it has a topological basis consisting of bisections (as an open subset
of a bisection is a bisection). Also, since rpγq “ dpγ´1q and γ ÞÑ γ´1 is a homeomorphism
of G for any topological groupoid G, we see that r is locally injective or open if and only if
d has that property. Local injectivity of r (equivalently of d) is equivalent to openness of
the unit space X in the groupoid G, see [Tho10, Lemma 2.1], Hence for any topological
groupoid G the following conditions are equivalent:

(1) G is étale;
9



(2) r : G Ñ G is an open map (r : G Ñ X is an open map and X is open set in G);
(3) d : G Ñ G is an open map (d : G Ñ X is an open map and X is open set in G).

Local injectivity (openness of X) implies that for any x P X the fibers r´1pxq and d´1pxq

are discrete subsets of G, cf. [Ren80, I.2.7(i)].

In any topological groupoid G the set of bisections

BispGq – tU Ď G : U is a bisection of Gu

forms an inverse semigroup with the multiplication and generalized inverse given by

(1.3) U ¨ V :“ tγη : γ P U, η P V are composableu, U˚
“ U´1 :“ tγ´1 : γ P Uu

for U, V P BispGq. Idempotents of this semigroup can be identified with the topology of X:

EpBispGqq “ tU Ď X : U is open in Xu,

and the unit space X P BispGq is the unit in the semigroup BispGq. Moreover, for each
U P BispGq we have a homeomorphism

θU :“ r ˝ d|
´1
U : dpUq Ñ rpUq,

and these homeomorphisms define an inverse semigroup action θ : BispGq Ñ PHomeopXq

on the unit space X, see [Exe08, Proposition 5.3].

Definition 1.14. We refer to the above inverse semigroup action θ : BispGq Ñ

PHomeopXq as the canonical action of BispGq on X.

Remark 1.15. The inverse semigroup BispGq acts not only on X but also on G itself.
Indeed, for each U P BispGq we have a homeomorphism

θ̃U : r´1
pdpUqq Ñ r´1

prpUqq given by θ̃Upγq “ d|
´1
U prpγqqγ.

In other words, θ̃Upγq “ ηγ where η is the unique element in U that can be composed with
γ. Using this description one sees that θ̃ : BispGq Ñ PHomeopGq is an inverse semigroup
action. This extended action restricts to the canonical action θ in the sense that

θ “ r ˝ θ̃|X .

We will refer to θ the canonical action of BispGq on G.

Example 1.16. Étale groupoids with a single unit are nothing but discrete groups.
Indeed, if the unit space X “ t1u is a singleton, then all arrows are composable and
invertible, so that G forms a group with the neutral element being 1. Local injectivity of
r : G Ñ t1u forces G to be discrete. Conversely, a discrete group G may be viewed as a
groupoid with discrete topology, a single object 1 P G and arrows being the elements of G.
As non-empty bisections are singletones tgu, g P G, we have a natural isomorphism

BispGq – G Y t0u,

where G Y t0u is an inverse semigroup obtained from G by adding zero to it.
10



Example 1.17. To any action θ : G Ñ HomeopXq of a discrete groupG on a topological
space X there is a naturally associated groupoid, called the transformation groupoid of θ.
It is G – GˆX equipped with the product topology; the unit space t1u ˆX is identified
with X; the range and source maps are given by rpg, xq “ θgpxq, dpg, xq “ x; and, the
composition and inversion are given by

ph, θgpxqq ¨ pg, xq – phg, xq, pg, xq
´1

“ pg´1, θgpxqq,

where g, h P G and x P X. Note that, we have a natural injective unital semigroup
homomorphism G Q g ÞÑ tgu ˆ X Ď BispGq. In particular, the family of bisections
S :“ ttgu ˆ XugPG forms an inverse subsemigroup of BispGq which is isomorphic to G.
Moreover, the action of S coincides with the action of G in the sense that: θtguˆX “ θg for
g P G.

Example 1.17 suggests that information about the structure of an étale groupoid G is
contained in the structure of the canonical action of the inverse semigroup BispGq. This
is indeed true but for that we need to generalize the construction of the transformation
groupoid that we now discuss.

1.3. Transformation groupoids

Let us fix an inverse semigroup action θ : S Ñ PHomeopXq of an inverse semigroup
S on a topological space X, see Definition 1.7. We recall here the construction of the
associated transformation groupoid from [Pat99, p. 140], see also [KM21, 2.1] or [Exe08,
Section 4]. We first construct a large auxiliary groupoid based on the subset

S ˙ X – tpt, xq : x P Xt˚ , t P Su,

of the product space S ˆX, where we declare that ps, yq and pt, xq are composable only if
y “ θtpxq, which forces that x P Xpstq˚ , and we put ps, θtpxqq ¨pt, xq – ps ¨t, xq for x P Xpstq˚ .
Then S ˙X is an étale groupoid with inverse pt, xq´1 “ pt˚, θtpxqq and, range and domain
maps given by rpt, xq “ ptt˚, htpxqq, dpt, xq “ pt˚t, xq. Its unit space is

Ť

ePEpSq
teu ˆXe and

pe, xq ÞÑ x maps it onto X (surjectivity is exactly condition (2) in Definition 1.7). This
surjective map is typically far from being injective and we would like to have a groupoid
with the unit space that can be identified with X. Thus for all e, f P EpSq we would like
to identify pe, xq and pf, xq whenever x P Xef . It turns out that this generates a very well
behaved groupoid congruence „θ on S ˙ X. Namely, we put

pt, xq „θ pt1, x1
q

def
ðñ x “ x1 and x P Xv˚ for some v ď t, t1.

This is an equivalence relation on S ˙ X and in fact a groupoid congruence. This means
that denoting the equivalence class of pt, xq by rt, xs, the quotient space

S ˙θ X – S ˙ X{ „θ“ trt, xs : x P Xt˚ , t P Su

is a groupoid with composition law
rs, θtpxqs ¨ rt, xs “ rs ¨ t, xs, x P Xpstq˚ , t, s P S,
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and inversion rt, xs´1 “ rt˚, θtpxqs for x P Xt˚ , t P S. In fact when equipped with the
quotient topology this groupoid is étale. Indeed, one checks that for each t P S, the set

Ut – trt, xs : x P Xt˚u

is open in S ˙θ X and the map Ut Q rt, xs Ñ x P Xt˚ yields a homeomorphism Ut – Xt˚ .
Accordingly, the map

Ť

ePEpSq
teu ˆXe Q re, xs ÞÑ x Q X allows us to identify the unit space

of S ˙θ X with X. Then the range and domain maps r, d : S ˙θ X Ñ X are given by
rprt, xsq “ θtpxq and dprt, xsq “ x,

and so they are local homeomorphisms, as they restrict to homeomorphisms r : Ut Ñ Xt

and d : Ut Ñ Xt˚ for t P S. In particular, tUtutPS are bisections that cover S ˙θ X.

Definition 1.18. The étale groupoid S ˙θX constructed above is called the transfor-
mation groupoid of the inverse semigroup action θ : S Ñ PHomeopXq.

Remark 1.19. In [Exe08, Section 4] it is called the groupoid of germs, but we believe
this term should be reserved for the different construction that is used for instance in
[Ren08].

For any transformation groupoid S ˙θ X the map S Q t ÞÑ Ut P BispS ˙θ Xq is a semi-
group homomorphism. Composing it with the canonical homomorphism BispS ˙θ Xq Ñ

PHomeopXq we recover the action θ. Composing it with the canonical homomorphism
BispS ˙θ Xq Ñ PHomeopS ˙θ Xq, we get an extension θ̃ of θ where

θ̃t : trs, xs : x P h´1
s pXt˚qu Ñ trs, xs : x P h´1

s pXtqu

is given by θ̃tprs, xsq :“ rts, xs. In this way every inverse semigroup action can be viewed as
coming from an étale groupoid, and then it can be extended to an action on this groupoid,
see Remark 1.15.

Conversely, every étale groupoid G comes from an inverse semigroup action, and to this
end one use any inverse subsemigroup S Ď BispGq which is wide in the sense that S covers
G and U X V is a union of bisections in S for all U, V P S.

Proposition 1.20 (see [Exe08, Proposition 5.4], [KM21, Proposition 2.2]). For any
étale groupoid G and any inverse subsemigroup S Ď BispGq acting canonically on X we
have a continuous open groupoid homomorphism

S ˙ X Q rU, xs ÞÑ pd|Uq
´1

pxq P G.
This map is an isomorphism S ˙ X – G if and only if S is wide.

1.4. Hausdorffness

From now on we will always assume that
X is a locally compact Hausdorff space.

Thus every étale groupoid G with unit space X is automatically locally compact and locally
Hausdorff but not necessary (globally) Hausdorff. The following is the well known criterion
for when G is Hausdorff, see for instance [Sim20, Lemma 2.3.2].
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Lemma 1.21. An étale groupoid G with unit space X is Hausdorff if and only if X is a
closed subset of G.

In this thesis we will focus on Hausdorff étale groupoids. For such groupoids the unit
space X is both closed and open in G. Unfortunately, many naturally occurring étale
groupoids are non-Hausdorff. It can be explained by the fact that étale groupoids are
transformation groupoids for inverse semigroups actions, so they are quotients S ˙θ X “

S ˙ X{ „θ of Hausdorff groupoids S ˙ X. However, a quotient of a Hausdorff space is
often non-Hausdorff. For the sake of completeness, we recall a condition characterizing
when S ˙θ X is Hausdorff, see [KM21, Lemma 2.6].

Lemma 1.22. The transformation groupoid S ˙θX for an inverse semigroup action θ :
S Ñ PHomeopXq is Hausdorff if and only if for each t P S the union X1,t –

Ť

eďt,ePEpSq
Xe

is a closed subset of Xt.

Example 1.23. When S “ G is a group, then the transformation groupoid S ˙θ X “

G ˆ X discussed in Example 1.17 is obviously Hausdorff. In this case, EpSq “ t1u and
hence X1,g is empty if g ‰ 1 and X1,g “ X “ X1 if g “ 1.

Example 1.24. Let X be a locally compact Hausdorff space and let φ : X Ñ X be a
local homeomorphism i.e., any point of x P X has an open neighborhood U Ď X such that
φpUq is open and φ|U : U Ñ φpUq is a homomorphism. We define

G :“ tpx, n, yq P X ˆ Z ˆ X : φkpxq “ φlpyq for some k, l P N0 such that n “ k ´ lu.

Then setting
rpx, n, yq :“ x, dpx, n, yq :“ y, px, n, yqpy,m, zq :“ px, n ` m, zq,

we obtain a groupoid structure on G. For open sets U, V Ď X, we define sets ZpU,m, n, V q :“
tpx,m´n, yq P XˆZˆX : φmpxq “ φnpyqu, for all m,n P N0. Then the sets ZpU,m, n, V q

form a basis of locally compact Hausdorff topology on G. Moreover, G equipped with such
a topology is étale. This groupoid is called the Renault-Deaconu groupoid corresponding
to φ, see, for instance, [Ren00].

Example 1.25. Perhaps the most popular example of a non-Hausdorff étale groupoid
(or a non-Hausdorff manifold) is the so-called line with two origins. It can be viewed as
the following transformation groupoid. Let S “ t1, g,8u be the abelian unital inverse
semigroup where g2 “ 1 and 8 is an absorber (8 ¨ t “ 8). Put Xg “ X1 “ R and
X8 “ Rzt0u, and let θt be identity for any t P S. Then S ˙θ R is obtained from R ˆ

t1, gu Y pRzt0uq ˆ t8u by identifying the point px, 1q, px, gq and px,8q for every x P Rzt0u.
An equivalent description of the space is to take R and replace the origin 0 with two origins
0 and 0g. The subspace R retains its usual Euclidean topology, and a local base of open
neighborhoods of 0g is formed by the sets p´ε, εqzt0u Y t0gu. As a groupoid it is the unit
space R with one non-unit arrow 0g such that 0g ¨ 0g “ 0.
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CHAPTER 2

Generalized weighted composition operators on Lp-spaces

In this chapter we present characterizations and basic facts about weighted shift op-
erators and isometries on Lp-spaces Lppµq for p P r1,8s and a localizable measure µ. A
central role here is played by Banach-Lamperti theorem, which is well knwon when the
measure µ is finite or σ-finite and p ă 8. However, as we explain already for σ-finite
measures there are some errors and misunderstandings in the literature. Moreover, some
of the results, such as our general Lamperti Theorem (Theorem 2.43) do not appear in the
literature at the level of generality we present. We need this in the sequel if we want to
have results without any kind of separability assumptions, which in addition cause some
technical inconveniences.

We give full proofs and the presentation is self-contained. In particular, we tried to
give a concise but comprehensive introduction to the theory of localizable measure spaces.
We also believe that the present chapter could be of independent interest.

2.1. Prologue: History of Banach-Lamperti theorem

In 1932 in his famous book, see [Ban32, page 178], Banach states that invertible
isometries on Lebesgue spaces Lpr0, 1s, where 1 ď p ă 8 and p ‰ 2, are all weighted
composition operators of the form

(2.1) Tξptq “

´dpµ ˝ φq

dµ

¯
1
p
ptqξpφptqq, ξ P Lpr0, 1s, t P r0, 1s,

where φ : r0, 1s Ñ r0, 1s is a Borel isomorphism, µ is the Lebesgue measure, and dpµ˝φq

dµ
is

the relevant Radon-Nikodym derivative. Banach does not include a proof and only states
that the proof will appear in an article that was to be published in Studia Mathematica.
But this never happened. Also it is obvious that as stated the statement is incorrect, as
one can multiply the above operator by any function with modulus one to get an isometry,
which is not exactly of the prescribed form. Namely, (2.1) should be replaced with

Tξptq “ hptqξpφptqq where |h|
p

“
dpµ ˝ φq

dµ

and h is measurable map. Funnily enough, in the same place Banach gives the full proof
and correctly describes invertible isometries on small Lp-spaces ℓp, for p P r1,8qzt2u. A
difficult step in the characterization of isometries on Lebesgue spaces Lpr0, 1s (that Banach
ultimately did not take) is the transition from set maps to point maps, that for instance
Royden and Kan attribute to Sikorski, see [Roy73, Proposition 3 on page 397], [Kan78,
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Remark 4.2]. For discrete spaces ℓp this is easy, because point maps can be treated as maps
on singletones.

In 1958 Lamperti [Lam58], used the above shortcomings as one of his motivations for
supplying characterization of arbitrary (not necessarily invertible) isometries on an Lp-
space Lppµq where p ‰ 2 and pΩ,Σ, µq is an arbitrary σ-finite measure space. The first
important step (which was already noticed by Banach [Ban32, page 178]) is that isometries
on such spaces preserve disjointness (they map functions with disjoint supports to functions
with disjoint supports). Lamperti deduced this from Clarkson inequalities [Cla36]. The
second, conceptually important step was that Lamperti completely ignored point maps and
formulated everything in terms of set maps Φ : Σ Ñ Σ, which finally led to introducing the
generalized composition operators TΦ that we construct in the full generality in Proposition
2.29 below. Lamperti’s claim was that an operator T : Lppµq Ñ Lppµq, where 1 ď p ‰ 2,
is an isometry (not necessarily invertible) if and only if

Tξ “ hTΦξ

where hTΦ is a generalized weighted composition operator associated to a set monomor-
phism Φ : Σ Ñ Σ and h : Ω Ñ C is a measurable map satisfying

(2.2) |h|
p

“
dµ ˝ Φ´1

dµ|ΦpΣq

on the set ΦpΩq,

where µ ˝ Φ´1pΦpAqq “ µpAq is a well defined measure on the σ-algebra ΦpΣq of subsets of
ΦpΩq. If ΦpAq “ ϕ´1pAq comes from an measurable isomorphism φ : Ω Ñ Ω, then TΦ is
a composition operator with φ and dµ˝Φ´1

dµ|ΦpΣq
“

dpµ˝φq

dµ
, and so the above description reduces

to the one given by Banach. However, in general, for non-invertible isometries condition
(2.2), given by Lamperti, is incorrect. The reason is that by definition the Radon-Nikodym
derivative dµ˝Φ´1

dµ|ΦpΣq
is ΦpΣq-measurable, while |h|p need not be. Concrete simple examples

where this fails on Lpr0, 1s are given in [FJ03, Example 3.2.6] and they are attributed
to Grząślewicz, cf. also [Grz85]. Therefore, the authors, aware of this defect, replace
condition (2.2) with

(2.3) E
´

|h|
p

| ΦpΣq

¯

“
dµ ˝ Φ´1

dµ|ΦpΣq

,

where E
`

|h|p | ΦpΣq
˘

is a conditional expectation of |h|p : ΦpΩq Ñ C with respect to the
σ-subalgebra ΦpΣq, see for instance [Grz85], [FJ03]. But this is not the end of the story.
It appeared to us that condition (2.3) still needs to be corrected when µ is not finite. The
reason is that even when µ is σ-finite, its restriction µ|ΦpΣq may not. In this case it may
happen the Radon-Nikodym derivative dµ˝Φ´1

dµ|ΦpΣq
does not exist. We give a simple example

on LppRq, see Example 2.13 below. Thus it turns out that already for σ-finite measures
condition (2.3) should be replaced with

(2.4) µpAq “

ż

ΦpAq

|h|
pdµ, for all A P Σ.
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This last condition can be readily adapted to describe isometries for all localizable mea-
sures, cf. (2.11) below.

2.2. Localizable measures and Radon-Nikodym theorem

Let pΩ,Σ, µq be a measure space. Hence Σ is a σ-algebra of subsets of Ω and µ : Σ Ñ

r0,8s is a measure. We say that µ is semifinite if for any B P Σ with µpBq ą 0 there exists
A P Σ with 0 ă µpAq ă 8 and A Ď B. In general, for any measure µ putting

(2.5) µ0pAq :“ suptµpBq : B Ď A, µpBq ă 8u, A P Σ,

defines a semifinite measure µ0 ď µ. Then µ “ µ0 ` µ8 where the measure µ8 :“ µ ´ µ0
is degenerate in the sense that it attains values in t0,8u. In particular µ is semifinite if
and only if µ “ µ0. Obviously, every σ-finite measure is semifinite. In fact this is true for
decomposable measures. In what follows we use

Ů

or \ to denote a disjoint union of sets.

Definition 2.1. We say that a measure µ : Σ Ñ r0,8s is decomposable (or strictly
localizable) if Ω “

Ů

iPI Ωi for some tΩiuiPI Ď Σ such that µpΩiq ă 8, for all i P I and
(D1) µpAq “

ř

iPI µpA X Ωiq for all A P Σ;
(D2) If A Ď Ω and A X Ωi P Σ for all i P I then A P Σ.

Remark 2.2. Condition (D1) implies that decomposable measures are semifinite. If
I :“ N, then conditions (D1), (D2) above are automatic, and hence every σ-finite measure
is decomposable. A decomposable measure is nothing but an appropriately defined direct
sum of finite measures. In particular, a counting measure on any power set is decom-
posable. Another natural class of decomposable measures is given by Haar measures on
locally compact groups, cf. for instance [Fol99, Exercise 9 in subsection 11.1]. In general,
when appropriately defined all Radon measures on locally compact Hausdorff spaces are
decomposable, see [BGL22, Theorem 6.2].

For sets A,B P Σ we write A
µ
Ď B if A is essentially contained in B P Σ that is

µpAzBq “ 0. We write A µ
“ B if A and B are essentially equal, that is A

µ
Ď B and B

µ
Ď A.

We say that a family A Ď Σ of measurable sets has an essential supremum (also called
essential union) if there is a measurable set sup A P Σ such that A

µ
Ď sup A for all A P A,

and sup A
µ
Ď B for every B P Σ such that A

µ
Ď B for all A P A. The set sup A, if it

exists, is essentially unique. If there is a risk of confusion, we will add µ to the adjective
"essential".

Example 2.3. When A is countable then sup A “
Ť

APA A. When A consists µ-null
sets then sup A “ H.

Every (σ-additive) measure is totally additive with respect to essential suprema.

Lemma 2.4. For any family A Ď Σ of pairwise essentially disjoint sets which has a
µ-essential supremum sup A P Σ we have µpsup Aq “

ř

APA µpAq.
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Proof. If
ř

APA µpAq ă 8 then there is a countable subset A0 Ď A such that µpAq “ 0
for A P AzA0. Then sup A0 “

Ů

APA0
A “ sup A. Hence µpsup Aq “ µpsup A0q “

ř

APA0
µpAq “

ř

APA µpAq. If
ř

APA µpAq “ 8 then there is a countable subset A0 Ď A
such that

ř

APA0
µpAq “ 8 and since

Ů

APA0
A

µ
Ď sup A we get 8 “

ř

APA0
µpAq “

µp
Ů

APA0
q ď µpsup Aq. □

The above notions become much clearer when passing to the quotient rΣs :“ Σ{
µ
“

which is a σ-complete Boolean algebra with operation induces from the σ-algebra Σ. Then
a family A Ď Σ has an essential supremum sup A if and only if rAs “ trAs : A P Au has a
supremum in rΣs and then suprAs “ rsup As.

Definition 2.5. We say that a measure µ : Σ Ñ r0,8s is Dedekind complete if every
family A Ď Σ has the essential supremum (equivalently the Boolean algebra rΣs is Dedekind
complete). If in addition, µ is semifinite, µ is called localizable (or Maharam).

Remark 2.6. It is well known that every decomposable measure is localizable (for the
sake of completeness we give a proof below). For examples of decomposable measures that
are not localizable, see [Fr78, Section 5] or [Fr02, 216E].

Lemma 2.7. Every decomposable measure is localizable.

Proof. Let pΩ,Σ, µq be a decomposable measure space and choose sets tΩiuiPI forming
the decomposition into sets with finite measure satisfying (D1), (D2). We only need to
show that any family A Ď Σ has the essential supremum in Σ. To this end, put F :“
tF P Σ : µpF X Aq “ 0 for all A P Au and note that F is closed under countable unions
and measurable subsets. For each i P I put γi :“ suptµpF X Ωiq : F P Fu “ suptµpF q :
F P F X 2Ωiu and choose tF piq

n unPN Ď F X 2Ωi such that limnÑ8 µpF piq
n X Ωiq “ γi. Then

Fi :“
Ť

nPN F
piq
n P F is a subset of Ωi such that µpFiq “ γi. Putting F :“

Ť

iPI Fi we
have F X Ωi “ Fi for every i P I and hence F P Σ is measurable by (D2). We prove that
S :“ ΩzF P Σ is the essential supremum for A. For any A P A, using (D1), we have

µpAzSq “ µpA X F q “
ÿ

iPI

µpA X F X Ωiq “
ÿ

iPI

µpA X Fiq “ 0.

Hence A
µ
Ď S for every A P A. Let P P Σ be any other set with this property. This

means that D :“ ΩzP P F (µpA X Dq “ µpAzP q “ 0 for every A P A). Thus F Y D P F .
Therefore for each i P I we get

µppF Y Dq X Ωiq ď γi “ µpFiq “ µpF X Ωiq,

which by monotonicity implies that µppFYDqXΩiq “ µpFXΩiq. This in turn is equivalent
to µpDzF X Ωiq “ 0 as in general we have µpF X Ωiq ` µpDzF X Ωiq “ µppF Y Dq X Ωiq,
and µpΩiq ă 8. Hence by (D1) we get µpDzF q “

ř

iPI µpDzF X Ωiq “ 0 and so
µpSzP q “ µpS X pΩzP qq “ µpS X Dq “ µppΩzF q X Dq “ µpDzF q “ 0.

Thus S
µ
Ď P . This proves that S is the essential supremum of A as claimed. □
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The existence of essential suprema of sets is equivalent to the existence of essential
suprema of measurable functions. Let us make it precise.

Definition 2.8. Let tfiuiPI be a family of measurable functions fi : Ω Ñ R taking
values in the extended real line R “ R Y t´8,8u. We say that tfiuiPI has an essential
supremum if there exists a measurable function f : Ω Ñ R such that

(1) fi ď f µ-almost everywhere for all i P I;
(2) if g : Ω Ñ R is a measurable function satisfying (1) then f ď g µ-almost every-

where.
If such a function exists it is unique up to equality µ-almost everywhere. When there is
no risk of confusion we will denote it by supiPI fi.

Lemma 2.9. A measure space pΩ,Σ, µq is Dedekind complete (any family of measurable
sets has the essential supremum) if and only if any family of measurable functions on Ω
with values in R has the essential supremum.

Proof. “ðù”. Assume that A is an any family of measurable sets and let 1A :“
supAPA 1A be the essential supremum of the family t1AuAPA. Up to a µ-null set, the function
1A takes values in t0, 1u. Since 1A is measurable, the set S :“ tω P Ω : 1Apωq “ 1u

is measurable. Moreover, 1A ¨ 1A “ 1A µ-almost everywhere for any A P A. Hence
µpAzSq “ 0. Suppose that B P Σ is a set such that µpAzBq “ 0 for all A P A. Then
1A ď 1B µ-almost everywhere. Since 1A is the supremum of family t1AuAPA, it implies
that 1A ď 1B and therefore µpSzBq “ 0. Thus S is the essential supremum sup A of A.

“ùñ”. Let tfiuiPI be a family of measurable functions and define sets Ai,r :“ tω :
fipωq ě ru, i P I, r P Q. For any r P Q there exists essential supremum Br of the family
tAi,ruiPI . Note that µpBszBrq “ 0 if r ď s and put Cr :“

Ť

răsBs. Then µpCrzCsq “ 0
if r ă s. Define grpωq :“ r if ω P Cr and grpωq :“ ´8 otherwise. Then the function
gpωq “ suptgrpωq : r P Qu is measurable as a supremum of a countable family of measurable
functions. We show that fi ď g for all i P I. Let Gi :“ tω : gpωq ď fiu. If ω P Gi then there
are r, s P Q such that gpωq ă r ă s ă fipωq and then ω P

Ť

răsAα,szCr. Since Bs Ď Cr for
r ă s, we have Gi Ď

Ť

răsAα,szCr Ď
Ť

răsAα,szBs. Thus Gi is contained in countable sum
of µ-null sets Aα,szBs so µpGiq “ 0. Hence fi ď g almost everywhere for all i P I. Suppose
that h is another measurable function such that fi ď h for all i P I. We show that the set
H :“ tω : gpωq ą hpωqu has zero measure. By definition of g we obtain that gpωq ą hpωq

if and only if there exists r P Q such that ω P Cr and r ą hpωq. Therefore
H “

ď

rPQ
Cr X tω : r ą hpωqu “

ď

rPQ

ď

răs

Bs X tω : hpωq ă ru.

It follows from the definition of Ai,s and fi ď h that µpAi,sztω : hpωq ă ruq “ 0. It implies
that Bsztω : hpωq ă ru is also supremum of the family tAi,suiPI . Thus µpBs X tω : hpωq ă

ruq “ 0 and µpHq “ 0 as a countable union of such sets. □

We will use the above lemma to turn quasi-functions to functions.
Definition 2.10. A quasi-function on a measure space pΩ,Σ, µq is a family of mea-

surable functions tfAuAPFµ (with values in C or R) indexed by the family Fµ :“ tA P Σ :
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µpAq ă 8u of sets with finite measures and such that fA vanishes µ-almost everywhere
outside A, and fA agrees with fB µ-almost everywhere on A X B, for all A,B P Fµ. If
there is a measurable function f on Ω such that f ¨1A “ fA µ-almost everywhere for every
A P Fµ, we say that the quasi-function tfAuAPFµ comes from the function f .

Proposition 2.11. Let pΩ,Σ, µq be a Dedekind complete measure space. Every quasi-
function tfAuAPR (with values in C or R) comes from a function f (with values in C or R).
If µ is localizable (semifinite) this function is unique up to equality µ-almost everywhere (if
the functions fA are real valued, then f “ supAPFµ fA).

Proof. Assume first that the functions in tfAuAPFµ take values in R. By Lemma 2.9 we
may put f :“ supAPFµ fA. Let A P Fµ. The inequality fA ď f holds µ-almost everywhere
on Ω by construction. To show that f ď fA µ-almost everywhere on A, consider g : Ω Ñ R
such that g “ fA on A and g “ f on ΩzA. For any B P Fµ, using properties of a quasi-
function, we get that fB ď g µ-almost everywhere. Since f is an essential supremum
we get f ď g µ-almost everywhere. In particular, f ď fA µ-almost everywhere on A.
Hence f is the desired function. When µ is localizable then f has to be given by the
supremum supAPFµ fA. Indeed, if f is any measurable function such that f ¨ 1A “ fA µ-
almost everywhere for all A P Fµ, then by definition of supremum supAPFµ fA ď f µ-almost
everywhere. Thus if this is not the equality, then we have supAPFµ fA ą f on a set A0 P Σµ

such that µpA0q ą 0. Since µ is semifinite, we may assume that A0 P Fµ and then on this
set we have get

fA0 ď sup
APFµ

fA ă f “ fA0 ,

a contradiction.
If functions in tfAuAPFµ take values in R, then modyfing f on a µ-null set we may

assume that f also takes values in R. When tfAuAPFµ are C-valued, we may apply the
previous step to real tRefAuAPFµ and imaginary tImfAuAPFµ parts to get R valued functions
f1 and f2 such that f :“ f1 ` f2 is the desired C-valued function. □

Proposition 2.12 (Monotone convergence theorem for nets). Let pΩ,Σ, µq be a mea-
sure space and tfαuαPI be an increasing net of real valued measurable functions, that is, for
any α, β P I with α ď β we have fα ď fβ µ-almost everywhere. If the essential supremum
supαPI fα exists then

sup
αPI

ż

Ω
fαdµ “

ż

Ω
sup
αPI

fαdµ.

Proof. Let M :“ supαPI

ş

Ω fαdµ and f :“ supαPI fα. This is clear that
ş

Ω fαdµ ď
ş

Ω fdµ and hence M ď
ş

αPI
fdµ. This implies that if M “ 8 the desired equality is trivially

satisfied. Suppose that M ă 8 and take arbitrary monotone subsequence tfαnunPN. By
monotone convergence theorem we have M “ limnÑ8

ş

Ω fαndµ. Therefore it is sufficient to
show that limnÑ8 fαn “ f almost everywhere. The inequality limnÑ8 fαn ď f is clear. To
show that limnÑ8 fαn ě f it is sufficient to show that fα ď limnÑ8 fαn almost everywhere
for all α P I. Suppose that there exists α0 P I such that the set A “ tω P Ω : limnÑ8 fαn ă
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fα0u has a non-zero measure. Then for ε :“
ş

A
fα0dµ ´

ş

A
limnÑ8 fαndµ we have ε ą 0.

Let N P N, β P I be such that
ş

Ω fαNdµ ą M ´ ε and αN , α0 ď β. Then

M ´ ε ă

ż

Ω
fαNdµ “

ż

A

fαNdµ `

ż

ΩzA

fαNdµ ď

ż

A

lim
nÑ8

fαndµ `

ż

ΩzA

fαNdµ

ă

ż

A

fα0dµ `

ż

ΩzA

fαN ´ ε ď

ż

A

fβdµ `

ż

ΩzA

fβdµ ´ ε “

ż

Ω
fβdµ ´ ε

ď M ´ ε

so M ´ ε ă M ´ ε which is contradiction. Thus limnÑ8 fαn “ f almost everywhere. □

We use the above results to deduces a Radon-Nikodym theorem for localizable measures
from its classical version for finite measures.

Definition 2.13. Let µ and ν be measures on a measurable space pΩ,Σq. By a Radon-
Nikodym derivative of ν with respect to µ we mean a measurable function dν

dµ
: Ω Ñ r0,8s

such that for any A P Σ we have

(2.6) νpAq “

ż

A

dν

dµ
dµ.

If we only know that (2.6) holds for A P Σ with µpAq ă 8, then we call dν
dµ

a weak
Radon-Nikodym derivative.

Remark 2.14. If dν
dµ

is a weak Radon-Nikodym derivative, then in fact (2.6) holds for
all A P Σ which are µ-σ-finite (because the two sides of the equality are “σ-additive”).
Thus if µ is σ-finite, then the weak Radon-Nikodym derivative is just the Radon-Nikodym
derivative. However, as the classical Saks’ example, cf. [Sak37, page 36], shows, in general
the Radon-Nikodym derivative may not exist, even though the weak one does.

Example 2.15 (Saks’ example). Let µ and ν be the counting and Lebesgue measure
on the σ-algebra Bpr0, 1sq of Borel sets on r0, 1s. Since µpAq ă 8 is equivalent to A
being finite, it implies that dν

dµ
” 0 is a weak Radon-Nikodym derivative. In fact, it is

uniquely determined as if dν
dµ

satisfies (2.6) for finite A, then for each x P r0, 1s we have
dν
dµ

pxq “
ş

txu

dν
dµ
dµ “ νptxuq “ 0. However, dν

dµ
” 0 is not a Radon-Nikodym derivative, as

for instance we have νpr0, 1sq “ 1 ‰ 0 “
ş

r0,1s

dν
dµ
dµ.

The above example shows in particular that weak Radon-Nikodym derivatives can not
be used to change measures in the process of integration. Nevertheless for genuine Radon-
Nikodym derivatives, whenever they exist, the standard argument works and yields:

Lemma 2.16 (Change of measures). Let µ and ν be measures on a measurable space
pΩ,Σq and suppose that a Radon-Nikodym derivative dν

dµ
exists. Then a measurable function

f : Ω Ñ C is ν-integrable if and only if f ¨ dν
dµ

is µ-integrable, and if this holds
ż

Ω
f dν “

ż

Ω
f ¨

dν

dµ
dµ.
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The above equality holds for any positive measurable (not necessarily integrable) f : Ω Ñ

r0,8q (both sides are simultaneously finite or infinite).
An obvious necessary condition for the existence of a weak Radon-Nikodym derivative

dν
dµ

is that ν is absolutely continuous with respect to µ, i.e. νpAq “ 0 whenever µpAq “ 0.
We denote this by ν ! µ. It is well known that for σ-finite measures the Radon-Nikodym
derivative exists if and only if ν ! µ. In fact, it is only important that µ is σ-finite, see
[Hal50, VI.31(7)]. This is also true when µ is merely Dedekind complete, but then in
general we only get a weak Radon-Nikodym derivative. For Radon-Nikodym derivative we
need to assume ν is µ-semifinite:

Definition 2.17. Let ν, µ be measures on pΩ,Σq. The measure ν is µ-semifinite if
every A P Σ with νpAq ą 0 contains a measurable subset B Ď A with νpBq ą 0 and
µpBq ă 8.

Remark 2.18. A measure µ is semifinite if and only if it is µ-semifinite. In general, ν
is µ-semifinite if and only if νpAq “ suptνpBq : B Ď A, µpBq ă 8u for any A P Σ. If µ
and ν are equivalent, that is ν ! µ and µ ! ν, and µ is semifinite then ν is µ-semifinite.
Indeed, if νpAq ą 0, then µpAq ą 0, because ν ! µ. Hence by semifiniteness of µ there is
B Ď A such that 0 ă µpBq ă 8, which in particular implies νpBq ą 0 because µ ! ν,

Remark 2.19. If µ is σ-finite then any measure ν defined on the same σ-algebra Σ
is automatically µ-semifinite. Indeed, let tΩnunPN Ď Σ be a sequence of pairwise disjoint
sets such that Ω “

Ů

nPN Ωn and µpΩnq ă 8 for all n P N. By σ-additivity of ν, for any
A P Σ with νpAq ą 0 we must have νpA X Xnq ą 0 for some n P N. Hence B :“ A X Xn

witnessess µ-semifiniteness for A.
The following result is in essence due to Segal [Seg51], cf. also [BGL22, Corollary 4.5,

Theorem 4.4]. We formulate it using our notion of a weak Radon-Nikodym derivative.
Theorem 2.20 (Radon-Nikodym theorem for localizable measures). Let µ and ν be

two measures on pΩ,Σq where µ is localizable. A weak Radon-Nikodym derivative dν
dµ

exists
if and only if ν ! µ. If it exists, then dν

dµ
is unique up to equality µ-almost everywhere.

Moreover, dν
dµ

attains finite values µ-almost everywhere if and only if ν is semifinite, and
dν
dµ

is the Radon-Nikodym derivative if and only if ν is µ-semifinite.

Proof. If the weak Radon-Nikodym derivative dν
dµ

exists, then for any A P Σ with
µpAq “ 0 we have νpAq “

ş

A
dν
dµ
dµ “ 0 and so ν ! µ. Assume ν ! µ. Let Fµ “

tA P Σ : µpAq ă 8u. For any A P Fµ, let µA, νA denote the measures µ, ν restricted
to the σ-algebra ΣA :“ tA X B : B P Σu. Then µA is a finite measure on A. Hence
the basic (standard) Radon-Nikodym theorem says that the Radon-Nikodym derivative
fA :“ dνA

dµA
: A Ñ r0,8s exists and is unique up to equality µ-almost everywhere. This

holds for any A P Fµ. We extend functions fA to Ω by putting fA ” 0 outside of A.
By uniqueness, fA agrees with fB µ-almost everywhere on A X B, for all A P Fµ. Hence
tfAuAPFµ is a quasi-function and by Proposition 2.11 there is, unique up to equality µ-
almost everywhere, measurable f : Ω Ñ r0,8s such that f “ fA µ-almost everywhere on
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A (in fact f is the essential supremum supAPFµ fA). By construction this is the desired
weak Radon-Nikodym derivative (for the existence we only need that µ is Dedekind).

Now assume that the weak Radon-Nikodym derivative f “ dν
dµ

exists. Putting A8 :“
f´1p8q, for every measurable A Ď A8 we have either νpAq “ 0 or νpAq “ 8 depending on
whether µpAq “ 0 or µpAq ą 0 respectively. Thus if ν is semifinite, then we necessarily have
νpA8q “ 0 and therefore µpA8q “ 0, that is dν

dµ
ă 8 µ-almost everywhere. Conversely,

assume that µpA8q “ 0. Take any A P Σ with νpAq ą 0. As ν is µ-semifinite there is B Ď A
such that νpBq ą 0 and µpBq ă 8. Putting Bn “ BXtω P Ω : fpωq ď nu, for n P N, we get
νpBq “ limnÑ8 νpBnq by continuity of a measure, and that νpBnq “

ş

Bn
f ď n ¨ µpBq ă 8

by construction. Hence 0 ă νpBnq ă 8 for large enough n. Thus ν is semifinite.
Now assume that f is the (genuine) Radon-Nikodym derivative. Take any A P Σ with

νpAq ą 0. Then tf1BuBPFµ,BĎA is an increasing net whose essential supremum is f . Thus
using Proposition 2.12, we get

νpAq “

ż

A

fdµ “

ż

Ω
sup

BPFµ,BĎA
f1Bdµ “ sup

BPFµ,BĎA

ż

Ω
f1Bdµ “ sup

BPFµ,BĎA
νpBq.

Hence ν is µ-semifinite. Conversely, if ν is µ-semifinite, then for any A P Σ, using Propo-
sition 2.12 we get

νpAq “ sup
BPFµ,BĎA

νpBq “ sup
BPFµ,BĎA

ż

Ω
f1Bdµ “

ż

Ω
f1Adµ “

ż

A

fdµ.

Thus f is the Radon-Nikodym derivative. □

Remark 2.21. If µ is σ-finite, then ν is automatically µ-semifinite, see Remark 2.19,
and hence the Radon-Nikodym derivative dν

dµ
exists if and only if ν ! µ. That is, Theorem

2.20 reduces to the well known version of Radon-Nikodym theorem where semifiniteness
is not explicitly present. Similarly, µ-semifinitess of ν is automatic whenever µ and ν are
equivalent and µ is semifinite, see Remark 2.18. This explains why the relative semifinite-
ness is not explicitly present in [GT22].

Corollary 2.22 (cf. [GT22, Theorem 2.7]). For any localizable measures µ and ν
that are equivalent, the Radon-Nikodym derivatives dν

dµ
and dµ

dν
exist, attain values in p0,8q

and p dν
dµ

q´1 “
dµ
dν

almost everywhere.

Proof. The Radon-Nikodym derivatives dν
dµ

and dµ
dν

exist and attain values in p0,8q

by Remark 2.18 and Theorem 2.20. Moreover, for any A P Σ, using Lemma 2.16, we have
ş

A
p dν
dµ

q´1 dν “
ş

A
p dν
dµ

q´1 dν
dµ
dµ “ µpAq. Hence p dν

dµ
q´1 “

dµ
dν

. □

For finite measures with ν ! µ, Samuels [Sam78] constructed the Radon-Nikodym
derivative dν

dµ
as a limit of conditional expectations with respect to countable decompo-

sitions of Ω. Namely, for any t P R denoting by At P Σ the positive part in the Hahn
decomposition for the signed measure tµ ´ ν, for any A P Σ we have:

(1) if A Ď At, then νpAq ď tµpAq

(2) if A Ď A1
t, then νpAq ě tµpAq.
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These two properties essentially determine At, and if s ď t, then As Ď At essentially. For
any n, k “ 0, 1, 2, ... we put

Ωn,k :“ A k`1
2n

zA k
2n
.

Then A Ď Ωn,k implies k
2nµpAq ď νpAq ď k`1

2n µpAq. Then for each n P N sets tΩn,ku8
k“0

form a countable decomposition of Ω. We have the following limit in L1pµq:
dν

dµ
“ lim

nÑ8

8
ÿ

k“0

νpΩn,kq

µpΩn,kq
1Ωn,k .

In fact, this can be viewed, as an application of Freudenthal’s spectral theorem for Riesz
spaces. According to Zaanen this method wasto construct dν

dµ
was used already in 1940 by

Yosida. Gardella and Thiel [GT22] generalized this method so that it works for equivalent
localizable measures, see Corollary 2.22. We now generalize it even further to get a descrip-
tion of the Radon-Nikodym derivative in Theorem 2.20, which resembles the construction
of the Lebesgue integral.

Theorem 2.23 (Radon-Nikodym theorem for localizable measures II). Let µ and ν be
two measures on pΩ,Σq where µ is localizable. For any t ě 0 there is At P Σ such that
(2.7) @APΣ A Ď At ùñ νpAq ď tµpAq,

and any set with the above property is µ-essentially contained in At, so up to µ-null sets,
At is the largest satisfying (2.7). The simple functions

(2.8) fn :“
n2n´1
ÿ

k“0

k

2n1A k`1
2n

zA k
2n

` n1ΩzAn , n P N,

form a monotone sequence converging to the weak Radon-Nikodym derivative dν
dµ

, µ-almost
everywhere ( dν

dµ
is the genuine Radon-Nikodym derivative if and only if ν is µ-semifinite).

Proof. For each t P r0,8q we denote by At P Σ the µ-essential supremum of the
family

At :“ tA P Σ : νpBq ď tµpBq for every measurable B Ď Au,

(with the convention that sup H “ H). We claim that At P At . To show this note first
that applying Kuratowski-Zorn lemma we may choose a maximal family Dt Ď At consisting
of essentially pairwise disjoint sets (with positive µ-measure or not). Then At

µ
“ sup Dt is

also the µ-essential supremum of Dt. Indeed, it is clear that sup Dt

µ
Ď At and if we assume

that At
µ
Ď sup Dt fails, then by definition of essential supremum there must exist A P At

with µpAz sup Dtq ą 0. But then D :“ Az sup Dt P AtzDt is µ-essentially disjoint with
each element in Dt, which contradicts maximality of Dt. Take any measurable B Ď At. By
distributivity of supremum we have B µ

“ B X sup Dt
µ
“ supDPDtpB X Dq. Hence by total

additivity of µ, see Lemma 2.4, we get

νpBq “
ÿ

DPDt

νpB X Dq ď
ÿ

DPDt

tµpB X Dq “ tµp sup
DPDt

B X Dq “ tµpBq
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where we used that B X D P At, for every D P Dt. This proves that At P At, and so with
respect to µ-essential inclusion it is the largest element in At.

Now we claim that for any measurable B Ď A1
t “ ΩzAt we have νpBq ě tµpBq. To show

this, choose a maximal family DB consisting of µ-essentially pairwise disjoint measurable
subsets D Ď B such that νpDq ě tµpDq. Then the µ-essential supremum sup DB is in
fact µ-essentially equal to B. Indeed, we clearly have sup DB

µ
Ď B. Moreover, for every

positive µ-measure subset A Ď Bz sup DB we have A R DB and therefore νpAq ă tµpAq,
by maximality of DB. This and ν ! µ implies that B P At and so Bz sup DB

µ
Ď At. Since

B Ď A1
t we conclude that µpBz sup DBq “ 0. Hence B µ

“ sup DB. Using, as before, total
additivity of measure, Lemma 2.4, we get

νpBq “ νpsup DBq “
ÿ

DPDB

νpDq ě
ÿ

DPDB

tµpDq “ tµpsup DBq “ tµpBq.

This proves the claim.
It is clear that s ď t implies As

µ
Ď At. Therefore for each n the sets An,k :“ A k`1

2n
zA k

2n
,

k “ 0, 1, ..., are µ-essentially disjoint and thier union is µ-essentially equal to A8 :“
Ť8

n“1 An. Also functions (2.8) form µ-essentially monotonne sequence, which is conver-
gent µ-everywhere to a measurable function f : Ω Ñ r0,8s. Since ν ! µ, the previous
statements are true when “µ-essentially” replaced by “ν-essentially”.

Now let A P Σ. By the above claims for every n and k we have

(2.9) k

2nµpA X An,kq ď νpA X An,kq ď
k ` 1

2n µpA X An,kq, nµpAzAnq ď νpAzAnq.

This implies that
ż

A

fndµ “

n2n´1
ÿ

k“0

k

2nµpA X An,kq ` nµpAzAnq

ď

n2n´1
ÿ

k“0
νpA X An,kq ` νpAzAnq “ νpAq.

Thus
ş

A
fdµ “ limnÑ8

ş

A
fndµ ď νpAq. In particular, if

ş

A
fdµ “ 8, then

ş

A
fdµ “

νpAq “ 8. Hence we may assume that
ş

A
fdµ ă 8. Then for each n ě 1 we have

nµpAzA8q ď nµpAzAnq ď
ş

A
fdµ ă 8, which implies µpA X A1

8q “ 0 or equivalently
A

µ
Ď A8. Then also A

ν
Ď A8 because ν ! µ. Hence by continuity of the measure, finite

additivity applied to A X An “
Ťn2n´1
k“0 A X An,k, and using (2.9) we get

νpAq “ lim
nÑ8

νpA X Anq “ lim
nÑ8

n2n´1
ÿ

k“0
νpA X An,kq ď lim

nÑ8

n2n´1
ÿ

k“0

k ` 1
2n µpA X An,kq

ď lim
nÑ8

˜

n2n´1
ÿ

k“0

k

2nµpA X An,kq

¸

`
1
2nµpA X Anq.
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If we assume µpAq ă 8, then 1
2nµpA X Anq Ñ 0 and so the above inequalities yield

νpAq ď lim
nÑ8

n2n´1
ÿ

k“0

k

2nµpA X An,kq ď lim
nÑ8

ż

A

fndµ “

ż

A

fdµ.

Accordingly, νpAq “
ş

A
fdµ. This proves that f “ dν

dµ
is the weak Radon-Nikodym deriva-

tive. For the Radon-Nikodym derivative, see Theorem 2.20. □

2.3. Set morphisms and composition operators

We now pass to a discussion of morphisms between two measure spaces. To this end,
we fix two (possibly) different measure spaces pΩν ,Σν , νq and pΩµ,Σµ, µq. We slightly
generalize what is often called a regular set isomorphism [Lam58, Section 3], [Grz85],
[FJ03, Definition 3.2.3]. Our definition of set morphism is equivalent to what is called
homomorphism in [Sou78, Definition 2.1], σ-homomorphism in [Kan78, Definition 4.1],
or measurable set transformation in [Phi12, Definition 5.4].

Definition 2.24. A set morphism from pΩν ,Σν , νq to pΩµ,Σµ, µq is a map Φ : Σν Ñ Σµ

satisfying
(M1) νpAq “ 0 ùñ µpΦpAqq “ 0 for any A P Σ;
(M2) for any family of essentially pairwise disjoint sets tAiuiPN Ď Σν , sets tΦpAiquiPN

are essentially pairwise disjoint and Φp
Ť8

i“1 Aiq
µ
“
Ť8

i“1 ΦpAiq.
If in addition ΦpΩνq

µ
“ Ωµ we say that Φ is unital. If the implication in (M1) is the

equivalence
(M3) νpAq “ 0 ðñ µpΦpAqq “ 0 for any A P Σν ,

then we say that Φ is a set monomorphism. A monomorphism Φ is a set isomorphism if
(M4) for any B P Σµ there exists A P Σν such that B µ

“ ΦpAq.

Remark 2.25. Recall that rΣνs :“ Σν{
ν
“ is a σ-complete Boolean algebra with oper-

ations rAs _ rBs :“ rA Y Bs, rAs ^ rBs :“ rA X Bs and rAszrBs :“ rAzBs for A,B P Σ.
Obviously, rHs and rΩνs are zero and unit in rΣνs. Condition (M1) means that a map
Φ : Σν Ñ Σµ descends to a map rΦs : rΣνs Ñ rΣµs where rΦsprAsq :“ rΦpAqs, A P Σν . If
this holds then (M2) is equivalent to rΦs being a Boolean ring homomorphism, see Lemma
2.28 below. Then Φ is unital if and only if rΦs is a Boolean algebra homomorphism; Φ is
a set monomorphism if and only rΦs is injective, and Φ is a set isomorphism if and only if
rΦs is bijective (an isomorphism of Boolean algebras). Note that if Φ : Σν Ñ Σµ is a set
isomorphism then there is a map Φ´1 : Σµ Ñ Σν such that rΦs´1 “ rΦ´1s, so that Φ´1

is also a set isomorphism. In [Lam58], [Grz85] [FJ03], maps preserving complements,
disjoint unions, and null-sets are called regular set isomorphisms. In the nomenclature of
Definition 2.24 these are unital monomorphisms.

Remark 2.26. By (M2), µ ˝ Φ : Σν Ñ r0,8s is a measure. Hence (M2) is the absolute
continuity µ ˝ Φ ! ν, and (M3) means that the measures µ ˝ Φ and ν are equivalent.
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Example 2.27. Suppose that φ : Ωµ Ñ Ων is a measurable map which is non-singular
in the sense that µ ˝ φ´1 ! ν. Then the preimage

ΦpAq “ φ´1
pAq, A P Σν ,

defines a unital set morphism Φ : Σν Ñ Σµ. It is a monomorphism if the measures µ ˝φ´1

and ν are equivalent. All unital set morphisms have this form for instance if pΩν ,Σνq is
a standard Borel space, see [Roy73, Proposition 3 on page 397], cf. also [Fr03, Theorem
343B].

Lemma 2.28. Any set morphism Φ : Σν Ñ Σµ essentially preserves unions, intersec-
tions and differences of sets. That is, for all A,B P Σν we have

ΦpB Y Aq
µ
“ ΦpBq Y ΦpAq, ΦpB X Aq

µ
“ ΦpBq X ΦpAq, ΦpBzAq

µ
“ ΦpBqzΦpAq.

Moreover, if Φ is a set isomorphism then ΦpΩνq
µ
“ Ωµ and supiPI ΦpAiq

µ
“ ΦpsupiPI Aiq for

any family of ν-measurable sets tAiuiPI such that the essential supremum supiPI Ai exists.

Proof. Condition (M2) implies that ΦpHq
µ
“ H and therefore also that ΦpA Y Bq

µ
“

ΦpAq \ ΦpBzAq. In particular, Φ is monotone in the sense that ΦpAq
µ
Ď ΦpBq if A Ď B.

Hence ΦpBq
µ
“ ΦpBzAq \ ΦpAXBq implies that ΦpBqzΦpAq

µ
“ ΦpBzAq. Thus ΦpAYBq

µ
“

ΦpAq \ ΦpBqzΦpAq “ ΦpAq Y ΦpBq. Since A X B “ BzpBzAq we also get ΦpA X Bq
µ
“

ΦpAqXΦpBq. This proves the first part of the assertion and confirms our claims in Remark
2.25. In particular, if Φ is a set isomorphism it induces a Boolean algebra isomorphism
rΦs : rΣνs Ñ rΣµs and the second part of the assertion follows. □

We denote by L0pµq the complex linear space of measurable complex functions f :
Ω Ñ C, where functions which agree µ-almost everywhere are identified. In fact it is
a vector lattice with order defined by the cone of positive functions. In particular, the
real linear space L0

Rpµq of measurable real valued functions is naturally ordered: f ď g
if and only if fpωq ď gpωq for almost all ω P Ω. Then L0

Rpµq is a lattice where f _

g “ maxtf, gu, f ^ g “ mintf, gu, for any f, g P L0
Rpµq. A version of the following

proposition can be found in [FJ03, Remark 3.2.4(v)] or in [Phi12, Proposition 5.6], where
the authors present different constructions of the map TΦ using pointwise convergence
topology. Sourour [Sou78, Lemma 2.2] constructs TΦ using convergence in measure. We
give a yet another construction which mimics the construction of an integral, and allows
us to define TΦ in a formally weaker way that exploits the canonical partial order.

Proposition 2.29. For any set morphism Φ : Σν Ñ Σµ there is a unique linear
operator TΦ : L0pνq Ñ L0pµq, which preserves limits of increasing sequences and

TΦp1Aq “ 1ΦpAq, for A P Σν ,

This operator has the following properties
(1) if tfnu is a sequence of measurable function convergent to f a.e., then tTΦfnu

converges to Tf µ-almost everywhere;
(2) TΦpfgq “ pTΦfqpTΦgq for all measurable functions f, g;
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(3) TΦ is a lattice homomorphism, that is TΦpf _ gq “ TΦpfq _ TΦpgq, TΦpf ^ gq “

TΦpfq ^ TΦpgq and TΦ|f | “ |TΦf | for any measurable functions f, g P L0
Rpµq.

Proof. Let Φ be a set morphism and let L00pνq denote the set of simple functions
on Ων . For f “

řN
k“1 ak1Ak P L00pµq, where tAiu

N
i“1 Ď Σν are pairwise disjoint, we put

TΦf :“
ř

ak1ΦpAkq. One readily sees that this gives a well defined TΦ linear operator on
L00pνq. Note that the range of the function TΦf is contained in the range of f P L00pνq

Now let f P L0pµq be a positive measurable function. Pick any sequence tfnu8
n“1 Ď L00pνq

such that fn Õ f pointwise. Then limnÑ8 TΦfn “ supnPN TΦfn is in L0pµq. We claim it is
an essential supremum of the family tTh : h ď f, h P L00pµqu and hence does not depend
on the sequence we picked. Indeed, suppose that h P L00pνq is such that h ď f . Take
any α P p0, 1q. Then for any x P Ων there is n P N such that αfpxq ď fnpxq and hence
the sets Bn “ tx : αfpxq ď fnpxqu, n P N, form an increasing sequence that covers Ων .
Moreover, αh1Bn ď αf1Bn ď fn1Bn ď fn and therefore TΦph1Bnq ď TΦpfnq. We also have
that TΦph1Bnq Õ TΦphq. Indeed, for h “

řN
k“1 ak1Ak we have

TΦph1Bnq “

N
ÿ

k“1
ak1ΦpAkXBnq “

N
ÿ

k“1
ak1ΦpAkq1ΦpBnq

“ TΦphq1ΦpBnq Õ TΦphq1ΦpΩνq “ TΦphq.

Thus αTΦphq ď limnÑ8 TΦpfnq for all α P p0, 1q. By passing with α to 1 we obtain
TΦphq ď limnÑ8 TΦpfnq “ supnPNtTΦpfnqu. Hence this limit is the essential supremum of
tTh : h ď f, h P L00pµqu as claimed, and we denote it by TΦpfq.

Now extending TΦ to all real and then to all complex measurable functions is carried
out in a standard way. For any f P L0

Rpµq we write f` “ maxtf, 0u, f´ “ maxt´f, 0u

to get f “ f` ´ f´ and then we set TΦpfq :“ TΦpf`q ´ TΦpf´q. For a complex function
f “ Repfq` iImpfq we put TΦf :“ TΦpRepfqq` iTΦpImpfqq. Routine arguments show that
in this way we get the well defined linear operator TΦ : L0pµq Ñ L0pµq.

(1). Let fn Ñ f µ-almost everywhere. Assume first that all fn are real and put
gn :“ f ^ pf1 _ ... _ fnq, n P N. Then gn is an increasing sequence by construction and it
convergence to f µ-almost everywhere, by squeeze theorem. In general, one can apply the
above step to the real and imaginary part.

(2). Let f “
řNf
i“1 fi1i, f “

řNg
j“1 gi1j are simple functions, where Ω “

ŮNf
i“1 Ai “

ŮNg
j“1 Bj. Then TΦpfngnq “

ř

i“1
ř

j“1 figj1ΦpAiqXΦpBjq “ TΦpfnqTΦpgnq. Hence the state-
ment holds for simple functions. Let f , g be measurable functions aand sequences pfnq

and pgnq of simple functions converge to f and g respectively. Then we have TΦpfqTΦpgq “

limn TΦpfnqTΦpgnq “ limn TΦpfngnq “ TΦpfgq.
(3). Similarly, as in the proof of (2) it can be shown that the statement holds for

simple functions. For any measurable functions f, g and sequences pfnq and pgnq of simple
functions converging to f and g respectively, the sequence pfn _ gnq is convergent to f _ g.
Thus TΦf _ TΦg “ limTΦpfnq _ TΦpgnq “ limTΦpfn _ gnq “ TΦpf _ gq. The relation
TΦpf ^ gq “ TΦf ^ TΦg follows now from the relation f ^ g “ ´pp´fq _ p´gqq. Since
|f | “ f _ p´fq, we also have TΦp|f |q “ |TΦpfq|. □
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Example 2.30. If Φ : Σν Ñ Σµ is a unital set morphism given by ΦpAq “ φ´1pAq,
A P Σν , for a map φ : Ωµ Ñ Ων , as in Example 2.27, then

TΦpfq “ f ˝ φ, f P L0
pνq,

is nothing but a standard composition operator.

Definition 2.31. We call the operator TΦ : L0pνq Ñ L0pµq from Proposition 2.29 a
(generalized) composition operator with the morphism Φ. Let h : Ωµ Ñ C be a measurable
function. We call the operator hTΦ given by rhTΦsξpωq :“ hpωq ¨ pTΦξqpωq, ξ P L0pµq,
ω P Ωµ, a weighted (generalized) composition operator.

We finish this subsection with a simple lemma.

Lemma 2.32 (change of variables). Let Φ : Σµ Ñ Σµ be a set morphism. A measurable
function f : Ωµ Ñ R is µ ˝ Φ-integrable if and only if TΦf is µ-integrable. Then we have

ż

Ωµ
fdµ ˝ Φ “

ż

Ωµ
TΦfdµ.

Proof. It follows by the standard method of gradual complication of the function f .
Indeed, for characteristic and simple functions the statements are clear. If f is positive,
we may find a sequence of simple functions pfnqnPN such that fn Õ f . Using that both the
integral and TΦ preserve limits of increasing sequences we get the assertion for f . Writing
arbitrary f “ f` ´ f´ as a difference of positive functions f`, f´ we get the assertion by
the previous step and linearity of the integral and TΦ. □

2.4. Weighted composition operators on Lp-spaces

Let pΩ,Σ, µq be a measure space. For p P r1,8q we write Lppµq “ tf : Ω Ñ C :
ş

Ω |fpωq|pdµ ă 8u for the associated Banach space of p-integrable functions on Ω equipped
with the p-norm

}f}p “
`

ż

Ω
|fpωq|

pdµ
˘

1
p .

For p “ 8 we denote by L8pµq “ tf : Ω Ñ C : ess supωPΩ |fpωq| ă 8u the Banach space
of essentially bounded functions, equipped with the norm

}f}8 “ ess supωPΩ |fpωq| “ inft sup
ωPΩzA

|fpωq| : A P Σ has measure zerou,

and we also identify functions equal almost everywhere. Then LppΩq are Banach spaces
for all p P r1,8s, and Lppµq is a Hilbert space if and only if p “ 2. We recall that the
Banach space Lppµq can be recovered from µ : Σ Ñ r0,8s, or in fact from the measure
rµs : rΣs Ñ r0,8s defined on the σ-complete Boolean algebra rΣs “ Σ{

µ
“. For instance,

the presentations in [Gar21], [GT22] use this ‘point-free’ approach to Lp-spaces. Also
if p ă 8, the space L00pµq of simple integrable functions is dense in Lppµq. We clearly
have L00pµq “ L00pµ0q where µ0 is the semifinite part (2.5) of µ. Thus the identity on
L00pµq “ L00pµ0q extends to the isometric isomorphism Lppµq – Lppµ0q, and so without
loss of generality we may assume that µ is semifinite. In general, if µ is semifinite, then rµs
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extends uniquely to the Dedekind completion of rΣs giving a localizable measure on the
completion [Fr03, Proposition 322O]. Using the Loomis–Sikorski Theorem, see for instance
[BGL22, Theorem 7.15] we may represent this abstract measure by a concrete localizable
measure space pΩ,Σ, µq, see [Fr03, Theorem 322N]) and again Lppµq – Lppµq canonically:

Theorem 2.33. For any measure µ there is a canonical localizable measure µ such that
L00pµq – L00pµq by an isomorphism that sends characteristic functions to characteristic
functions. Thus for any p P r1,8q it extends to an isometric isomorphism Lppµq – Lppµq.

Remark 2.34. Thus when considering Lp-spaces with p ă 8 we may always assume
the measure is localizable, or even decomposable, see [Lac74, Corollary on page 136] or
[BGL22, Theorem 7.17]. For p “ 8, the assumption that µ is localizable is also natural.
For instance, µ is localizable if and only if L8pµq is canonically isomorphic to the dual
of L1pµq, see [Fr02, Theorem 243G]. For this reason, in this dissertation we will almost
exclusively consider localizable measures.

For σ-finite measures it is a classical fact, usually attributed to Ridge [Rid73] that a
norm (and boundendess) of a composition operator can be phrased in terms of the relevant
Radon-Nikodym derivative. When appropriately modified, it is also well known to hold for
weighted composition operators. In fact in [Kan78, Theorem 4.2] it is discussed already
in the context of generalized weighted composition operators as in Definition 2.31. Let
us give more details and generalize it to localizable measures. Let us then consider two
measure spaces pΩν ,Σν , νq and pΩµ,Σµ, µq, and a set morphism Φ : Σν Ñ Σµ. For any
positive measurable map h : Ωµ Ñ r0,8s the formula

(2.10) µh,ΦpAq “

ż

ΦpAq

h dµ, A P Σν ,

defines a measure on Σν . By definition of set morphism we have µh,Φ ! ν and thus if ν is
localizable, then the weak Radon-Nikodym derivative dµh,Φ

dν
exists by Theorem 2.20. One

could call µh,Φ the weighted pullback measure of µ via Φ with weight h. When Φ “ φ´1

comes from a point map φ : Ωµ Ñ Ωn, then µh,φ´1 is a weighted pushforward measure of
µ via φ. When h ” 1, then µh,Φ “ µ ˝ Φ is just a composition of µ and Φ.

Proposition 2.35. Let pΩν ,Σν , νq and pΩµ,Σµ, µq be measure spaces where ν is lo-
calizable, and let p P r1,8q. For any morphism Φ : Σν Ñ Σµ and a measurable map
h : Ωµ Ñ C the (generalized) weighted composition operator TΦ : L0pνq Ñ L0pµq restricts
to the bounded operator hTΦ : Lppνq Ñ Lppµq if and only if the weak Radon-Nikodym
derivative dµ|h|p,Φ

dν
is essentially bounded, and then

}hTΦ} “

›

›

›

›

dµ|h|p,Φ

dν

›

›

›

›

1
p

8

.
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Proof. Suppose first that hTΦ : Lppνq Ñ Lppµq is a well defined bounded operator.
For any A P Fν and any measurable B Ď A we have

ż

B

dµ|h|p,Φ

dν
dν “ µ|h|p,ΦpBq “

ż

Ωµ
|h|

p1ΦpBq dµ “

ż

Ωµ
|phTΦq1B|

p dµ “ }phTΦq1B}
p
p

ď }hTΦ}
p
}1B}

p
p “ }TΦ}

pνpBq.

This implies that B “ tω P A : dµ|h|p,Φ
dν

pωq ą }TΦ}pu is a ν-null set, and hence dµ|h|p,Φ
dν

|A ď

}TΦ}p ν-almost everywhere. Therefore
dµ|h|p,Φ

dν
“ sup

APFν

dµ|h|p,Φ

dν
1A ď }hTΦ}

p

ν-almost everywhere. Equivalently, }
dµ|h|p,Φ
dν

}8 ď }hTΦ}p.
Assume now that }

dµ|h|p,Φ
dν

}8 ă 8. Let f P Lppνq be a simple function f “
řn
k“1 λk1Ak ,

where tAkunk“1 Ď Fν are pairwise disjoint and tλkunk“1 Ď C. Then

}TΦf}
p
p “

ż

Ωµ

`

n
ÿ

k“1
|λk|

p
|h|

p1ΦpAkq

˘

dµ “

n
ÿ

k“1
|λk|

pµ|h|p,ΦpAkq “

n
ÿ

k“1
|λk|

p

ż

Ak

dµ|h|p,Φ

dν
dν

ď

n
ÿ

k“1
|λk|

pνpAkq ¨

›

›

›

›

dµ|h|p,Φ

dν

›

›

›

›

8

“ }f}
p
p ¨

›

›

›

›

dµ|h|p,Φ

dν

›

›

›

›

8

.

Hence TΦ restricts to the bounded operator on the space of integrable simple functions
L00pνq Ď Lppνq and its norm does not exceed

›

›

dµ|h|p,Φ
dν

›

›

1
p

8
. Since L00pνq is dense in Lppνq,

TΦ restricts to the bounded operator TΦ : Lppνq Ñ Lppµq with }TΦ} ď
›

›

dµ|h|p,Φ
dν

›

›

1
p

8
. □

Corollary 2.36 (Ridge). Let µ, ν be a localizable measures and p P r1,8q. For any
morphism Φ : Σν Ñ Σµ the composition operator TΦ : L0pνq Ñ L0pµq restricts to the
bounded operator TΦ : Lppνq Ñ Lppµq if and only if the weak Radon-Nikodym derivative
dµ˝Φ
dν

is essentially bounded, and then }TΦ} “
›

›

dµ˝Φ
dν

›

›

1
p

8
.

The following theorem was independently formulated by Kan [Kan78, Theorem 4.1]
for σ-finite measures and proved by Sourour [Sou78, Theorem 3.1] for finite measures.
Now we generalize it to localizable measures. For any function f : Ω Ñ C we denote by

supppfq :“ tω P Ω : fpωq ‰ 0u

its support. For elements in L0pµq the support is defined only modulo µ-null sets. In
particular f ¨ g “ 0 in L0pµq means that µpsupppfq X supppgqq “ 0 in which case we say
that f and g are disjoint (they are disjoint in the vector lattice L0pµq).

Theorem 2.37 (characterization of weighted composition operators on Lp-spaces). Let
µ, ν be a localizable measures and p P r1,8q. A bounded operator T : Lppνq Ñ Lppµq is
a (generalized) weighted composition operator if and only if preserves disjointness in the
sense that f ¨ g “ 0 implies pTfq ¨ pTgq “ 0 for all f, g P Lppνq.
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Moreover, if the above equivalent conditions hold then there is a presentation of T “ hTΦ
which is optimal in the sense that for any other presentation T “ gTΨ we have h “ 1suppphqg

µ-almost everywhere and ΦpAq
µ
Ď ΨpAq for every A P Σν.

Proof. Proposition 2.29(3) implies that every (generalized) weighted composition op-
erator is disjointness preserving. Now let T : Lppνq Ñ Lppµq be any linear map. Then the
formula

Φ0pAq :“ supppT1Aq, A P Fν ,

gives a well defined map Φ0 : Fν Ñ Σµ such that µpΦ0pAqq “ 0 whenever νpAq “ 0.
Assuming that T preserves disjointness we get that Φ0 essentially preserves finite disjoint
unions: if A,B P Fν are disjoint, then

Φ0pA\Bq “ supppT1A\Bq “ supppT1A`T1Bq “ supppT1Aq\supppT1Bq “ Φ0pAq\Φ0pBq.

In particular, this implies that Φ0 : Fν Ñ Σµ is essentially monotone, cf. Lemma 2.28.
Thus using that µ is Dedekind complete we get that the essential supremum

ΦpAq :“ suptΦ0pA0q : Fν Q A0 Ď Au, A P Σν ,

yields a well defined extension Φ : Σν Ñ Σµ of Φ0. This map preserves disjointness, as if
A,B P Σν are disjoint, then every Fν Q A0 Ď A and Fν Q B0 Ď B the sets Φ0pA0q and
Φ0pB0q are disjoint, because Φ0 preserves disjointness. By arbitrariness of B0, this implies
that ΦpA0q and ΦpBq “ suptΦ0pB0q : Fν Q A0 Ď Au are disjoint. By arbitrariness of A0,
this in turn implies that ΦpAq and ΦpBq are disjoint. To see that Φ preserves countable
disjoint unions, we first show it for Φ0. Let tAnunPN Ď Fν be pairwise disjoint and such that
Ů8

n“1 An P Fν . We already know that Φ0p
ŮN
n“1 Anq “

ŮN
n“1 Φ0pAnq for any finite N P N.

Note that 1ŮN
n“1 An

Õ 1Ů8
n“1 An

pointwise. Hence by monotone convergence theorem we

get 1ŮN
i“1 An

Lppνq
ÝÝÝÑ
NÑ8

1Ů8
n“1 An

and by continuity of T also T1ŮN
n“1 An

Lppνq
ÝÝÝÑ
NÑ8

T1Ů8
n“1 An

. In
particular, there is a subsequence tNku8

k“1 such that tT1ŮNk
n“1 An

u8
k“1 converges µ-almost

everywhere to T1Ů8
n“1 An

, see, for instance, [Hal50, Theorem D on page 92]. Hence

Φ0p

8
ğ

n“1
Anq “ tx : T1Ů8

n“1 An
pxq ‰ 0u “ tx : lim

kÑ8
T1ŮNk

n“1 An
pxq ‰ 0u

“ tx : lim
kÑ8

˜

Nk
ÿ

n“1
T1An

¸

pxq ‰ 0u “ supp
˜

8
ÿ

n“1
T1An

¸

“

8
ğ

n“1
supp pT1Anq “

8
ğ

n“1
Φ0pAnq.

Now let tAnu8
n“1 Ď Σν be pairwise disjoint arbitrary measurable sets. Note that

Φp

8
ğ

n“1
Anq “ sup

#

8
ğ

n“1
Φ0pA0

nq : Fν Q A0
n Ď An, for all n P N

+

.
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Indeed, the inclusion Ď follows because for Fν Q A0 Ď
Ů8

n“1 An we may put A0
n :“ A0 XAn

to get a sequence with Fν Q A0
n Ď An and Φ0pA0q “

Ů8

n“1 Φ0pA0
nq by the previous step. The

reverse inclusion Ě follows because countable unions coincide with essential suprema and
hence for any sequence tA0

nu8
n“1 Ď Fν with A0

n Ď An we get
Ů8

n“1 Φ0pA0
nq “ supn Φ0pA0

nq Ď

Φp
Ů8

n“1 Anq. Now using the “associativity” of supremum we get

Φp

8
ğ

n“1
Anq “ sup

"

sup
nPN

Φ0pA0
nq : Fν Q A0

n Ď An, for all n P N
*

“ sup
nPN

sup
␣

Φ0pA0
nq : Fν Q A0

n Ď An
(

“

8
ğ

n“1
ΦpAnq.

Hence Φ is a set morphism (it fullfils condition (M1), (M2) of Definition 2.24). Now for
any A P Fν we put hA :“ T1A. By construction support of hA is Φ0pAq. In particular, as
Φ0 preserves set differences, for any A,B we have

hA “ 1Φ0pAqhA ` 1Φ0pAqhBzA “ 1Φ0pAqT p1A ` 1BzAq “ 1Φ0pAqhAYB.

Similarly, hB “ 1Φ0pBqhAYB. Therefore 1Φ0pAqXΦ0pAqhA “ 1Φ0pAqXΦ0pAqhB. This implies
that putting hΦpAq :“ hA for A P Fν we get a well defined quasi-function thAuAPΦ0pFvq. By
Proposition 2.11 there is a measurable function h : Ωµ Ñ C such that 1ΦpAq ¨ h “ hΦpAq for
every A P Fν . Hence for any A P Fν we get

T1A “ hΦpAq “ 1ΦpAq ¨ h “ hpTΦ1Aq “ phTΦq1A.

By linearity, T “ hTΦ on the space L00pνq of simple integrable functions. Since L00pνq is
dense in Lppνq, assuming that T is bounded, we get that T “ hTΦ on Lppνq.

Now assume that T “ gTΨ for some other measurable function g : Ωµ Ñ C and a
morphism Ψ : Σν Ñ Σµ. Then for any A P Fν we get

ΦpAq “ supppT1Aq “ supppgTΨ1Aq “ supppgq X ΨpAq Ď ΨpAq,

and also
h ¨ 1ΦpAq “ T p1Aq “ g1ΨpAq “ g1ΦpAq.

Hence by the above construction of h and Φ we get ΦpAq
µ
Ď ΨpAq for every A P Σν and

h “ 1suppphqg in L0pµq. □

Remark 2.38. For the optimal presentation T “ hTΦ as described above we necessarily
have suppphq “ ΦpΩνq. Moreover, for any other presentation T “ gTΨ with the property
supppgq “ ΨpΩνq, it follows from the above proof that ΦpAq

µ
“ ΨpAq and h1ΦpAq “ g1ΨpAq

µ-almost everywhere for every A in the σ-ring t
Ť8

n“1 An : tAnu8
n“1 Ď Fνu. In particular, if

ν is σ-finite, then being optimal is equivalent to suppphq “ ΦpΩνq.

2.5. Banach-Lamperti theorems

We have the following measure theoretic characterization of isometric weighted compo-
sition operators, which uses the weighted transport of a measure given by (2.10).
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Proposition 2.39. Let pΩν ,Σν , νq and pΩµ,Σµ, µq be measure spaces where ν is lo-
calizable, and let p P r1,8q. For any morphism Φ : Σν Ñ Σµ and a measurable map
h : Ωµ Ñ C the (generalized) weighted composition operator hTΦ : Lppνq Ñ Lppµq is a well
defined isometry if and only if ν “ µ|h|p,Φ on the ring Fν “ tA P Σν : νpAq ă 8u, that is

(2.11) νpAq “

ż

ΦpAq

|h|
pdµ, for all A P Fν .

Proof. If hTΦ : Lppνq Ñ Lppµq is an isometry, then for any A P Fν we have

µ|h|p,ΦpAq “

ż

Ωµ
|h|

p1ΦpAq dµ “

ż

Ωµ
|phTΦq1A|

p dµ “ }phTΦq1A}
p
p “ }1A}

p
p “ νpAq.

Hence (2.11) holds. Conversely, assume (2.11). Let ξ “
řN
i“1 ξi1Ai be a simple function

where tAiu
N
i“1 Ď Σν are pairwise disjoint. Since Φ is a morphism, the sets tΦpAiquNi“1

are essentially pairwise disjoint. By (2.11) we have νpAiq “ µ|h|p,ΦpAiq “
ş

ΦpAiq
|hpωq|pdµ.

Therefore

}hTΦξ}
p
p “

ż

Ωµ

ˇ

ˇ

N
ÿ

i“1
ξihpωq1ΦpAiq

ˇ

ˇ

p
dµ “

N
ÿ

i“1
|ξi|

p

ż

ΦpAiq

|hpωq|
pdµ “

N
ÿ

i“1
|ξi|

pνpAiq “ }ξ}
p
p.

Hence hTΦ acts isometrically on L00pνq, and since L00pνq is dense in Lppνq, we conclude
that hTΦ is an isometry on Lppνq. □

Remark 2.40. Condition (2.11) is the equality of measures ν “ µ|h|p,Φ on the whole σ-
algebra Σν if and only if the measure µ|h|p,Φ is semifinite (as we assume that ν is semifinite).
In general, it implies that ν ! µ|h|p,Φ ! µ˝Φ. Hence the morphism in the above proposition
is necessary a monomorphism and we have ν „ µ|h|p,Φ „ µ ˝ Φ. In particular, the formula
pν ˝ Φ´1qpΦpAqq “ νpAq, for A P Σν , determines a measure ν ˝ Φ´1 „ µ|ΦpΣνq on the
σ-algebra ΦpΣνq :“ tB P Σµ : ΦpΩνq Ě B

µ
“ ΦpAq, A P Σνu of subsets of ΦpΩνq. If µ|ΦpΣνq

is localizable, then the Radon-Nikodym derivative dν˝Φ´1

dµ|ΦpΣν q
exists and (2.11) assumes the

form

(2.12)
ż

ΦpAq

|h|
pdµ “

ż

ΦpAq

dν ˝ Φ´1

dµ|ΦpΣνq

dµ, for all A P Fν .

All this works best, when the µ is finite, as then also µ|ΦpΣνq is finite, and we can write the
above conditision as

(2.13) E
´

|h|
p

| ΦpΣνq

¯

“
dν ˝ Φ´1

dµ|ΦpΣνq

,

where E
`

|h|p | ΦpΣνq
˘

is a conditional expectation of |h|p : ΦpΩνq Ñ C with respect to
σ-subalgebra ΦpΣνq of Σν X ΦpΩνq :“ tA X ΦpΩνq : A P Σνu and the measure µ|ΦpΣνq.
However, in general, even when ν is finite and µ is σ-finite, the Radon-Nikodym derivative
dν˝Φ´1

dµ|ΦpΣν q
may not exist and even if a weak Radon-Nikodym derivative exist it may not be

unique and thus conditions (2.12), (2.13) make no sense, see example below.
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Example 2.41. Let µ, ν be Lebesgue measures on the spaces Ωµ “ R, Ων “ r0, 1s

equipped with σ-algebras of Borel sets. Consider a measurable map φ : Ωµ Ñ Ων given by
φpxq “ x pmod 1q. Then for any A Ď Σν we have φ´1pAq “

Ů

kPZtt` k : t P Au. Therefore
µpφ´1pAqq “ 0 ðñ νpAq “ 0 for any A P Σν . Hence the corresponding map Φ : Σν Ñ Σµ

given by ΦpAq “ φ´1pAq is a unital set monomorphism, cf. Remark 2.30. The σ-algebra
ΦpΣνq consists of Borel subsets on R which are invariant under shifts by integers, and

µpΦpAqq “

#

8, if νpAq ą 0
0, if νpAq “ 0

for all A P Σν .

Thus µ|ΦpΣνq is not semifinite even though ν is finite and µ is σ-finite. The weak Radon-
Nikodym derivative dν˝Φ´1

dµ|ΦpΣν q
does not exist, as for any positive ΦpΣνq-measurable function

f the integrals
ş

ΦpAq
fdµ, for A P Σν , can only attain two values: 0 or 8. Moreover,

any ΦpΣνq-measurable function f is a weak Radon Nikodym derivative of ν ˝ Φ´1 with
respect to µ|ΦpΣνq, as µpΦpAqq ă 8 is equivalent to µpΦpAqq “ 0 is equivalent to νpAq “ 0.
Nevertheless, for any p P r1,8q taking for instance h :“

ř

nPZ 2´
|n|`2
p 1rn,n`1q we get a

strictly positive Borel function satisfying (2.11), and hence hTφ : Lpr0, 1s Ñ LppRq is an
isometry. Allowing h to have zeros, it is even easier to produce isometries. We could
take for instance h “ 1r0,1s, but then the corresponding isometry hTφ is just an obvious
embedding Lpr0, 1s ãÑ LppRq that can also be realized by Φ ” id and h ” 1 (this is its
optimal presentation in the sense of Theorem 2.37).

We now show that for p ‰ 2 all isometries on Lp-spaces are weighted composition
operators. In view of Theorem 2.37 this is equivalent to showing that for p ‰ 2, isometries
between Lp-spaces are automatically disjoint preserving. This follows from that an Lp-
version of the parallelogram law holds if and only if the spanning vectors are disjoint.
Namely, the classical parallogram law says that

2p}ξ}
2
2 ` }η}

2
2q “ }ξ ` η}

2
2 ` }ξ ´ η}

2
2

for any ξ, η P L2pµq (in fact this law characterizes norms coming from an inner product).
Replacing 2’s with p’s, where p ‰ 2, the above equality characterizes functions ξ, η P Lppµq

with disjoint supports. This fact is often attributed to Clarkson, see [Cla36, Theorem 2],
[Lam58, Corollary 2.1], or [Roy73, Lemma 22 on page 415]:

Lemma 2.42 (Lp-parallelogram law). Let pΩ,Σ, µq be a measure space. For any ξ, η P

Lppµq, where p P r1,8q, we have
2p}ξ}

p
p ` }η}

p
pq ď }ξ ` η}

p
p ` }ξ ´ η}

p
p, when p P r2,8q,

2p}ξ}
p
p ` }η}

p
pq ě }ξ ` η}

p
p ` }ξ ´ η}

p
p when p P r1, 2s.

For p ‰ 2 the corresponding inequality becomes equality if and only if ξ ¨ η “ 0.
Theorem 2.43 (Lamperti theorem for localizable measures). Let pΩν ,Σν , νq and pΩµ,Σµ, µq

be localizable measure spaces. If p P r1,8qzt2u, then every linear isometry U : Lppνq Ñ

Lppµq is a weighted composition operator. Hence U “ hTΦ for a monomorphism Φ : Σν Ñ

Σµ and a measurable function h : Ω Ñ C such that ν “ µ|h|p,Φ on Fν.
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Proof. Let ξ, η P Lppνq have disjoint supports, that is ξ ¨ η “ 0. By Lemma 2.42 we
have

2p}ξ}
p
p ` }η}

p
pq “ }ξ ` η}

p
p ` }ξ ´ η}

p
p.

Since U is a linear isometry, it follows that
2p}Uξ}

p
p ` }Uη}

p
pq “ }Uξ ` Uη}

p
p ` }Uξ ´ Uη}

p
p.

Hence Uξ and Uη have disjoint supports again by Lemma 2.42. Thus by Theorem 2.37,
U “ hTΦ is a weighted composition operator. By Proposition 2.39, see also Remark 2.40,
Φ : Σν Ñ Σµ is a monomorphism and ν “ µ|h|p,Φ on Fν . □

Limiting ourselves to positive isometries we can cover also the case p “ 2, which
is not usually considered in this context. The reason is that for positive functions the
“Lp-version of the Pythagorean theorem” holds if and only if the functions have disjoint
supports. Namely, it is straightforward to see that for any positive functions ξ, η P Lppµq`

and any p P r1,8q, we have
(2.14) ξ ¨ µ “ 0 ðñ }ξ ` η}

p
p “ }ξ}

p
p ` }η}

p
p

(Bohnenblust used equivalence (2.14) to characterize Lp-spaces amongst all Banach lattices,
see [Lac74, Theorem 3 on page 135]). An operator on Lppµq is positive if it maps positive
functions to positive functions.

Theorem 2.44 (Positive isometries on Lp-spaces). Let pΩν ,Σν , νq and pΩµ,Σµ, µq be
localizable measure spaces. For every p P r1,8q, every a linear operator U : Lppνq Ñ Lppµq

is a positive isometry if and only if is a weighted composition operator U “ hTΦ for a
positive measurable function h : Ω Ñ r0,8q and a homomorphism Φ : Σν Ñ Σµ and such
that ν “ µhp,Φ on Fν.

Proof. Clearly, a weighted composition operator hTΦ is positive if and only if h ě 0 is
a positive function. Hence the “if” part follows from Proposition 2.39. Conversely, assume
that U : Lppνq Ñ Lppµq is a positive isometry. Let ξ, η P Lppνq` have disjoint supports.
By (2.14) we have

}ξ ` η}
p
p “ }ξ}

p
p ` }η}

p
p.

Since U is a linear isometry, it follows that
}Uξ ` Uη}

p
p “ }Uξ}

p
p ` }Uη}

p
p.

Hence using that U is positive, (2.14) implies that Uξ and Uη have disjoint supports. Thus
by Theorem 2.37 and Proposition 2.39, U “ hTΦ is a weighted composition operator with
the properties as described in the assertion. □

Finally, we pass to the description of invertible isometries. This simplifies greatly
because, as we show below, the associated morphism Φ is necessarily an isomorphism
of the associated σ-algebras. Example 2.41 shows that the measures ν ˝ Φ´1 and µ|ΦpΣνq

induced by an arbitrary set morphism are not suitable for the existence of Radon-Nikodym
derivative dν˝Φ´1

dµ|ΦpΣν q
. However, if Φ : Σν Ñ Σµ is a set isomorphism, then µ “ µ|ΦpΣνq (because

ΦpΣνq “ Σµ) and obstacles as in Example 2.41 cannot occur.
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Lemma 2.45. Let Φ : Σν Ñ Σµ be a set isomorphism between two localizable measure
spaces pΩµ,Σµ, µq and pΩν ,Σν , νq. Then the Radon-Nikodym derivatives dν

dµ˝Φ , dν˝Φ´1

dµ
exist,

take values in p0,8q, and

TΦ

ˆ

dν ˝ Φ´1

dµ

˙

“
dν

dµ ˝ Φ .

We also have
`

dν
dµ˝Φ

˘´1
“

dµ˝Φ
dν

,
`

dν˝Φ´1

dµ

˘´1
“

dµ
dν˝Φ´1 and TΦ

`

dµ˝Φ
dν

˘

“
dµ

dν˝Φ´1 .
Proof. Since Φ is an isomorphism and µ is localizable, it is immediate that µ ˝ Φ

localizable and equivalent to ν. Hence dν
dµ˝Φ and dµ˝Φ

dν
exist, , take values in p0,8q, and

´

dν
dµ˝Φ

¯´1
“

dµ˝Φ
dν

by Corollary 2.22. Similar claims for dν˝Φ´1

dµ
and dν˝Φ´1

dµ
follow by the

same argument but applied to the inverse isomorphism Φ´1 : Σν Ñ Σµ.
Now let At, t P R and fn, n P N, be objects in Theorem 2.23 associated to measures

ν ˝ Φ´1 ! µ. Similarly, let us denote by Bt, t P R and gn, n P N, the corresponding objects
associated to measures ν ! µ ˝ Φ. It is clear by the construction that ΦpAtq “ Bt, and
therefore TΦpfnq “ gn, n P N. Therefore, by Theorem 2.23 and construction of TΦ, we have

TΦ

ˆ

dν ˝ Φ´1

dµ

˙

“ lim
nÑ8

TΦpfnq “ lim
nÑ8

gn “
dν

dµ ˝ Φ .

Similar arguments show that TΦ
`

dµ˝Φ
dν

˘

“
dµ

dν˝Φ´1 . □

We now generalize the classical Banach characterization of invertible isometries to lo-
calizables measures. For p P p1,8qzt2u it is proved in [GT22, Theorem 3.7]. We consider
p P r1,8qzt2u and for positive isometries we also allow p “ 2. For finite measures this is
also proved in [Czy01, Theorem 5.1].

Theorem 2.46 (Banach-Lamperti theorem for localizable measures). Let µ and ν be
localizable measures and let p P r1,8q. A linear operator U : Lppνq Ñ Lppµq is a positive
invertible isometry if and only if U “ UΦ where

UΦ :“
ˆ

dν ˝ Φ´1

dµ

˙
1
p

TΦ

and Φ : Σν Ñ Σµ be a set isomorphism from pΩν ,Σν , νq to pΩµ,Σµ, µq (then we have
U´1

Φ “ UΦ´1). If p ‰ 2, then U is an invertible isometry (not necessarily positive) if and
only if U “ ωUΦ where ω : Ωµ Ñ T is measurable function.

Proof. Let Φ : Σν Ñ Σµ be a set isomorphism from pΩν ,Σν , νq to pΩµ,Σµ, µq. Putting

h “

´

dν˝Φ´1

dµ

¯
1
p we get ν “ µ|h|p,Φ. Hence UΦ is an isometry by Proposition 2.39. To show

that UΦ is invertible note that for the isomorphism Φ´1 : Σµ Ñ Σν inverse to Φ we have
an isometry UΦ´1 “

`

dµ˝Φ
dν

˘
1
pTΦ´1 . By symmetry, it is sufficient to show that UΦUΦ´1 “ 1.

By Lemma 2.45 we get

UΦUΦ´1 “

ˆ

dν ˝ Φ´1

dµ

˙
1
p

TΦ

ˆ

dµ ˝ Φ
dν

˙
1
p

TΦ´1 “

ˆ

dν ˝ Φ´1

dµ

˙
1
p
ˆ

dµ

dν ˝ Φ´1

˙
1
p

TΦTΦ´1 “ 1.
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Thus UΦ is surjective and hence invertible, with UΦ´1 being the inverse. Since multiplication
by a measurable function ω : Ωµ Ñ T is clearly an invertible isometry the operator ωUΦ is
also an invertible isometry, with the inverse pωUΦq´1 “ TΦ´1pωqUΦ´1 .

Let now U be an arbitrary invertible isometry, and assume that either p ‰ 2 or U is
positive. Then by Theorems 2.43 and 2.44, we necessarily have U “ hTΦ where Φ : Σν Ñ

Σµ is a set monomorphism and h : Ωµ Ñ C are such that νpAq “
ş

ΦpAq
|h|pdµ for A P Σν .

If we show that Φ is a set isomorphism, then this last relation implies (is equivalent to)

the equality |h|p “ dν˝Φ´1

dµ
, see Remark 2.40, and so U “ ωUΦ where ω “ h

´

dν˝Φ´1

dµ

¯´ 1
p .

Thus we only need to show that Φ is surjective, as then it is a set isomorphism. As U is
invertible we need to have suppphq “ Ωµ and so both h and Φ are uniquely determined by
U , see Theorem 2.37. In fact, for any A P Σν we have

ΦpAq “ suptsupppU1A0q : Fν Q A0 Ď Au “ suptsupppUfq : supppfq Ď A, f P Lppνqu,

where the suprema are µ-essential, see the proof of Theorem 2.37. Therefore, a natural
candidate for the inverse to Φ is Ψ : Σµ Ñ Σν defined by the ν-essential supremrum

ΨpBq :“ suptsupppU´1gq : supppgq Ď B, g P Lppµqu, B P Fµ.

For any B P Σµ we have
ΦpΨpBqq “ suptsupppUfq : supppfq Ď ΨpBq, f P Lppνqu

“ suptsupppUfq : supppfq Ď supppU´1gq, supppgq Ď B, f P Lppνq, g P Lppµqu

“ suptsupppUU´1g : supppgq Ď B, g P Lppµqu

“ suptsupppgq : supppgq Ď B, g P Lppµqu “ B.

This completes the proof. □

Remark 2.47. Following Phillips [Phi12] we call the invertible isometries of the form
ωUΦ spatial, then both ω and Φ are essentially determined by the operator ωUΦ, cf. the
last part of Theorem 2.37. The above Banach-Lamperti theorem says that all positive
invertible isometries are spatial and if p ‰ 2, then all invertible isometries are spatial.
Assume that µ “ ν. For any p P r1,8q the spatial invertible isometries on Lppµq form a
group and we have
(2.15) pωUΦq

´1
“ TΦ´1pωqUΦ´1 , pωUΦq ˝ pυUΨq “ ωTΦpυqUΦ˝Ψ,

cf. the proof of Theorem 2.46. This group is naturally isomorphic to the semi-direct
product

UL8
pµq ¸ AutprΣµsq

where the group AutprΣµsq of automorphisms of the Boolean algebra rΣµs acts on the group
UL8pµq :“ tω P L8pµq : |ω| “ 1u of unitaries in the von Neumann algebra L8pµq by the
formula rΦsω “ TΦpωq for rΦs P AutprΣµsq and ω P UL8pµq. Positive invertible isometries
on Lppµq form a subgroup isomorphic to AutprΣµsq, cf. [GT22, Theorem 3.7], [BKM25,
Proposition 2.4].
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Example 2.48. Consider ℓppt1, 2uq – C2 with norm }px, yq}p “ p
a

|x|p ` |y|p. Every
non-zero (equivalently invertible) isometry U : ℓppt1, 2uq Ñ ℓppt1, 2uq for p ‰ 2 is of the
form

ˆ

λ1 0
0 λ2

˙

or
ˆ

0 λ1
λ2 0

˙

,

where |λ1| “ |λ2| “ 1, that is pλ1, λ2q P T2. Accordingly, Uℓ8pt1, 2uq “ T2 and the only
non-trivial bijection on t1, 2u is the flip 1 ÞÑ 2, 2 ÞÑ 1. In particular, the group of invertible
isometries is isomorphic to the semidirect product T2 ¸ Z2 where the action of Z2 on the
torus T2 is given by the flip pλ1, λ2q ÞÑ pλ2, λ1q. However, for p “ 2 all non-zero isometries
(equivalently unitary matrices) are of the form

U “

ˆ

λ1 cos θ λ1
1 sin θ

´λ1
2 sin θ λ2 cos θ

˙

, λ1λ2 “ λ1
1λ

1
2, λ1, λ2, λ

1
1, λ

1
2 P T2, θ P r0, πq.

Thus they are a “mixture” of the previous two types of unitary matrices and a rotation
matrix corresponding to an angle θ P r0, πq. Such an isometry is spatial if and only if θ “ 0
or θ “ π{2. Independently of p P r1,8q there are only two positive non-zero isometries on
ℓppt1, 2uq and they are given by the matrices

ˆ

1 0
0 1

˙

and
ˆ

0 1
1 0

˙

.

2.6. Weighted composition operators on C0-spaces and L8-spaces

We now explain that our final Banach-Lamperti theorem can be extended to the case
when p “ 8, and in a sense this is a special case of Banach-Stone theorem, as L8pµq

is isometrically isomorphic to the Banach algebra CpMq of continuous functions on some
compact Hausdorff space M . In fact since L8pµq is a commutative C˚-algebra we have
isomorphism of C˚-algebras L8pµq – CpMq by Gelfand-Naimark theorem. So up to an
isometric isomorphism we may treat L8-spaces as examples of C-spaces. In fact we find it
useful to consider even more general C0-spaces. Namely, for any locally compact Hausdorff
space M we denote by C0pMq the Banach space of of complex continuous functions on M
that vanish at infinity, i.e. f P C0pMq if f : M Ñ C is continuous and for every ε ą 0 the
set tt P M : |fptq| ě εu is compact. Then C0pMq is a Banach space equipped with the
supremum norm }f}8 :“ suptPM |fptq|. It is a completion of the space CcpMq of continuous
compactly supported functions on M in } ¨ }8.

Interestingly enough, there is an analogue of Theorem 2.37 that characterizes weighted
composition operators on C0-spaces as operators preserving disjointness. Namely, we de-
note by supppfq “ tt P M : fptq ‰ 0u the open suport of f P C0pMq, an we say that an
operator T : C0pMq Ñ C0pNq preserves disjointness if

supppfq X supppgq ‰ H ùñ supppTfq X supppTgq “ H.

The proof of the following theorem is based on the reasoning from [Are83, Example 2.2].

Theorem 2.49 (characterization of weighted composition operators on C0-spaces).
Let M,N be locally compact Hausdorff spaces. A bounded operator T : C0pMq Ñ C0pNq
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preserves disjointness if and only if T is a weighted composition operator, i.e. there is a
continuous map φ : N0 Ñ M defined on an open subset N0 Ď N and a continuous bounded
function h : N0 Ñ Czt0u such that

Tfpxq “

#

hpxqfpφpxqq, x P N0

0, x R N0
, f P C0pMq, x P N.

Proof. Assume T preserves disjointness. We use that identifying points with point
masses (Dirac measures) we get the embedding N Q x ÞÑ δx P C0pNq1 of N into the space of
complex Radon measures on N . Let N0 :“ tx P N : T 1δx ‰ 0u. Since T 1 is continuous this
set is open in N – tδx : x P Nu. We claim that for any x P N0 the measure µ :“ T 1δx ‰ 0
is accumulated on a point. Equivalently the support of the variation |µ| is a singleton.
Indeed, if this is not the case, then there are positive functions f1, f2 P C0pMq` with
disjoint supports such that |µ|pf1q ą 0 and |µ|pf2q ą 0. For any positive f P C0pMq` we
have |µ|pfq “ supt|µpgq| : g P C0pMq, |g| ď fu . Hence we may find gi P C0pMq such that
|gi| ď fi and |µpgiq| ą 0 for i “ 1, 2. Thus g1 and g2 have disjoint supports but

|pTgiqpxq| “ |δxpTgiq| “ |pT 1δxqpgiq| “ |µpgiq| ą 0, i “ 1, 2,
so the Tg1 and Tg2 do not have disjoint supports, which contradicts our assumption.

Thus for every x P N0 there is a unique point φpxq P M and a non-zero number
hpxq P Czt0u such that T 1δx “ hpxqδφpxq This defines the map φ : N0 Ñ M and a function
h : N0 Ñ Czt0u such that for f P C0pMq we have

pTfqpxq “ pT 1δxqpfq “

#

hpxqfpφpxqq, x P N0

0, x R N0
.

We first show that φ is continuous any at x0 P N0. Indeed, pick an open neighborhood V
of φpx0q. By Urysohn lemma there is continuous f : M Ñ r0, 1s such that fpφpx0qq “ 1
and supppfq Ď V . Then Tfpx0q “ hpx0q ‰ 0 and Tfpxq “ 0 if x R φ´1pV q. Putting
U :“ tx P N0 : |Tfpxq ´ Tfpx0q| ă |hpx0q|{2u we have an open neighoboorhood of x0 such
that Tfpxq ‰ 0 for x P U . Hence U Ď φ´1pV q. This proves continuity of φ.

Any x0 P N0 has an open neighbourhood V such that V Ď N0 is compact. By Urysohn
lemma there is function f P C0pMq which is 1 on the compact set φpV q Ď M . Then
pTfqpxq “ hpxq for all x P V , and since Tf P C0pNq we see that h is continuous on V .
This proves continuity h. Now boundedness of the operator T readily implies that h is
bounded. □

In view of the previous subsection it is tempting to prove Banach-Stone theorem by
proving first that every invertible isometry T : C0pMq Ñ C0pNq is necessarily disjoint
preserving (by finding some C0-analogue of the Lp-parallelogram law, see Lemma 2.42)
However, we are not aware of proof like this. For a history and a general Banach-Stone
theorem that we now state we refer to [AF97].

Theorem 2.50 (Banach-Stone theorem). Let M,N be locally compact Hausdorff spaces.
A linear operator T : C0pMq Ñ C0pNq is an invertible isometry if and only if T is a
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weighted composition operator
Tfpxq “ hpxqfpφpxqq, f P C0pMq, x P N

where φ : N Ñ M is a homeomorphism and h : N Ñ T is a continuous function.

Corollary 2.51 (Banach–Lamperti theorem for p “ 8). Let pΩν ,Σν , νq and pΩµ,Σµ, µq

be localizable measure spaces. A linear operator U : L8pνq Ñ L8pµq is an invertible isom-
etry if and only if

U :“ ωTΦ

where Φ : Σν Ñ Σµ is a set isomorphism and ω : Ωµ Ñ T is a measurable function. Let be
localizable measures. Then every invertible isometry from Lppµq to Lppνq is spatial.

Proof. It is clear that the operator ωTΦ as described above is an invertible isometry.
Let us now show that any U : L8pνq Ñ L8pµq is an invertible isometry is of this form.
By Gelfand theorem we have canonical isomorphisms L8pµq – CpNq and L8pνq – CpMq

where N and M are compact Hausdorff (hyperstonean) spaces. This allows us to transport
U to the invertible isometry T : CpMq Ñ CpNq. By Stone-Banach theorem, T is of the
form hTφ where h P CpNq, |h| “ 1, and Tφ : CpMq Ñ CpNq is a composition operator with
a homeomorphism φ : N Ñ M is a homeomorphism. Thus Tφ : CpMq Ñ CpNq is in fact
an isometric algebra isomorphism. The Boolean algebras of idempotent elements in CpMq

and CpNq are canonically isomorphic to rΣνs and rΣµs, respectively. Thus Tφ induces an
isomorphism rΣνs – rΣµs which we interpret as a set isomorphism Φ : Σν Ñ Σµ. Namely,
the action of TΦ : L8pνq Ñ L8pµq on idempotents in L8pνq agrees with the action of
Tφ on the corresponding idempotents in CpMq. As the idempotents are linearly dense in
the considered spaces we conclude that the isometry U : L8pνq Ñ L8pµq corresponding
to hTφ is of the form ωTΦ where ω P L8pµq is the function corresponding to h under the
isomorphism CpNq – L8pµq. □
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CHAPTER 3

Representations of Banach algebras and partial isometries

In this chapter, we establish terminology and recall basic facts about Banach algebras
and hermitian operators. In addition, based on [BKM25, Section 2], we characterize
representations of the algebra C0pXq and Moore-Penrose partial isometries on Lp-spaces
associated with localizable measures, which leads to what we call Generalized Banach-
Lamperti theorem (Theorem 3.26). We assume that the reader has basic knowledge about
Banach algebras and C˚-algebras, as in three first chapters of [Mur90].

3.1. Banach algebra fundamentals

A Banach algebra is an associative complex algebra A which is a Banach space where the
norm is submultiplicative, i.e. }ab} ď }a}}b}, for all a, b P A. The set of bounded operators
BpEq on a Banach space E form a Banach algebra with the operator norm, pointwise
linear structure and composition given by multiplication. Any norm closed subalgebra of
BpEq is a Banach algebra, and up to isometric isomorphisms all Banach algebras are of
this form.

A C˚-algebra is a Banach algebra A which is equipped with an anti-linear and anti-
multiplicative involution ˚ : B Ñ B which satisfies the so-called C˚-equality }a}2 “ }a˚a}

for all a P A. The algebra BpHq of bounded operators on a Hilbert space H is a C˚-algebra
with involution given by the hermitian adjoint. Any norm closed ˚-subalgebra of BpHq is
a C˚-algebra, and up to an isometric ˚-isomorphism all C˚-algebras are of this form.

All these are standard facts. What is slightly less known is that an algebra homo-
morphism A Ñ B between two C˚-algebras is ˚-preserving if and only if it is contractive,
see [BM04, A.5.8]. This suggests us that in the category of Banach algebras, where we
do not have involution, natural morphisms are contractive morphisms. In particular, this
motivates the following:

Definition 3.1. A representation of a Banach algebra A in a Banach algebra B is a
contractive homomorphism π : A Ñ B. A representation of A on a Banach space E is a
representation π : A Ñ BpEq in the Banach algebra BpEq.

By an ideal in a Banach algebra A (unless stated otherwise) we mean a closed two-sided
ideal I. Then the quotient A{I with the standard quotient operations and quotient norm
is a Banach algebra. In particular, for every representation π : A Ñ B its kernel kerpπq is
an ideal in A, and π descends to an injective representation A{ kerpπq Ñ B. When A is a
C˚-algebra, then I is necessarily a C˚-algebra and A{I is naturally a C˚-algebra.

One of the most important features of a C˚-norm is that it is minimal. This was already
noted by Kaplansky [Kap49] and an elegant proof can be found in [Bon54, Theorem 10]:
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Proposition 3.2 (Kaplansky-Bonsall). Let A be a C˚-algebra. The C˚-norm on A is
a minimal norm among all submultiplicative norms on A.

Corollary 3.3. Every representation π : A Ñ B of a C˚-algebra A in a Banach
algebra B descends to an isometric representation π0 : A{ kerpπq Ñ B. In particular,

1) π : A Ñ B is injective if and only if it is isometric;
2) the range of π is closed (so πpAq is a Banach subalgebra of B).

Proof. Assume first that π : A Ñ B is injective. Then A Q a ÞÑ }πpaq} is a sub-
multiplicative norm on A. Hence }a} ď }πpaq} by Kaplansky-Bonsall theorem. Since
}πpaq} ď }a} by definition of representation we conclude that π is isometric. This proves
1). Now let π : A Ñ B be any representation. It descends to an injectvie represen-
tation π0 : A{ kerpπq Ñ B, and as A{ kerpπq is a C˚-algebra, we have by 1) that π0 is
isometric. A range of an isometry on complete space is complete and hence closed. Thus
πpAq “ π0pA{ kerpπqq is closed in B. Hence 2) holds. □

The above two properties in Corollary 3.3, C˚-algebraists take for granted and their
use in the theory of C˚-algebras cannot be overestimated. For Banach algebras these two
properties usually fail. This constitutes a major difficulty and obstacle in attempts to
generalize C*-algebraic results to more general Banach algebras.

Since Hilbert spaces, up isometric isomorphisms, are nothing but L2-spaces L2pµq, the
Lp-spaces Lppµq for p P r1,8q can be imagined as “tilted Hilbert spaces”. This seems to
be one of the reasons why, e.g. in Harmonic Analysis and in particular in the group rep-
resentation theory, operator algebras on such spaces are often considered, see for instance
[Her71], [Run02], [GT15], [Gar21] and references therein. In [Phi13b, Definition 1.1]
Phillips gave a name to Banach algebras that are isometrically isomorphic to subalgebras
of BpLppµqq for some measure µ and p P r1,8q. We extend his to definition to cover also
L8-spaces and C0-spaces, cf. [BKM25, Remark 2.17].

Definition 3.4. Let p P r1,8s. We say that a Banach algebra A is an Lp-operator
algebra if there exists an isometric representation π : A Ñ BpLppµqq for some measure µ.
We say that A is a C0-operator algebra if there is an isometric representation π : A Ñ

BpC0pΩqq for locally compact Hausdorff space Ω.
Remark 3.5. It is a simple but fundamental observation that the commutative C˚-

algebra C0pXq is an Lp-operator algebra for any p P r1,8s, as well as a C0-operator algebra.
In fact, by [GT20, Theorem 5.3], if p P r1,8qzt2u, then an Lp-operator algebra A is a
C˚-algebra if and only if A is commutative, and therefore A – C0pXq. We also note that
any L8-operator algebra is also naturally C0-operator algebra. Indeed, any space L8pµq is
naturally a unital C˚-algebra and therefore it is isometrically isomorphic to the space (in
fact algebra) C0pΩq “ CpΩq where Ω is a compact Hausdorff space.

We will be mostly interested in non-degenerate representations.
Definition 3.6. We say that a representation π : A Ñ BpEq of a Banach algebra A on

a Banach space E is non-degenrate if πpAqE “ E where πpAqE denotes the closed linear
span of πpAqE “ tπpaqξ : a P A, ξ P Eu.
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Remark 3.7. If A has a left approximate unit then by Cohen–Hewitt factorization
theorem πpAqE “ E if and only if πpAqE “ E, see [Kis20]. Any Lp-operator algebra A, for
p P p1,8q, which has an approximate unit has an isometric, non-degenerate representation
π : A Ñ BpLppµqq, see [GT20, Theorem 4.3]. In our considerations we will consider only
contractive two-sided approximate units. So by an approximate unit we mean a net peiqi
of elements in the closed unit ball A1 in A such that }aei ´ a}, }eia´ a} Ñ 0 for any a P A.
If A has such an approximate unit, we say that A is approximately unital, and then the
canonical representation given by multiplication yields an isometric inclusion A Ď BpAq.
We use it to define the minimal unitization of A as the Banach algebra rA generated by A
and the unit operator in BpAq, cf. [BP19, Definition 1.8 and Remark 1.9].

A well established notion of a hermitian operator in a C˚-algebra has a natural gener-
alization to (approximately) unital Banach algebras that can be formulated in a number
of equivalent ways, see [BD71, page 46], here we define it using the exponent function as
it is the quickest and most convenient for our purposes. Also following [BP19, Definition
2.8] we define this notion for approximately unital Banach algebras using the minimal
unitization.

Definition 3.8. Let B be a Banach algebra with an approximate unit. An element
b P B is hermitian if }eitb} “ 1 for all t P R, where the expontent eitb “

ř8

n“0
pitbqn

n! is
calculated in the minimal unitization rB.

Remark 3.9. If B is a C˚-algebra then b P B is hermitian in the sense above if and only
if b is self-adjoint (hermitian in the usual sense) that is b “ b˚. In general, the definition
of a hermitian element does not depend on the ambient algebra as long as we keep the
approximate unit:

if A is a Banach subalgebra of B generated by a P B and an approximate
unit in B, then a is hermitian in B if and only if a is hermitian in A,

see [BP19, Lemma 2.10]. Spectral properties of hermitian operators in Banach algebras
are similar to those in C˚-algebras. For instance, the spectrum of any hermitian b P B is
real (see [BD71, Theorem 6 on page 19]), and by the result of Sinclair [Sin71] its spectral
radius is equal to the norm of b. Thus

σBpbq :“ tλ P C : b ´ λ1 not invertibleu Ď r´}b}, }b}s and rpbq “ max
λ

|λ| “ }b}.

3.2. Representations of C0pXq on Lp-spaces

For σ-finite measure µ and p P r1,8qzt2u, it is a well known that heremitian operators
in BpLppµqq are mutliplication operators by real-valued functions. It was generalized to
decomposable measures in [BP19, Proposition 2.12] and to localizable measures [CGT24,
Proposition 2.7] where the proof relies on the Banach-Lamperti theorem. We now extend
this fact to L8-spaces and C0-spaces, using our Banach-Lamperti theorem for p “ 8 or
Banach-Stone theorem, see [BKM25, Proposition 2.11].
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Proposition 3.10. Assume that E “ Lppµq for a localizable measure µ and p P

r1,8szt2u or E “ C0pΩq for a locally compact Hausdorff space Ω. An operator a P BpEq is
hermitian if and only if a is a multiplication operator by a real-valued function from L8pµq

if E “ Lppµq or from CbpΩq if E “ C0pΩq.

Proof. The case E “ Lppµq, p P r1,8qzt2u is proved in [CGT24, Proposition 2.7]
and the proof is based on the Banach-Lamperti theorem which is formulated there only
for p P r1,8qzt2u. The same argument works for p “ 8 by using Corollary 2.51. Also
the statement for E “ L8pµq can be reduced to the case when E “ CpΩq for Gelfand
spectrum Ω of L8pµq. Therefore we explain only the case when E “ C0pΩq for a locally
compact Hausdorff space Ω. Mapping functions from CbpΩq to multiplication operators on
E we get an isometric unital homorphism into BpEq:

m : CbpΩq Ñ BpC0pΩqq, mphqξpxq :“ hpxqξpxq,

h P CbpΩq, ξ P E “ C0pΩq. Since CbpΩq is a unital C˚-algebra, a P CbpΩq is hermitian if and
only if it is a real-valued function, and hence the corresponding multiplication operator
is hermitian. Conversely, let now a P BpEq be any hermitian operator. By definition
operators ut :“ eita, t P R, are contractive. Clearly, they form a one-parameter group, that
is utus “ us`t, for s, t P R and u0 “ 1. Hence in fact each ut is an invertible isometry
(u´t is its contractive inverse). By the Banach–Stone theorem (Theorem 2.50) applied to
each ut : C0pΩq Ñ C0pΩq, t P R, we ge ωt P CbpΩq with |ωt| “ 1 and a homeomorphism
φt : Ω Ñ Ω such that

rutξspxq “ ωtpxqξpφtpxqq.

Let us calculate }ut ´ us} for s, t P R. If φt “ φs then }ut ´ us} “ }ωt ´ ωs}8 because for
any ξ P C0pΩq we have }put ´ usqξ}8 “ supxPΩ |pωtpxq ´ ωspxqqξpφtpxqq| ď }ωt ´ ωs}8}ξ}8,
and }put´usqξi}8 Ñi }ωt´ωs}8 for an approximate unit pξiqi in C0pΩq. Suppose then that
φt ‰ φs. Let x0 P Ω be a point such that φtpx0q ‰ φspx0q and take ξ P C0pΩq such that
ξpφtpx0qq “ ωtpx0q, ξpφspx0qq “ ´ωspx0q and }ξ}8 “ 1. Then }put ´ usqξ}8 “ 2. Since,
ut, us are contractive, we always have }ut ´ us} ď 2, and therefore we have the following
general formula

}ut ´ us} “ max
␣

}ωt ´ ωs}8, 2p1 ´ δφt,φsq
(

“

#

}ωt ´ ωs}8, φt ‰ φs
2, φt “ φs

where δ is Kronecker symbol. Accordingly, }ut ´ us} ă 2 implies that φt ‰ φs. Since
the map R Q t ÞÑ ut P BpEq is norm continuous and u0 “ 1 is the identity operator,
there exists δ ą 0 such that }ut ´ u0} ă 2 for t P p´δ, δq. Thus φt “ id for t P p´δ, δq.
Hence ut is an operator of multiplication by ωt for each t P p´δ, δq. Take t P p´δ, δqzt0u

such that }ta} ď π
2 . Then the spectrum of a is contained in r´π{2, π{2s by Remark 3.9.

Hence by the Spectral Mapping Theorem the spectrum of ut “ eita is contained in the
half circle teit : t P r´π{2, π{2su. Therefore the holomorphic inverse log of exp is defined
on σBpEqputq. Applying analytic functional calculus to ut we get iat “ logputq. Using
the unital homomorphism m, we obtain a “ ´ i

t
logputq “ ´ i

t
logpmpωtqq “ mp´ i

t
logpωtqq.
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Thus a is a multiplication operator by ´ i
t
logpωtq. Since a is bounded and hermitian the

function ´ i
t
logpωtq is bounded and real-valued. □

As a consequence we get a characterization of representations of the algebra C0pXq

on Lp-spaces, for p ‰ 2 (or C0-spaces) via ˚-homomorphisms π0 : C0pXq Ñ L8pµq (resp.
π0 : C0pXq Ñ CbpΩq), which is a crucial tool outside of the Hilbert space framework.

Theorem 3.11. Let π : C0pXq Ñ BpEq be a non-degenerate representation where
E “ C0pΩq for locally compact Hausdorff space Ω, or E “ Lppµq for p P r1,8szt2u and
localizable measure space pΩ,Σ, µq. Then there is a unique representation π0 : C0pXq Ñ

L8pµq if E “ Lppµq, or π0 : C0pXq Ñ CbpΩq if E “ C0pΩq, such that
(3.1) rπpaqξspxq “ π0paqpxqξpxq, a P C0pXq, ξ P E, x P Ω.
In particular, π is positive in the sense that it maps positive functions to positive operators.

Proof. If X is not compact we may extend π : C0pXq Ñ BpEq to a unital represen-
tation π : CpX`q Ñ BpEq where X` is the one point compactification of X, see [GT20,
Theorem 4.1]. Then π maps hermitian elements to hermitian ones by [CGT24, Lemma
2.4]. Hermitian elements in CpX`q are real valued functions CRpX`q . Let us assume
that E “ Lppµq. By Proposition 3.10, for any hermitian a P CRpX`q there is a unique
π0paq P L8

R pµq such that πpaq “ mpπ0paqq where m : L8pµq Ñ BpEq is the standard
embedding of L8pµq into BpEq as multiplication operators. For any a P CpX`q we put
π0paq :“ π0pRepaqq` iπ0pImpaqq. Since both π and m are linear we get πpaq “ mpπ0paqq for
every a P CpX`q. Thus π0 “ m´1 ˝ π : CpX`q Ñ L8pµq is a representation as a compo-
sition of a representation π with the isometric homomorphism m´1 : mpL8pµqq Ñ L8pµq.
Restriction of π0 to C0pXq Ď CpX`q is the desired representation, as by construction π0
satisfies (3.1), and this condition determines π0. A similar argument works for the case
E “ CbpΩq. The last statement is now clear. □

Corollary 3.12. A Banach algebra C0pXq possesses an isometric non-degenerate
representation on L8pµq for localizable µ if and only if X is compact.

Proof. If X is not compact and π : C0pXq Ñ BpL8pµqq is isometric and non-
degenerate then, in the notation of Theorem 3.11, π0pC0pXqq is a non-unital subalgebra
of L8pµq. Hence πpC0pXqqL8pµq “ π0pC0pXqqL8pµq is a non-trivial (non-unital) ideal in
L8pµq, which contradicts the non-degeneracy of π. If X is compact, then the embedding
π0 : CpXq Ñ ℓ8pXq gives an isometric unital representation of CpXq on ℓ8pXq. □

Remark 3.13. Corollary 3.12 is perhaps one of the reasons why Phillips [Phi13b,
Page 3] suggests that instead of L8-algebras “it may well be more appropriate to consider”
what we have called C0-operator algebras. As obviously, C0pXq possesses an isometric
non-degenerate representation on C0pXq.

For p “ 2, Theorem 3.11 holds up to a unitary conjugacy.

Lemma 3.14. For any representation π : C0pXq Ñ BpHq on a Hilbert space H, there
is a localizable measure µ and a unitary U : H Ñ L2pµq such that Uπp¨qU˚ : C0pXq Ñ

47



BpL2pµqq is given by multiplication operators, i.e. there is a representation π0 : C0pXq Ñ

L8pµq such that UπpaqU˚ξ “ π0paq ¨ ξ.

Proof. The algebra πpC0pXqq acts on the orthogonal complement ofH0 :“ πpC0pXqqH
as zero, and we have H0 – ℓ2pIq for some set I (where I is the set of indexes of an or-
thonormal basis for H0).

The compression π : C0pXq Ñ BpH0q is a non-degenerate representation, and hence it
decomposes into a direct sum of cyclic representations tπiuiPI , see [Mur90, Theorem 5.1.3].
For any cyclic part πi : C0pXq Ñ BpHiq we have a state ϱi on C0pXq given by the formula
ϱipaq :“ xπipaqξi|ξiyHi , where ξi is a unit cyclic vector for πi. By Markov–Riesz Theorem ϱi
is given by integration with respect to some regular (and hence localizable) measure µi on
X. Applying the GNS construction for ϱi we obtain representation π̃i : C0pXq Ñ BpL2pµiqq

by operators of multiplication, which is equivalent to πi. Taking the direct sum of all the
arising measure spaces we get a space L2pµq with localizable µ and a unitary U with desired
properties. □

3.3. Moore-Penrose partial isometries

Partial isometries on Hilbert spaces are very well known objects that play a fundamental
role in the theory of C˚-algebras. A geometrical definition is as follows. Let H be a Hilbert
space. An operator T P BpHq is a partial isometry if it is an isometry on the orthogonal
complement of its kernel. Thus T restricts to a unitary operator T : pkerT qK Ñ TH
between the closed subspaces pkerT qK and TH of H that are called the initial and final
space for T . Partial isometries have numerous algebraic characterizations. For instance,
T P BpHq is a partial isometry if and only if one of the following equivalent conditions
hold:

i) T ˚T is an orthogonal projection (onto initial subspace),
ii) TT ˚ is an orthogonal projection (onto the final subspace),
iii) TT ˚T “ T ,
iv) T ˚TT ˚ “ T ˚.

see [Mur90, Theorem 2.3.3]. Any of these equivalent conditions may serve as definition of
a partial isometry in an abstract C˚-algebra. Partial isometries can also be characterized
using only the language of Banach algebras, without the use of involution. Mbekhta used
it to define partial isometries on Banach spaces:

Proposition 3.15 ([Mbe04] Theorem 3.1, Corollary 3.3). Let H be a Hilbert space.
An operator T P BpHq is a partial isometry if and only if T is a contraction and there
exists a contraction S P BpHq which is a generalized inverse to T , that is TST “ T and
STS “ S (and then we necessarily have S “ T ˚).

Definition 3.16 ([Mbe04, Definition 4.1]). A linear operator T on a Banach space
E is a partial isometry if it is a contraction and there is a contraction S P BpEq such that

TST “ T, STS “ S.
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Remark 3.17. By Proposition 3.15, if E “ H is a Hilbert space, then T is a partial
isometry in the above sense if and only if it is a partial isometry in the usual sense, and
then S as in Definition 3.16 is unique and S “ T ˚. Any invertible isometry T on any
Banach space E is a partial isometry with the unique S “ T´1. However, in general
there exist non-invertible isometries that are not partial isometries in the above sense. In
fact by [Mbe04, Corollary 4.3], an isometry is a partial isometry if and only if there is
a contractive projection onto its range. Thus it follows from the result of Ando [And66,
Theorem 4], which uses the original Lamperti theorem, that isometries on a space Lppµq

where p P r1,8q and µ is σ-finite are partial isometries, see also [Czy01, Twierdzenie 5.13].
Using our general version of Lamperti theorem (Theorem 2.43) one may generalize it to
conclude that on arbitrary Lp-spaces for p P r1,8q isometries are always partial isometries.
This is also true for L8-spaces by [CFS79, Theorem 12].

For partial isometries as defined above the operator S in Definition 3.16 is in general
not uniquely determined by T , even when they act on Lp-spaces, see [KL20, Example 2.5].
A good way to circumvent this is to restrict to the so called Moore-Penrose inverses. These
were studied first for matrices by E. Hastings Moore in 1920, [Moo20], and popularized
by Roger Penrose in 1951, [Pen55]. This notion was generalized to unital complex Banach
algebras by Rakočevićh as follows

Definition 3.18 ([Rak88]). Let B be a unital Banach algebra. An element a P B is
said to have a generalized inverse if there is b P B such that
(3.2) aba “ a, bab “ b.

If in addition the idempotents ab and ba are hermitian in the sense of Definition 3.8, we
say that b is the Moore-Penrose inverse of a and we denote it by a˚

Remark 3.19. By [Rak88, Lemma 2.1] if the Moore-Penrose inverse exists it is unique.
In particular, if a˚ is a Moore-Penrose inverse of a, then a is a Moore-Penrose inverse of
a˚, and so pa˚q˚ “ a.

The above facts motivated Mbekhta to combine his definition of partial isometries with
Moore-Penrose inverses, see [Mbe04, Definition 4.3], to coin the notion of an MP-partial
isometry on a Banach space. We summarize and formulate these definitions in terms
Banach algebras as follows

Definition 3.20. Let B be an approximately unital Banach algebra and denote by
B1 the closed unit ball in B. A partial isometry in B is an element in B1 which has a
generalized inverse in B1. An MP-partial isometry in B is an element in B1 which has
Moore-Penrose inverse in B1. If E is a Banach space, then MP-partial isometries in BpEq

are called MP-partial isometries on E.

Remark 3.21. Let B be a C˚-algebra. It follows from Remark 3.9 and Proposition
3.15, that partial isometries and MP-partial isometries as defined above coincide with the
usual partial isometries that can be defined using involution in B. It is also well known
that the product uv of two partial isometries u, v P B is a partial isometry if and only
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if the projections u˚u and vv˚ commute, see [Erd68, Theorem 1]. In particular, for any
Hilbert space H, with dimpHq ą 1, partial isometries in BpHq do not form a semigroup.
For instance, the matrix

u “

˜ ?
2

2 0
?

2
2 0

¸

is a partial isometry on ℓ2pt1, 2uq – C2 but its square u2 is not a partial isometry.

3.4. Spatial partial isometries on Lp-spaces

Let us now consider partial isometries on a space E “ Lppµq for a localizable measure
µ and p P r1,8s. Namely, we will discuss the so called spatial partial isometries, originally
introduced (for σ-finite measures and finite p) by Phillips [Phi12]. We show that they
form a unital inverse semigroup whose group of invertible elements are spatial isometries
discussed in Remark 2.47, and for p ‰ 2 they coincide with MP-partial isometries in BpEq

as defined above. This shows once again the striking difference with the case p “ 2 where
(MP-)partial isometries do not form a semigroup, see Remark 3.21.

We start by introducing partial automorphisms of measure spaces (or the associated
Boolean algebras), cf. Definition 2.24 and Remark 2.47.

Definition 3.22. By a subspace of a measure space pΩ,Σ, µq we mean a measure
space pD,ΣD, µDq where D P Σ, ΣD :“ tA X D : A P Σu and µD :“ µ|ΣD . A partial set
automorphism of pΩ,Σ, µq is a set isomorphism between two subspaces of pΩ,Σ, µq. So it
is a map Φ : ΣDΦ˚ Ñ ΣDΦ , where DΦ, DΦ˚ P Σ, that descends to a Boolean isomorphism
rΦs : rΣDΦ˚ s Ñ rΣDΦs. We denote by

PAutprΣsq :“ trΦs : Φ is a partial set automorphismu

the set of partial automorphisms of the Boolean algebra rΣs.

By definition PAutprΣsq is the set of isomorphisms between ideals in the Boolean algebra
rΣs. It forms an inverse semigroup that can be identified with an inverse semigroup of
operators on L0pµq. Indeed, let Φ : ΣDΦ˚ Ñ ΣDΦ be a partial set automorphism. We
denote by Φ˚ a map Φ˚ : ΣDΦ Ñ ΣDΦ˚ that is inverse to Φ : ΣD˚

Φ
Ñ ΣDΦ in the sense that

rΦ˚s “ rΦs´1, cf. Remark 2.25. Then Φ˚ is a partial set automorphism. The associated
(generalized) composition operator TΦ : L0pµDΦ˚ q Ñ L0pµDΦq, see Proposition 2.29, is a
linear isomorphism with inverse given by TΦ˚ . Identifying L0pµDΦq and L0pµDΦ˚ q with
subspaces of L0pµq, in an obvious way, we see that a partial set isomorphism Φ determines
a unique linear operator TΦ : L0pµq Ñ L0pµq such that TΦ preserves monotone limits and

TΦp1Aq “ 1ΦpAXDΦ˚ q for all A P Σ.

Thus TΦ is the composition operator TΦ (in the sense of Definition 2.31) associated to the
set morphism Φ : Σ Ñ Σ given by ΦpAq :“ ΦpA X DΦ˚q, A P Σ. For any two partial
automorphisms Φ,Ψ the composite Φ ˝ Ψ : ΣΨ˚pDΦ˚ XDΨq Ñ ΣΦpDΦ˚ XDΨq is a well defined
partial set automorphism and TΦ ˝ TΨ “ TΦ˝Ψ. Also TΦ˚ is the unique generalized inverse
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for TΦ among the composition operators. Thus operators on L0pµq associated to partial set
automorphisms form an inverse semigroup which is naturally isomorphic to PAutprΣµsq.

Note that for any partial automorphism Φ : ΣDΦ˚ Ñ ΣDΦ the map µ˝Φ˚ : ΣDΦ Ñ r0,8s

is a measure equivalent to the measure µDΦ . If µ is localizable, then so are µ˝ Φ˚ and µDΦ .
Therefore the Radon–Nikodym derivative µ˝Φ˚

µDΦ
exists by Theorem 2.20, see Remark 2.21.

Extending µ˝Φ˚

µDΦ
by putting zero outside DΦ we will treat it as a function defined on Ω.

Proposition 3.23. Let p P r1,8s and pΩ,Σµ, µq be a localizable measure space. For
any rΦs P PAutprΣµsq the weighted composition operator

(3.3) UΦ :“
ˆ

dµ ˝ Φ˚

dµDΦ

˙
1
p

TΦ

is a well defined partial isometry on Lppµq, and the map PAutprΣµsq Q rΦs ÞÑ UΦ P

BpLppµqq is a semigroup embedding. The semigroup generated by UΦ P BpLppµqq, rΦs P

PAutprΣµsq, and UL8pµq Ď BpLppµqq is an inverse semigroup of MP-partial isometries of
the form

(3.4) ωUΦ :“ ω

ˆ

dµ ˝ Φ˚

dµDΦ

˙
1
p

TΦ

where Φ : ΣDΦ˚ Ñ ΣDΦ is a partial set automorphism and ω : DΦ Ñ tz P C : |z| “ 1u is
measurable. Moreover,

(3.5) pωUΦq
˚

“ TΦ˚pωqUΦ˚ , pωUΦq ˝ pυUΨq “ ωTΦpυqUΦ˝Ψ.

Proof. By Theorem 2.46 formula (3.3) defines an invertible isometry UΦ : LppµDΦ˚ q Ñ

LppµDΦq with inverse given by UΦ˚ . Treating Lppµq as ℓp-direct sums LppµDΦ˚ q‘LppµΩzDΦ˚ q

and LppµDΦq ‘ LppµΩzDΦq we see that (3.3) defines a partial isometry UΦ on Lppµq with
generalized inverse given by UΦ˚ . This implies the first part of the assertion. Now con-
sider an operator ωUΦ given by (3.4). Clearly, it is contractive. Moreover, the operator
pωUΦq˚ :“ TΦ˚pωqUΦ˚ is of the same form. Moreover, using the first relation in (2.15) we
see that

pωUΦq
˚ωUΦ “ TΦ˚pω̄qUΦ˚ωUΦ “ UΦ˚˚˝Φ “ 1DΦ

is the operator of multiplication by the characteristic function of the domain DΦ˚ of Φ.
Similarly ωUΦpωUΦq˚ “ 1DΦ˚ . Since multiplication operators by characteristic functions
are hermitian projections, this implies that ωUΦ is an MP -partial isometry and pωUΦq˚ is
its Moore-Penrose generalized inverse. The second relation in (2.15) extends to operators
of the form (3.4) and the composite pωUΦq ˝ pυUΨq “ ωTΦpυqUΦ˝Ψ is again of the same
form. This gives the second part of the assertion. □

Definition 3.24. For any p P r1,8s and localizable measure µ we denote by SPIsopLppµqq

the inverse semigroup of operators (3.4) and call them spatial partial isometries on Lppµq,
cf. [Phi12, Definition 6.4], [Gar21, Definition 6.2].
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Remark 3.25. The semilattice of idempotents in SPIsopLppµqq is isomorphic to rΣµs,
as it consists of multiplication operators of idempotent elements in L8pµq. The group of
invertible elements in SPIsopLppµqq is isomorphic to UL8pµq¸AutprΣµsq, see Remark 2.21.

We may now generalize Banach-Lamperti theorem that describes invertible isometries,
Theorem 2.46, to a result that describes MP-partial isometries

Theorem 3.26 (Generalized Banach-Lamperti theorem). Let p P r1,8szt2u and pΩ,Σ, µq

be a localizable measure space. An operator T P BpLppµqq is an MP-partial isometry if and
only if T is a spatial partial isometry.

Proof. By Proposition 3.23 it suffices show that anMP -partial isometry T P BpLppµqq

is spatial. By Proposition 3.10 operators T ˚T and TT ˚ are operators of multiplica-
tion. Since T ˚T , TT ˚ are projections, they are multiplication operators by character-
istic functions, say 1D˚ , 1D respectively. Then T restricts to an invertible isometry
T : LppµD˚q Ñ LppµDq. Hence Theorem 2.46 implies that T is the form (3.4).

□
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CHAPTER 4

Inverse semigroup Banach algebra crossed products

Let G be a locally compact Hausdorff étale groupoid. The space of compactly supported
continuous functions CcpGq “ tf P CpGq : supppfq is compactu with operations

pf ˚ gqpγq :“
ÿ

rpηq“rpγq

fpηqgpη´1γq, f˚
pγq :“ fpγ´1q

for all f, g P CcpGq, γ P G, becomes a ˚-algebra. This convolution ˚-algebra admits the
largest C˚-norm. The associated completion C˚pGq of CcpGq is a C˚-algebra which is
universal in the sense that representations of C˚pGq on a Hilbert space H are in bijective
correspondence with ˚-homomorphisms CcpGq Ñ BpHq. Finding appropriate analogues
for this construction when Hilbert spaces are replaced by Banach spaces or even Lp-spaces
is a non-trivial task. In particular, there is no maximal submultiplicative norm on CcpGq

and one needs to choose some norm restrictions possibly related with the structure of G.
For group actions and their crossed products there are natural Banach algebra norms

that yield bijective correspondences between covariant representations of the action and
representations of the algebra. Inspired by this, and the fact that étale groupoids can be
viewed as inverse semigroup actions (see Chapter 1), in the present chapter we discuss
a theory of groupoid Banach algebras that can be related to inverse semigroup actions
and their crossed products. The material here is based on [BKM25, Section 3] where
twisted and not necessarily Hausdorff groupoids are considered. As we stick to the un-
twisted Hausdorff case, our presentation and some of our proofs are different (simpler and
more transparent). In addition, we formulate and prove here the universal description for
Banach algebra inverse semigroup crossed products, Theorem 4.31, which is not present in
[BKM25]. We report on the content of this chapter in [BK26].

4.1. Crossed products for group actions

Before turning to representations of inverse semigroup action and associated Banach
algebras, as a starter and motivation, it is useful to discuss group actions and their Banach
algebra crossed products first. In our setting, an action of discrete group G on a Banach
algebra A is a homomorphism α : G Ñ AutpAq, where AutpAq is a group of isometric
automorphisms of A. Then there is a natural candidate for the (universal) crossed product.
Namely, we consider the Banach space

F pαq :“ ℓ1
pG,Aq “ ta : G Ñ A : }a}1 :“

ÿ

gPG

}apgq} ă 8u
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with the multiplication

pa ˚ bqpgq :“
ÿ

hPG

aphqαhpbph´1gqq, g P G, a, b P ℓ1
pG,Aq.

Then F pαq is a Banach algebra with } ¨ }1 norm. If A is a Banach ˚-algebra and α takes
values in ˚-preserving automorphisms of A (which is automatic when A is a C˚-algebra),
then F pαq is naturally a Banach ˚-algebra with involution given by a˚pgq :“ αgpapg´1q˚q,
g P G, a P F pαq. We will denote by aδg the element of F pαq which takes value a P A
at g P G and 0 P A otherwise. Then CcpG,Aq “ spantaδg : a P A, g P Gu is a dense
subalgebra of F pαq “ spantaδg : a P A, g P Gu, and for any a, b P A, g, h P G we have
aδgbδh “ aαhpbqδgh. In particular the map A Q a ÞÑ aδ1 P F pαq, where 1 is the unit in G,
allows us to identify A with a closed subalgebra of F pαq. When A has an approximate unit,
it is also an approximate unit in F pαq and so the inclusion A Ď F pαq is non-degenerate in
the sense that AF pαq “ AF pαq “ F pαq.

It seems that there is a general agreement that F pαq is the right candidate for the
crossed product for α, see, for instance, [BK24] and references given there. One strong
evidence is that it is universal for naturally defined covariant representations.

Definition 4.1. Let α be an action of a discrete group G on a Banach algebra A. A
covariant representation of α on a Banach space E is a pair pπ, vq where π : A Ñ BpEq is
a representation of A and v : G Ñ IsopEq is a group homomorphism into the group IsopEq

of invertible isometries of E such that
vgπpaq “ πpαgpaqqvg, for all a P A, g P G.

We say that pπ, vq is non-degenerate if π is.

Remark 4.2. Since we assume that v : G Ñ IsopEq is a group homomorphism, the
displayed commutation relation could be equivalently written as vgπpaqv´1

g “ πpαgpaqq for
a P A, g P G.

The following proposition was proved in [ZM68, Proposition 2.7, 2.8] in the C˚-
algebraic setting and in [BK24, Lemma 2.8] for A “ C0pXq, but the proof works for
general Banach algebras that possess an approximate unit.

Proposition 4.3. Let α be an action of a discrete group G on a Banach algebra A.
For any covariant representation pπ, vq of α the formula

(4.1) π ¸ vpaq “
ÿ

gPG

πpapgqqvg, a P F pαq,

where the series is norm convergent, defines a representation π ¸ v of F pαq. If A has an
approximate unit, then (4.1) yields a one-to-one correspondence between non-degenerate
representation of F pαq and non-degenerate covariant representations of α.

Proof. It is straightforward to see for a covariant representation pπ, vq of α the formula
(4.1) gives a well defined representation π¸v. Assume now that A has an approximate unit
peiqi. Since it is also an approximate unit in F pαq we get that π¸v is non-degenerate if and
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only if π is non-degenerate if and only if pπpeiqqi converges strictly to the identity operator.
Let now ψ : F pαq Ñ BpEq be any non-degenerate representation. We put π :“ ψ|A. Then
π is a non-degenerate representation of A. For any g P G, the following strong limit exists

vg :“ s- limψpeiδgq.

Indeed, by the Cohen-Hewitt factorization theorem, any element in E has the form πpaqξ
for some ξ P E, a P A, and then limi ψpeiδgqπpaqξ “ limi ψpeiαgpaqδgqξ “ ψpαgpaqδgqξ.
This calculation also implies that vgπpaq “ πpαgpaqqvg and shows that vg does not depend
on the choice of an approximate unit. Namely, vg is uniquely determined by the relations

vgπpaqξ “ ψpαgpaqδgqξ for all ξ P E, a P A.

For any g, h P G we get
vgvh “ s- lim

i
s- lim

j
ψpejδgeiδhq “ s- lim

i
s- lim

j
ψpαgpeiqejδghq

“ s- lim
i
πpαgpeiqqvgh “ vgh,

where we used that pαgpeiqqi is an approximate unit in A and so πpαgpeiqq converges
strongly to the identity operator. In particular, vg´1vg “ v1 “ 1, and so the operators
vg are invertible. Clearly, they are contractive, as strong limits of contractive operators.
A contractive operator with a contractive inverse has to be an isometry. Thus tvgugPG Ď

IsopEq and so pπ, vq is a covariant representation. Clearly, ψ “ π¸ v and pπ, vq is uniquely
determined by this equality. □

The above procedure of going from a covariant representation of α to a representation of
F pαq and back, is called integration and disintegration respectively. From our perspective,
assuming existence of approximate units is natural. In particular, virtually all Banach
algebras considered in this thesis will have an approximate unit by construction. From this
perspective also considering non-degenerate representations on Banach spaces seems to be
natural. However, there are situations where one would like to talk about representations
in Banach algebras and then when it comes to disintegration things become more subtle.
We will discuss these issues in the realm of inverse semigroup actions.

4.2. Covariant representations of inverse semigroup actions

A partial automorphism on a Banach algebra A is an isometric algebra isomorphism
α : I Ñ J between two ideals I, J of A. The set of PAutpAq of partial automorphisms of A
together with composition of partial maps, see Example 1.4, forms an inverse semigroup.
When A “ C0pXq, for a locally compact Hausdorff space X, then ideals in A correspond
to open sets, and partial isomorphisms are given by composition with partial homeomor-
phisms, cf. Theorem 2.50. In particular, we have a natural isomorphism of semigroups
PAutpC0pXqq – PHomeopXq, cf. Example 1.6. Using this isomorphism we can view the
following as an algebraic version of Definition 1.7 as its generalization.

Definition 4.4. An action of an inverse semigroup S on a Banach algebra A is a
semigroup homomorphism α : S Ñ PAutpAq which is “approximately” unital. Namely,
α “ tαtutPS is a family of partial automorphisms αt : It˚ Ñ It of A such that
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(1) αs ˝ αt “ αst (as partial maps) for all s, t P S;
(2) each ideal It, t P S, has an approximate unit and the union

Ť

ePEpSq
Ie union is

linearly dense in A.
If S is unital, then the second part of (2) is equivalent to assuming that α is unital, i.e.
α1 “ idA. If S has zero, then we will also assume that A0 “ t0u. We will also denote such
inverse semigroup actions by writing α : S ñ A.

Remark 4.5. When A is a C˚-algebra the above definition appeared first in the work
of Sieben [Sie97, Definition 3.1] (every ideal in a C˚-algebra automatically has an ap-
proximate unit). For twisted actions on Banach algebras it was introduced in [BKM25].
Preservation of the semigroup law required in (1) has a number of consequences. In par-
ticular, as in Remark 1.8, for any action α : S ñ A, for all s, t P S and e P EpSq we
have

αspIs˚ X Itq “ Ist, It “ Itt˚ , αe “ id|Ie , αt˚ “ α´1
t ,

and Is Ď It whenever s ď t. We will use these relations, often without warning.

Example 4.6. Having an inverse semigroup action θ on a locally compact Hausdorff
space X one can translate it to an action on the Banach algebra A :“ C0pXq given by
partial automorphisms αt : C0pXt˚q Ñ C0pXtq where αtpaq “ a˝θt˚ for a P C0pXt˚q. Every
inverse semigroup action on A “ C0pXq is of this form.

Example 4.7. If S “ G is a group and A is a Banach algebra with an approximate
unit, then inverse semigroup actions of S on A are equivalent to group actions, that is to
unital homomorphisms S Ñ AutpAq.

The following is a straightforward generalization of a C˚-algebraic definition [Sie97,
Definition 3.4], as well as Definition 4.1 for non-degenerate covariant representations of
group actions on Banach algebras.

Definition 4.8. Let α : S ñ A be an inverse semigroup action. A covariant represen-
tation of α on a Banach space E is a pair pπ, vq where π : A Ñ BpEq is a representation
and v : S Ñ BpEq1 is a semigroup homomorphism into contractive operators such that

(SCR1) vtπpaq “ πpαtpaqqvt for all a P It, t P S;
(SCR2) vtE “ πpItqE for t P S.

We say that pπ, vq is non-degenerate, injective, etc. if π has that property.

Remark 4.9. Since It “ Itt˚ for all t P S and all idempotents in S are of the form
tt˚, we see that (SCR2) is equivalent to assuming that the range of the contractive pro-
jection ve corresponding to an idempotent e P EpSq is πpIeqE. This condition together
with (SCR1) and the fact that αe “ idIe for e P EpSq imply that πpaq “ veπpaq “

πpaqve for all a P Ie, e P EpSq.

The above definition implies that operators tvtutPS are partial isometries in the sense
of Mbekhta, see Definition 3.16, as they are contractive and

vtvt˚vt “ vt, vt˚vtvt˚ “ vt˚ , t P S.
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For actions on C˚-algebras (so for instance on C0pXq) or more generally when ideals that
appear in the action have hermitian approximate units, operators tvtutPS are necessarily
MP -partial isometries:

Proposition 4.10. Let α : S ñ A be an inverse semigroup action, such that each
ideal Ie, e P EpSq, has a hermitian approximate unit. For any non-degenerate covariant
representation pπ, vq of α on a Banach space E, the operators tvtutPS are MP -partial
isometries. In particular, if E “ Lppµq for localizable measure µ and p P r1,8szt2u we
have that tvtutPS Ď SPIsopLppµqq are necessarily spatial partial isometries.

Proof. Since π is non-degenerate we may extend it to the unitization of A and so
we may assume that A and π are in fact unital. For each e P EpSq we may choose an
approximate unit tµeiui in Ie consisting of hermitian operators. Then tπpµei qui are hermitian
operators by [CGT24, Lemma 2.4]. As ve is a strong limit of tπpµei qui, this implies that
ve is also hermitian. Indeed, recall that a P BpEq is hermitian if and only if its numerical
range V paq “ tfpaxq : x P E, f P E 1, }f} “ }x} “ 1 “ fpxqu is real. Hence for any
x P E, f P E 1 with }f} “ }x} “ 1 “ fpxq we get fpvexq “ fplimi πpµei qxq P R, and so ve is
hermitian. As vtvt˚ “ vtt˚ and vt˚vt “ vt˚t, where tt˚, t˚t P EpSq, for all t P S, we conclude
that tvtutPS are MP -partial isometries and v˚

t “ vt˚ . □

Construction of the C˚-crossed product for the inverse semigroup action from [Sie97]
can be readily adopted to produce a Banach algebra which is universal in the sense that
every covariant representation pπ, vq of the action integrates to a representation pπ ¸ vq of
the algebra. But when it comes disintegration the situation becomes much more subtle.
Pictorially speaking looking at a representation of the algebra on a Banach algebra, the
arguments from the proof of Proposition 4.3, produce for each t P S an operator πpIt˚qE Ñ

πpItqE between closed subspaces. However, unless the subspaces in question are canonically
complemented, there is no canonical way of extending these operators to operators on the
whole E. In general they should be viewed as partial operators on E or “local multipliers”
of BpEq. Following [BKM25] we adopt the second point of view and introduce more
general covariant representations in Banach algebras.

In general, we will use the double dual B2 of a Banach algebra B. The reason is that
“local multipliers” live in B2 rather then in B, and also we will need some sort of weak
topology and B2 has a weak˚ topology induced by B1, which will refer to as B1-topology.
Recall that B2 is again naturally a Banach algebra with either of the Arens products, in
which B sits as a B1-weakly dense Banach algebra. Namely, for a, b P B2, the first Arens
product is defined as

a ˝ b “ B1- lim
α
B1- lim

β
aαbβ

where taαuα, tbβuβ are nets B1-convergent to a, b respectively. Similarly, the second Arens
product is given by

a ¨ b “ B1- lim
β
B1- lim

α
aαbβ.

The Banach space B2 with any of the above products is a Banach algebra. In general these
products are different. If the two products coincide, then B is called Arens regular, see
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[Dal00] for more details. For the sake of clarity, in this thesis we will only use the second
Arens product. Our decision is arbitrary, and in any case we will be primarily interested
in products av P B where a P B and v P B2, in which case the first and second Arens
products always agree. Also recall that every C˚-algebra is Arens regular.

For any representation π : A Ñ B the double adjoint π2 : A2 Ñ B2 is a B1-weakly
continuous representation that extends π, and π2 is isometric whenever π is. In particular,
for every Banach subalgebra A Ď B we may identify A2 with a Banach subalgebra of B2.
Also any approximate unit tµiu in A converges A1-weakly to a left identity 1A in A2 (and
a right identity for the first Arens product in A2) which is a unit in the multiplier algebra
MpAq :“ tb P A2 : ba, ab P A for all a P Au Ď A2, see [Dal00, Proposition 2.9.16 and
Theorem 2.9.49]. In particular, for each ideal I in A, which has an approximate unit, we
will adopt the identifications I Ď MpIq Ď I2 Ď A2.

Definition 4.11. Let α : S ñ A be an inverse semigroup action. A covariant repre-
sentation of α in a Banach algebra B is a pair pπ, vq where π : A Ñ B is a representation
and v : S Ñ pB2q1 is a map satisfying

(CR1) vtπpaq “ πpαtpaqqvt P B for all a P It;
(CR2) πpaqvsvt “ πpaqvst for all a P Ist, s, t P S;
(CR3) πpaqve “ πpaq for all a P Ie, e P EpSq.

A covariant representation pπ, vq is injective, isometric, non-degenerate, etc. if π has that
property. We call Bpπ, vq :“ spantπpaqvt : a P It, t P Su the range of pπ, vq.

Remark 4.12. Condition (CR1) is equivalent to πpaqvt “ vtπpαt˚paqq P B for all a P It,
t P S. Note that this condition means in two things. Firstly, this is a commutation relation.
Secondly it requires that the considered product is in B, rather than in B2. In particular it
implies that Bpπ, vq Ď B, rather than Bpπ, vq Ď B2. Conditions (CR1) and (CR3) imply
that veπpaq “ πpaq for all a P Ie, e P EpSq (because αe “ idIe). Since It “ Itt˚ , (CR2) and
(CR3) imply that πpaqv˚

t vt “ πpaqvt˚t “ πpaq for all a P It. Employing also (CR1) we get

(4.2) vtπpaqvt˚ “ π
`

αtpaq
˘

for all a P It˚ , t P S.

Lemma 4.13. Let pπ, vq be a covariant representation of α in a Banach algebra B. The
range Bpπ, vq is a Banach subalgebra of B. The spaces At “ tπpatqvt : at P Itu, t P S, form
a grading of Bpπ, vq over the inverse semigroup S in the sense that

Bpπ, vq “ spantAt : t P Su, AsAt Ď Ast, s ď t implies As Ď At,

for all s, t P S. In fact, for all at P It, as P Is, s, t P S, we have
(1) πpasqvs ¨ πpatqvt “ π

`

αspαs˚pasqatq
˘

vst and αs
`

αs˚pasqat
˘

P Ist;
(2) s ď t implies Is Ď It and πpasqvs “ πpasqvt.

Proof. (1). For any at P It, as P Is, s, t P S, we have αs˚pasqat P Is˚It Ď Is˚ X It and
so αspαs˚pasqatq P Ist because αspIs˚ X Itq “ Ist, see Remark 4.5. Using (CR1) we get

πpasqvs ¨ πpatqvt “ vsπ
`

αs˚pasq
˘

¨ πpatqvt “ vsπ
`

αs˚pasqat
˘

vt “ π
´

αs
`

α˚
s pasqat

˘

¯

vst.
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(2). If s ď t then Is Ď It by Remark 4.5. By (CR3) and (CR2), for a P Is we get
πpaqvt “ πpaqvss˚vt “ πpaqvss˚t “ πpaqvs. □

Notice that the elements vt of Definition 4.11 are not required to be partial isometries,
and in particular in general they do not form a semigroup. However, this can always be
arranged by “normalizing” the covariant representation. Depending on the structure of the
target algebra B, this normalization can be done in different ways. In general, knowing
nothing about B we can always use the B1-topology of B2 as follows.

Definition 4.14. Let α : S ñ A be an inverse semigroup action. We say that a
covariant representation pπ, vq of α in a Banach algebra B is B1-normalized, if
(4.3) vt “ B1- lim

i
pπpµtiqvtq where tµtiui is an approximate unit in It, for all t P S.

Remark 4.15. Since the elements πpµtiqvt appearing in (4.3) are in the unit ball of
Bpπ, vq Ď Bpπ, vq2 Ď B2, Banach-Alaoglu Theorem implies that if the limit in (4.3) exists
it sits in Bpπ, vq2. In particular, (4.3) is equivalent to

vt “ Bpπ, vq
1- lim

i
pπpµtiqvtq where tµtiui is an approximate unit in It, for all t P S.

Notation 4.16. We denote by 1t the unit in multiplier algebra MpItq Ď I2
t Ď A2.

Note that 1t “ 1tt˚ and 1t˚ “ 1t˚t for all t P S, because It “ Itt˚ and It˚ “ It˚t.

Proposition 4.17. A pair pπ, vq is a B1-normalized covariant representation of α if
and only if π : A Ñ B is a representation and v : S Ñ pB2q1 is a semigroup homomorphism
such that πpaqvt P B, for a P It, t P S, and

(1) vtπpaqvt˚ “ πpαtpaqq for all a P It˚, t P S;
(2) ve “ π2p1eq for all e P EpSq.

Moreover, for any covariant representation pπ, vq of α in B putting
ṽt “ B1- lim

i
pπpµtiqvtq “ vtπ

2
p1t˚q, t P S,

the pair pπ, ṽq is a unique B1-normalized covariant representation such that πpaqvt “ πpaqṽt
for all a P It and t P S. In particular, we have Bpπ, vq “ Bpπ, ṽq.

Proof. Assume pπ, vq is a pair with the properties described in the assertion. For
every t P S and a P It˚ we have πpaqπ2p1t˚q “ πpaq, hence using also (2) and (1) we have

vtπpaq “ vtπpaqπ2
p1t˚q “ vtπpaqv˚

t vt “ π
`

αtpaq
˘

vt,

which is (CR1). We assume that v is a semigroup homomorphism, which is clearly stronger
than (CR2). Using the semigroup law and (2) we get

vt “ vtt˚t “ vtvt˚vt “ π2
p1tqvt,

which gives (4.3). Applying the semigroup law and (2) to an idempotent e P EpSq we get
ve “ vee “ veve “ π2

p1eq,
which implies (CR3). Hence pπ, vq is a B1-normalized covariant representation of α.
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For the converse let pπ, vq be any B1-normalized covariant representation. For each
t P S choose an approximate unit tµtiui in It “ Itt˚ . For a P It˚ we get

vtπpaqvt˚ “ π
`

αtpaq
˘

vtvt˚ “ πpαtpaqqvtt˚ “ πpαtpaqq,

which is (1). If e P EpSq is an idempotent, then by normalization (4.3) and (CR3)
ve “ B1- lim

i
pπpµei qveq “ B1- lim

i
πpµei q “ π2

p1eq,

which is (2). Now take any s, t P S. Recall that αspIs˚ X Itq “ Ist and therefore
tαspαs˚pµsjqµ

t
iqui,j is and approximate unit in Ist. Using this, normalization (4.3) and

Lemma 4.13(1) we get
vsvt “ vsB

1- lim
i

rπpµtiqvts “ B1- lim
i

rvsπpµtiqvts “ B1- lim
i
B1- lim

j
rπpµsjqvsπpµtiqvts

“ B1- lim
i
B1- lim

j
rπ
`

αspαs˚pµsjqµ
t
iq
˘

vsts “ vst.

Hence pπ, vq satisfies all properties in the assertion.
Now let pπ, vq be any covariant representation of α in B. Using (CR1) we get

B1- lim
i

`

πpµtiqvt
˘

“ B1- lim
i

`

vtπpαt˚pµtiqq
˘

“ vtB
1- lim

i
π
`

αt˚pµtiq
˘

“ vtπ
2
p1t˚q,

because tαt˚pµtiqui is an approximate unit in It˚ which is B1-convergent to 1t˚ . Thus we
that the limit ṽt :“ B1- limipπpµtiqvtq “ vtπ

2p1t˚q exists and does not depend on the choice
of an approximate unit tµtiui in It, t P S. Clearly if pπ, ṽq is a B1-normalized covariant
representation satisfying πpaqvt “ πpaqṽt for all a P It and t P S, then each ṽt must be
given by such a limit. For a P It˚ we get

ṽtπpaq “ vtπ
2
p1t˚qπpaq “ vtπpaq “ π

`

αtpaq
˘

vt “ lim
i
π
`

αtpaq
˘

πpµtiqvt “ π
`

αtpaq
˘

ṽt.

This shows that pπ, ṽq satisfies (CR1) and πpaqvt “ πpaqṽt for all a P It and t P S. Using
this we get πpaqṽe “ πpaqve “ πpaq for all a P Ie, e P EpSq, so (CR3) holds. Finally, for all
s, t P S and a P Ist the calculation

πpaqṽsṽt “ vsπ
`

αs˚paq
˘

ṽt “ πpaqvsvt “ πpaqvst “ πpaqṽst

gives (CR2). As ṽ satisfies (4.3) by construction, conclude that pπ, ṽq is the desired B1-
normalized covariant representation of α. □

Remark 4.18. The above proposition implies that for any covariant representation
pπ, vq, the normalization condition (4.3) is equivalent to assuming that vt “ vtπ

2p1t˚q for
all t P S and it implies that vt “ π2p1tqvt for all t P S. When B is Arens regular, the latter
implication can be reversed. In general it is not clear, and this asymmetry results from
our arbitrary choice to use the second Arens’ product in B2.

Corollary 4.19. Retaining the assumptions and notation from Lemma 4.13. assume
in addition that A and B are C˚-algebras. Then

pπpatqvtq
˚

“ π
`

αt˚pa˚
t q
˘

vt˚ for all at P It, t P S,
so A˚

t “ At˚, and tAtutPS is a saturated grading of Bpπ, vq over the inverse semigroup of
S in the sense of [KM20b, Definition 6.15], see also [Exe08, Definition 7.1].
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Proof. If B is a C˚-algebra then B2 is again a C˚-algebra – the enveloping W ˚-algebra
of B. If in addition A is a C˚-algebra then π : A Ñ B is also necessarily ˚-preserving. By
passing to the normalized covariant representation pπ, ṽq described in Proposition 4.17 we
see that for every t P S, the operator ṽt :“ π2p1tqvt “ vtπ

2p1t˚q is a partial isometry whose
adjoint in B2 is ṽt˚ “ π2p1t˚qvt˚ “ vt˚π

2p1tq. Thus for at P It, t P S, we get
`

πpatqvt
˘˚

“
`

πpatqṽt
˘˚

“ ṽt˚πpa˚
t q “ πpαt˚pa˚

t qqṽt˚ “ πpαt˚pa˚
t qqvt˚ . □

Remark 4.20. If each It, t P S, is unital, so that 1t P A, t P S, then for any covariant
representation pπ, vq of α in B its B1-normalization ṽt “ πp1tqvt, t P S, takes values in B
by (CR1). Hence, in this case without changing the range of covariant representations, one
can avoid talking about B2 altogether in this case Proposition 4.17 could be formulated
without the use of the bidual algebra B2 and the extended representation π2. In particular,
in this case a normalized covariant representation of α is a pair pπ, vq where π : A Ñ B is
a representation and v : S Ñ B1 is a semigroup homomorphism such that

(1) vtπpaqvt˚ “ πpαtpaqq for all a P It˚ , t P S;
(2) ve “ πp1eq for all e P EpSq.

Let us now explain that we may restrict to maps taking values in B (rather then in
B2), as in Remark 4.20, for an arbitrary inverse semigroup action α : S ñ A, whenever B
is a dual Banach algebra.

Definition 4.21. Recall that a dual Banach algebra is a pair pB,B˚q where B is a
Banach algebra and B˚ is a predual Banach space of B, and multiplication in B is B˚-weak
separately continuous, see [Run02], [Daw10].

Examples of dual Banach algebras include all W ˚-algebras with their unique preduals,
and all algebras BpEq of all bounded operators on a reflexive Banach space E, equipped
with the canonical predual Banach space E 1

pbE. If pB,B˚q is a dual Banach algebra, then
we have the canonical embedding B˚ Ď B2

˚ “ B1, which is strict (if B is not reflexive),
and so the B˚-topology on B2 is stronger than B1-topology. In particular, if a bounded
net tbiui of elements in B is B˚-convergent to b P B2, then we necessarily have that b P B,
as by Banach-Alaoglu Theorem the net tbiui has to have a subnet B˚-convergent to an
element in B. Thus if we could replace B1-convergence (4.3) by B˚-convergence, then the
corresponding elements would need to belong to B (rather than B2). We formalize this as
follows.

Definition 4.22. Let α : S ñ A be an inverse semigroup action and let pB,B˚q be a
dual Banach algebra. A covariant representation pπ, vq of α in B is B˚-normalized, if

(4.4) vt “ B˚- lim
i

pπpµtiqvtq, for all t P S, where tµtiui is an approximate unit in It.

Thus if this happens we necessarily have that tvtutPS Ď B.

We will describe B˚-normalized covariant representations using the following result,
which is a consequence of [IS08, Theorem 5.6].
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Proposition 4.23 (Ilie-Stokke). Let be A a Banach algebra with an approximate unit.
Every representation π : A Ñ B into a dual Banach algebra pB,B˚q has a unique extension
to a representation π : MpAq Ñ B which is strictly-B˚-continuous; it is given by πpmq :“
B˚- limi πpmµiq for an in A and any approximate unit tµiui in A.

We get the following analogue of Proposition 4.17 which boils down to replacing B1-
topology with the stronger B˚-topology.

Proposition 4.24. Let pB,B˚q be a dual Banach algebra. A pair pπ, vq is a B˚-
normalized covariant representation of an action α : S ñ A if and only if π : A Ñ B is a
representation and v : S Ñ B1 is a semigroup homomorphism such that

(1) vtπpaqvt˚ “ πpαtpaqq for all a P It˚, t P S;
(2) ve “ πep1eq for all e P EpSq where πe : MpIeq Ñ B is the unique strictly-B˚-

continuous extension of π|Ie, given by Proposition 4.23.
Moreover, for any covariant representation pπ, vq of α in B putting

ṽt “ B˚- lim
i
πpµtiqvt “ πtt˚p1t˚tqvt “ vtπt˚tp1t˚tq, t P S,

the pair pπ, ṽq is a unique B˚-normalized covariant representation such that πpaqvt “ πpaqṽt
for all a P It and t P S. In particular, we have Bpπ, vq “ Bpπ, ṽq.

Proof. This can be proved exactly as Proposition 4.17. In fact some of the arguments
can be simplified as the multiplication in B is B˚-continuous in both variables. We leave
the details to the reader. □

Remark 4.25. It might be tempting to think that Proposition 4.17 can be deduced
from Proposition 4.24 by applying it to the pair pB2, B1q, as any covariant representation
in B is also a covariant representation in B2. However, the pair pB2, B1q is a dual Banach
algebra if and only if B is Arens regular. Thus in general we can not do that. We were
not able to find a nice common generalization of these two statements.

Now coming back to covariant representations on a space E, as described in Definition
4.8, we notice that they can be viewed as covariant representations in the algebra BpEq

which are ‘normalized’ using strong topology. But if E is reflexive, then they are in fact
equivalent to B˚-normalized representation for the canonical predual B˚ of BpEq.

Lemma 4.26. Let pπ, vq be a covariant representation of α : S ñ A on a Banach space
E. Then pπ, vq is a covariant representation in the Banach algebra BpEq such that each
ve P BpEq, e P EpSq, is a strong limit of tπpµei qui, where tµeiui is a contractive approximate
unit in Ie.

Proof. It is clear that pπ, vq is a covariant representation in the Banach algebra BpEq,
see Remark 4.9. Since each ve P BpEq, e P EpSq, is a projection onto πpIeqE which
commutes with elements of πpIeq, and thus ve is a strong limit of tπpµei qui. □

Recall that if E is a reflexive Banach space, then the projective tensor product Banach
space E 1

pb E is naturally a predual of BpEq making it a dual Banach algebra. Here
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we identify a simple tensor ξ b f P EpbE 1 with the functional zξ b f P BpEq1 given by
zξ b fpT q :“ fpTξq, T P BpEq, see [Rya02] for more details.

Lemma 4.27. Assume that E is a reflexive Banach space, and treat BpEq as dual
Banach algebra with the predual B˚ :“ E 1

pbE. Then B˚-normalized covariant representa-
tions of α in the Banach algebra BpEq coincide with covariant representations of α on the
Banach space E.

Proof. Assume that pπ, vq is B˚-normalized covariant representation in BpEq, and so
tvtutPS Ď BpEq are partial isometries with the associated generalized inverses tv˚

t utPS Ď

BpEq, satisfying the relations described in Proposition 4.24. Since it is a covariant repre-
sentation it satisfies (SCR1) which in our case is just (CR1). For any e P EpSq we have
ve “ πep1eq “ B˚- lim πpµei q, where tµeiui is an approximate unit in Ie. This B˚-convergence
written explicitly means that fpveξq “ limi fpπpµei qξq for all ξ P E and f PP E 1. This im-
plies that veξ, for any ξ P E, sits in the weak closure of πpIeqE. As the weak and norm
closures of convex sets coincide this means that the range of ve is contained in πpIeqE. As
the converse inclusion is clear, we get veE “ πpIeqE for every e P EpSq This is equivalent
to (SCR2), see Remark 4.9.

Conversely, assume pπ, vq is a covariant representation on E in the sense of Defini-
tion 4.8. Clearly, it is a covariant representation in BpEq in the sense of Definition 4.11.
Thus we only need to show it is B˚-normalized. Let e P EpSq. By Lemma 4.26, tπpµei qui
converges strongly to ve, and by construction tπpµei qui B˚-converges to πep1eq. Clearly,
strong convergence is stronger than B˚-convergence. Hence ve “ πep1eq. Using this for any
t P S we get

vt “ vtt˚vt “ πtt˚p1tt˚qvt,

which is equivalent to (4.4). □

Corollary 4.28. If E is reflexive, for any covariant representation pπ, vq of α in
BpEq there is a unique covariant representation pπ, rvq on E such that πpaqvt “ πpaqṽt for
all a P It˚, t P S.

Proof. By Lemma 4.27 and the second part of Proposition 4.24 the desired pair pπ, ṽq

arises as the E 1
pbE-normalization of pπ, vq. □

4.3. Crossed products for inverse semigroup actions

Let us fix an inverse semigroup action α : S ñ A on a Banach algebra A. We consider
the ℓ1-direct sum of the ideals tItutPS which is the Banach space

ℓ1
pαq :“ tf P ℓ1

pS,Aq : fptq P It, t P Su.

with norm }f}1 “
ř

tPS }fptq}. Following [Sie97] we define multiplication in ℓ1pαq by

pf ˚ gqprq :“
ÿ

st“r

αspαs˚pfpsqqgptqq, r P S.
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It is well defined as for f, g P ℓ1pαq we have
}f ˚g}1 “

ÿ

r

}
ÿ

st“r

αspαs˚pfpsqqgptqq} ď
ÿ

r

ÿ

st“r

}fpsq}}gptqq} “
ÿ

s,t

}fpsq}}gptqq} “ }f}1}g}1.

The proof of [Sie97, Proposition 4.1] shows that this multiplication is associative. It
exploits our assumption that each of the ideals It, t P S, has an approximate unit. In
fact without this assumption, associativity of this partial convolution product may fail, see
[DE05] for more details on that issue. This is one more reason for including existence of
approximate units in the definition of the inverse semigroup action, as we did.

Hence ℓ1pαq is a Banach algebra. Let pπ, vq be a covariant representation of α in a
Banach algebra B. For any f P ℓ1pαq the series

π ˆ vpfq :“
ÿ

tPS

πpfptqqvt

is norm convergent in B and }π ˆ v} ď
ř

tPS }πpfptqqvt} ď }f}1. Hence π ¸ v : ℓ1pαq Ñ B
is a contractive linear map. Using Lemma 4.13(1) one readily sees that π ¸ v is also
multiplicative. Hence π¸ v is a representation. Clearly, π ˆ vpℓ1pαqq “ Bpπ, vq. Note that
typically π¸v will not be injective. Indeed, denoting by aδt, for any a P It, t P S the element
in ℓ1pαq such that aδtpsq “ 0 for s ‰ t and aδtptq “ a we get that spantaδt : a P It, t P Su

is a dense subalgebra in ℓ1pαq. Let us denote by
N :“ spantfpaδs ´ aδtqg : f, g P ℓ1

pαq, a P Is, s, t P S, s ď tu

the ideal in ℓ1pαq generated by differences aδs ´ aδt for a P Is and s, t P S with s ď t. It
follows from Lemma 4.13(2) that for any covariant representation pπ, vq we have

N Ď kerpπ ˆ vq,

and thus we π ¸ v factors to a representation of the quotient Banach algebra ℓ1pαq{ N .
Definition 4.29. Let α : S ñ A be an inverse semigroup action. We denote by A¸αS

the Hausdorff completion of ℓ1pαq with respect to the submultiplive seminorm
}f}max :“ supt}π ˆ vpfq} : pπ, vq is a covariant representation of αu.

We call the arising Banach algebra A¸α S the (universal) Banach algebra crossed product
of α. More generally, if R is a class of some covariant representations of α, we define the
R-crossed product of α, denoted A ¸α,R S, as the Hausdorff completion of ℓ1pαq in the
seminorm

}f}R “ supt}π ˆ vpfq} : pπ, vq P Ru.

In particular, any pπ, vq P R integrates to a representation π ¸ v of A¸α,R S, which sends
the image of aδt to πpaqvt, for a P It, t P S.

Remark 4.30. As we noted above, instead of completions of ℓ1pαq one could consider
completions of the quotient algebra ℓ1pαq{ N . In fact, it is often the case (though we do
not know in general) that the seminorm }¨}max on ℓ1pαq often becomes a norm on ℓ1pαq{ N .
It might even be that A ¸α S “ ℓ1pαq{ N .

We now give a universal description of A ¸α S, which is not present in [BKM25].
64



Theorem 4.31. Let α : S ñ A be an inverse semigroup action in a Banach algebra A.
Then there is a pA ¸α Sq1-normalized covariant representation pι, uq of α in A ¸α S such
that A ¸α S “ Bpι, uq and

(1) for any covariant representation pπ, vq in a Banach algebra B there is a unique
representation π ¸ v : A ¸α S Ñ B such that

πpaqvt “ ιpaqut for all a P It, t P S.

(2) For any representation Ψ : A¸α S Ñ B there is a unique B1-normalized covariant
representation pπ, vq of α in B such that Ψ “ π ¸ v is the unique representation
introduced in (1).

Proof. By construction, for each a P ℓ1pαq and ε ą 0 there is a covariant represen-
tation pπ, vq such that }a}max ă }π ˆ vpaq} ` ε. Thus there exist a family tpπi, viquiPI
where pπi, viq is a covariant representation of α in a Banach algebra Bi and such that
}a}max “ supiPI }π ˆ vpaq} for every a P ℓ1pαq. Let us now express it using the ℓ8-sum of
these representations. Namely, let

B :“ ‘
ℓ8

iPIB
2
i “ tf : I Ñ

ğ

i

B2
i : fpiq P B2

i , for i P I, }f}8 “ sup }fpiq} ă 8u.

We define the algebra homomorphism ι : A Ñ B by ιpaq “ ‘ℓ8

iPIπipaq, a P A, and the
semigroup homomorphism u : S Ñ B by ut :“ ‘ℓ8

iPI v
i
t, t P S. Clearly, pι, uq is a covariant

representation of α in B such that ι ˆ u “ ‘ℓ8

iPIπ
i ˆ vit and so }ι ˆ upaq} “ }a}max for

a P ℓ1pαq. Thus it induces an isometric representation ι ¸ u of A ¸α S and so we may
identify its range with A ¸α S. Then pι, uq is a covariant representation in A ¸α S such
that A ¸α S “ Bpι, uq. By Proposition 4.17 we may assume that pι, uq is B1-normalized,
and then in fact we may view it as pA¸αSq1-normalized covariant representation in A¸αS
by Remark 4.15.

Property (1) is clear by construction. For (2), let Ψ : A¸α S Ñ B be a representation,
and consider the representation Ψ2 : pA¸αSq2 Ñ B2. Then pΨ2 ˝ ι,Ψ2 ˝uq is a well defined
covariant representation of α in B such that Ψ “ pΨ2 ˝ ιq ¸ pΨ2 ˝ uq. □

Remark 4.32. Every Banach algebra which the range of a covariant representation
pι, uq of α having property (1) above, is canonically isometrically isomorphic to A¸α S. In
this sense we could have defined A¸αS using this universal property (though we would still
need to prove its existence). Property (2) describes disintegration for inverse semigroup
crossed products.

Recall if a Banach algebra A has an approximate unit, then a representation π : A Ñ B
is called non-degenerate or approximately unital if it maps an approximate unit of A to an
approximate unit of B. This is equivalent to the equality πpAqB “ B and sometimes is
called non-degeneracy.

Corollary 4.33. Let α : G ñ A be an action of a group G on a Banach algebra with
an approximate unit (so it is also an inverse semigroup action). Then the group crossed
product F pαq, the algebra ℓ1pαq and the inverse semigrup crossed product A¸αG coincide.
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Moreover, for any non-degenerate representation Ψ : A¸αG Ñ B there is a unique pair
pπ, vq where π : A Ñ B is a representation, v : G Ñ UMpBq is a group homomorphism
into the group of invertible isometries in the multiplier algebra MpBq such that

Ψpaδgq “ πpaqvg for all a P A, g P G.

Proof. The first part is straightforward. Note that the canonical inclusion A Q a ÞÑ

aδ1 Ď F pαq “ ℓ1pG,Aq “ A ¸α G is non-degenerate. Thus in view of Theorem 4.31 it
suffices to show that for any B1-covariant representation pπ, vq of α in B where π is non-
degenerate we necessarily have that the semigroup homomorphism v : G Ñ pB2q1 takes
values in the group UMpBq. By definition of the covariant representation we have that
vgπpaq “ πpαgpaqqvg P B and πpaqvg P B for g P G and a P A. Since πpAqB “ B “ BπpAq

by non-degeneracy of π, this implies that vgB Ď B and Bvg Ď B. Hence tvgugPG Ď MpBq.
By B1-normalization v1 is the unit in by MpBq. Hence tvgugPG Ď UMpBq as they are
contractive and invertible. □

Finally let us comment on a situation where an inverse semigroup S acts on a C˚-
algebra A. Then the Banach algebra ℓ1pαq is naturally a Banach ˚-algebra with involution
given by

f˚
ptq :“ αt˚pfpt˚q

˚
q, t P S.

If pπ, vq is a covariant representation of α in a C˚-algebra B, then Corollary 4.19 implies
that the representation π ˆ v : ℓ1pαq Ñ B is automatically a ˚-homomorphism. Sieben
[Sie97, Definition 4.4] defined the C˚-algebraic crossed product by completing ℓ1pαq using
˚-homomorphism π ˆ v coming from covariant representations pπ, vq on Hilbert spaces, as
we described in Definition 4.8. Buss and Exel [BE11, Page 257] defined the C˚-algebraic
crossed product (in the setting of twisted actions) similarly, but they used covariant repre-
sentations pπ, vq in C˚-algebras satisfying properties in Proposition 4.17, which characterize
what we call B1-normalized covariant representations. Using our normalization procedure
we can now explain why these two slightly different constructions coincide.

Corollary 4.34. Let α : S ñ A be an action of an inverse semigroup S where A is
a C˚-algebra. Let RC˚ be the class of all covariant representations α in some C˚-algebra
and RH be the class of all covariant representations of α on some Hilbert space. Then

A ¸α,RC˚ S “ A ¸α,RH S.

This algebra is a C˚-algebra which coincides with the crossed products introduced in [Sie97],
and [BE11].

Proof. Since RH Ď RC˚ we get } ¨ }RH ď } ¨ }RC˚ . This is equality, because for any co-
variant representation pπ, vq P RC˚ in a C˚-algebra B, we may assume that the enveloping
W ˚-algebra B2 is faithfully represented on a Hilbert space H. Then, by Corollary 4.28,
the renormalized covariant representation pπ, ṽq is a covariant representation of α on H,
so pπ, ṽq P RH. Moreover, π ˆ vpfq “ π ˆ ṽpfq for all f P ℓ1pαq. Hence } ¨ }RH “ } ¨ }RC˚ .
Clearly, this is a C˚-seminorm on the ˚-algebra ℓ1pαq, and it does not change if we consider
normalized representation in RC˚ . This gives the claim. □
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CHAPTER 5

Inverse semigroup graded groupoid Banach algebras

As we mentioned in the introduction to Chapter 4, one of our aims is to complete the
convolution algebra of an étale groupoid G in a way that allows disintegration-integration
theorem analogous to Theorem 4.31. In general such a completion will depend on the choice
of an inverse subsemigroup S Ď BispGq. However, one of our main results that we discuss
in this chapter is that completions using representations on Lp-spaces do not depend on
the choice of S. This property is crucial when identifying algebras given by generators and
relations with groupoid algebras. In addition, we will describe groupoid representations
on Lp-spaces via weighted spatial partial isometries, and we establish a number of useful
relationships between the corresponding norms on the convolution algebra. The material
here is based on [BKM25, Sections 4,5], but again some proofs that we give are different
and formulations are simpler, as we consider untwisted Hausdorff case. In particular, we
avoid using the machinery of Borel extensions from [BKM25, Subsection 4.5].

5.1. Completions of the convolution algebra

Throughout this chapter we assume that G is a locally compact Hausdorff étale groupoid
with the unit space X. The space of compactly supported continuous functions CcpGq “

tf P CpGq : supppfq is compactu on G with operations

pf ˚ gqpγq :“
ÿ

dpαq“rpβq

fpαqgpβq “
ÿ

rpηq“rpγq

fpηqgpη´1γq, f˚
pγq :“ fpγ´1q

for all f, g P CcpGq, γ P G, becomes a ˚-algebra. We refer to it as the convolution algebra
for G, as the convolution product will play the major role in our considerations. For
any open subset U Ď G we may view CcpUq as a subspace of CcpGq and looking at such
spaces coming from bisections helps to understand the structure of the algebra CcpGq.
Namely, recall that the family of all bisections BispGq together with natural operations
(1.3) is an inverse semigroup. For any f P CcpUq, g P CcpV q, with U, V P BispGq we have
f ˚ g P CcpUV q and

f ˚ gpαβq “ fpαq ¨ gpβq α P U, β P V.

Also we have f˚ P CcpU
˚q “ CcpU

´1q where f˚pγq “ fpγ´1q for γ P U´1. Thus
CcpUq ˚ CcpV q “ CcpUV q, CcpUq

˚
“ CcpU

˚
q for U, V P BispGq,

and as the space tCcpUquUPBispGq linearly span CcpGq, they form an “inverse semigroup
grading” of the ˚-algebra CcpGq. This grading restricts to any inverse subsemigroup S Ď

BispGq which covers G:
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Lemma 5.1. CcpGq “ spantf P CcpUq : U P Su for any S Ď BispGq that covers G.

Proof. Let f P CcpGq. Since K :“ supppfq is compact and S covers K, there are
tUiu

n
i“1 Ď S such that K Ď

Ťn
i“1 Ui. Let thiu

n
i“1 be a partition of unity on K subordinated

to tUiu
n
i“1 and put fi :“ hi ¨ f , i “ 1, ..., n. Then fi P CcpUiq and f “

řn
i“1 fi. □

A priori there is no universal Banach algebra completion of CcpGq. Instead, one usually
defines a “universal norm” by taking supremum of norms coming from a fixed class of
representations of CcpGq. For this procedure to work, one needs to check the following two
technical conditions:

Lemma 5.2. Let R be a class of some algebra homomorphisms from CcpGq into some
Banach algebras. Then the formula

}f}R “ supt}ψpfq} : ψ P Ru

defines a submultiplicative norm on CcpGq if and only if R is bounded and separates points
in the sense that

(1) supt}ψpfq} : ψ P Ru ă 8 and
(2) for any non-zero f P CcpGq there is ψ P R such that ψpfq ‰ 0.

Moreover, every submultiplicative norm on CcpGq is equal to } ¨ }R for some R.

Proof. Even though R is a class, t}ψpfq} : ψ P Ru Ď r0,8s is a set and hence its
supremum makes sense and it exists (however it may be infinite). It is straightforward that
} ¨ }R is a submultiplicative seminorm if and only if it is finite so that (1) holds. If this
is the case then this seminorm is a norm if and only if (2) holds. For the last part of the
assertion let } ¨ } be any submultiplicative norm on CcpGq. Then taking R :“ ti}¨}u where
i}¨} : CcpGq Ñ CcpGq

}¨} is the canonical inclusion we get } ¨ } “ } ¨ }R. □

Remark 5.3. In the sequel we will often denote by } ¨ }R norms on CcpGq even when
they do not come from a prescribed class of representations, which is allowed by the last
part of the above lemma.

Example 5.4 (Groupoid C˚-algebras). Let R be the class of all ˚-homomorphisms
from CcpGq into C˚-algebras. Then the conditions in Lemma 5.2 are satisfied. Indeed, let
ψ : CcpGq Ñ B be a ˚-homomorphism into a C˚-algebra B. Note first that CcpXq is a
˚-subalgebra of CcpGq and by minimality of C˚-norm ˚-homomorphism ψ : CcpXq Ñ B is
contractive with respect to supremum norm }¨}8 on CcpXq. More specifically, if f P CcpXq

then f P C0pUq for some precompact U Ď X and so }ψpfq} ď }f}8 as ψ : C0pUq Ñ B is a
˚-homomorphism between C˚-algebras. Now for any f P CcpUq supported on a bisection
U P BispGq, using the C˚-equality and that f ˚ f˚ P CcpUU

´1q “ CcprpUqq Ď CcpXq that
we get

}ψpfq}
2

“ }ψpfqψpf˚
q} “ }ψpf ˚ f˚

q} ď }f ˚ f˚
}8 “ sup

γPU
|fpγq|

2
“ }f}

2
8,

that is }ψpfq} ď }f}8. By Lemma 5.1, any f P CcpGq can be written as f “
řn
i“1 fi for

some fi P CcpUiq and Ui P BispGq. Hence by the triangle inequality and contractiveness on
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each bisection we get

}ψpfq} ď

n
ÿ

i“1
}ψpfiq} ď

n
ÿ

i“1
}fi}8.

As
řn
i“1 }fi}8 is finite and does not depend on ψ we conclude that the class R is bounded.

Hence } ¨ }R is a C˚-seminorm. To see that R separates elements of CcpGq (equivalently
} ¨ }R is a norm) we use the regular representation Λ : CcpGq Ñ Bpℓ2pGqq given by

Λpfqξpγq :“ pf ˚ ξqpγq “
ÿ

rpηq“rpγq

fpηq ¨ ξpη´1γq, f P CcpGq, ξ P ℓ2
pGq.

This is a well defined ˚-homomorphism and denoting by t1γuγPG the standard orhogonal ba-

sis for ℓ2pGq, for any f P CcpGq and any γ P G we have }Λpfq1γ}2 “

´

ř

dpηq“dpγq
|fpηγ´1q|2

¯1{2
.

This implies that Λ is injective, cf. Proposition 5.24 below. Hence we conclude that both
} ¨ }C˚ “ } ¨ }R and } ¨ }r

C˚ “ } ¨ }tΛu are C˚-norms on CcpGq. The corresponding completions

C˚
pGq :“ CcpGq

}¨}C˚ and C˚
r pGq :“ CcpGq

}¨}r
C˚

are called the full groupoid C˚-algebra and the reduced groupoid C˚-algebra for G. In
particular, } ¨ }C˚ is the maximal C˚-norm on CcpGq.

Example 5.5 (Hahn’s completions). The domain and range maps d, r : G Ñ X induce
the following three submultiplicative norms on CcpGq:

(5.1) }f}d˚
:“ sup

xPX

ÿ

dpγq“x

|fpγq|, }f}r˚
:“ sup

xPX

ÿ

rpγq“x

|fpγq|,

(5.2) }f}I :“ maxt}f}d˚
, }f}r˚

u,

see [Pat99, the proof of Theorem 2.2.1] or [Ren80, II, 1.4]. The completions of CcpGq

in these norms are denoted by F˚dpGq, F˚rpGq and FIpGq, respectively. The above norms,
especially } ¨ }I , are common in the literature and } ¨ }I is often called Hahn’s I-norm, as
it was introduced in [Hah78]. Thus we call FIpGq Hahn’s algebra. Note that for each
f P CcpGq we have }f}˚d “ }f˚}˚r and so Hahn’s algebra FIpGq is a Banach ˚-algebra that
can be viewed as a symmetrized version of both F˚dpGq and F˚rpGq.

The important feature of the above norms is that when restricted to any subspace
CcpUq Ď CcpGq, where U P BispGq, they coincide with the supremum norm } ¨ }8. Hence
each space C0pUq embeds naturally into the completions of CcpGq in each of these norms.
In particular, C0pXq is naturally a Banach subalgebra in the above completions. This is
an important part of the structure that we want to keep. However, there are some natural
completions of CcpGq equipped with natural inverse semigroup gradings for some proper
inverse semigroup S Ď BispGq. Here transformation groupoids derived from group actions
are perhaps the most notable example. Thus we introduce yet another family of norms
that are parametrised by subsemigroups of BispGq.
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Lemma 5.6. Let S Ď BispGq be a semigroup covering G. The formula

(5.3) }f}
S
max :“ inf

#

n
ÿ

k“1
}fk}8 : f “

n
ÿ

k“1
fk, fk P CcpUkq, Uk P S

+

.

defines a submultiplicative norm on CcpGq, which is the largest submultiplicative norm on
CcpGq that agrees with } ¨ }8 on each CcpUq Ď CcpGq, for U P S. In particular, denoting by
F SpGq :“ CcpGq

}¨}Smax the relevant completion we have:
(1) If S Ď BispGq is unital, i.e. X P S, then C0pXq Ď F SpGq is a Banach subalgebra;
(2) If S is an inverse semigroup, then F SpGq is a Banach ˚-algebra with the involution

extending that of CcpGq.

Proof. By Lemma 5.1 the infimum in (5.3) is over non-empty set, and hence it exists
and is finite. Let f, g P CcpGq. For any ε ą 0 there are fk P CcpUkq and gl P CcpVkq,
where Uk, Vl P S, such that f “

řn
k“1 fk, g “

řm
l“1 gl and }f}Smax ` ε ą

řn
k“1 }fk}8 and

}g}Smax ` ε ą
řm
l“1 }gl}8. Then f ˚ g “

ř

k,l fk ˚ gl, and fk ˚ gl P CcpUkVlq, UkVl P S.
Therefore

}f ˚ g}
S
max ď

ÿ

k,l

}fk ˚ gl}8 ď
ÿ

k,l

}fk}8}gl}8 ă
`

}f}
S
max ` ε

˘`

}g}
S
max ` ε

˘

.

This shows that } ¨ }Smax is submultiplicative. The proof of the triangle inequality is even
simpler. If in addition f P CcpUq for some U P S, then there is γ0 P U where |f | attains
its maximum, and retaining the above choice of fk’s we get

}f}8 “ |fpγ0q| ď

n
ÿ

k“1
|fkpγ0q| ď

n
ÿ

k“1
}fk}8 ă }f}

S
max ` ε,

which shows that }f}8 ď }f}Smax. The converse inequality }f}Smax ď }f}8 holds by (5.3).
Hence }¨}Smax coincides with }¨}8 on CcpUq for U P S. If }¨} is any norm on CcpGq that agrees
with } ¨ }8 on CcpUq Ď CcpGq, for U P S, then for any f “

řn
k“1 fk, fk P CcpUkq, Uk P S,

we have }f} ď
řn
k“1 }fk} “

řn
k“1 }fk}8, which implies }f} ď }f}Smax. This proves the first

part of the assertion. Item (1) is clear. If S is an inverse semigroup then f˚ “
řn
k“1 f

˚
k ,

f˚
k P CcpU

˚
k q, where U˚

k P S. Thus }f˚}Smax “ }f}Smax by (5.3). This shows (2). □

Remark 5.7. Using the notation from Lemma 5.2, we have } ¨ }Smax “ } ¨ }R where
R is the class of all homomorphisms ψ : CcpGq Ñ B into Banach algebras such that
}ψpfq} ď }f}8 for any f P CcpUq and any U P S.

Definition 5.8. Let S Ď G be a unital inverse subsemigroup covering G. We call the
associated ˚-algebra F SpGq :“ CcpGq

}¨}Smax the universal S-graded Banach algebra of G. We
also denote by } ¨ }max the norm } ¨ }BispGq

max and put F pGq :“ FBispGqpGq.

Remark 5.9. For any unital inverse subsemigroup S Ď G covering G we have

} ¨ }8 ď } ¨ }d˚
, } ¨ }C˚ , } ¨ }r˚

ď } ¨ }I ď } ¨ }max ď } ¨ }
S
max
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on CcpGq. In particular, } ¨ }max is minimal amongst all norms } ¨ }Smax on CcpGq, and in
general S1 Ď S2 Ď BispGq ùñ } ¨ }S2

max ď } ¨ }S1
max. Usually there is no maximal amongst

the norms } ¨ }Smax. When considering algebras F SpGq we may always assume that S is a
wide inverse semigroup as the ‘saturation’ rS :“ tU : U is an open subset of V P Su of S is
a wide inverse subsemigroup of BispGq and } ¨ }Smax “ } ¨ }

rS
max.

Example 5.10. Let G “ G ˆ X be the transformation groupoid for a discrete group
action θ : G Ñ HomeopXq, cf. Example 1.17. The natural G-grading of G is given by
S :“ ttgu ˆ XugPG – G. For this (inverse semi)group grading and f P CcpGq we have

}f}
S
max “

ÿ

gPG

max
xPX

|fpg, xq|.

In fact, it is easy to see that we have a natural isometric *-isomorphism
F S

pGq – ℓ1
pG,C0pXqq

where ℓ1pG,C0pXqq is the Banach ˚-algebra crossed product discussed in Section 4.1. The
associated Hahn norms are given by the formulas

}f}d˚
“ max

xPX

ÿ

gPG

|fpg, xq|, }f}r˚
“ max

xPX

ÿ

gPG

|fpg, φgpxqq|.

The algebra Fd˚
pGq :“ CcpGq

}¨}d˚ plays crucial role in the study of amenability in [Mon11],
where Monod denotes it by CpX, ℓ1Gq and calls it the Banach algebra crossed product.
Note that the Hahn norm } ¨ }I is in general strictly smaller than } ¨ }ℓ1pG,C0pXqq “ } ¨ }Smax.
Obviously, when X is a singleton, so that G “ G is a group, then S “ BispGq and all the
norms } ¨ }d˚

, } ¨ }r˚
, } ¨ }I , } ¨ }Smax coincide with the ℓ1-norm in ℓ1pGq.

5.2. Even more completions and basic properties

We fix a unital inverse subsemigroup S Ď BispGq covering G.

Definition 5.11. For a class R of representations of F SpGq we denote by F S
RpGq :“

CcpGq
}¨}R the Hausdorff completion in the seminorm }f}R :“ supt}ψpfq} : ψ P Ru. For a

class E of Banach spaces we write F S
E pGq :“ F S

RpGq and } ¨ }E :“ } ¨ }R for R consisting of
all representations of F SpGq in BpEq for E P E .

Remark 5.12. If } ¨ }R ď } ¨ }max, then the algebra F S
RpGq does not depend on the

choice of S, as it can be viewed as a Hausdorff completion of F pGq. In this thesis we will
be mainly interested in the case when } ¨ }R ď } ¨ }I and hence all the more } ¨ }R ď } ¨ }max.

Lemma 5.13. Every Banach algebra of the form F S
RpGq has an approximate unit.

Namely, for any approximate unit tµiui in C0pXq its image in F S
RpGq is an approximate

unit in F S
RpGq. In particular, if X is compact then F S

RpGq is unital.

Proof. It suffices to prove that for f P CcpUq, U P S the net tµi ˚ fui converges to f
in } ¨ }Smax. But then µi ˚ f ´ f P CcpUq and therefore }µi ˚ f ´ f}Smax “ }µi ˚ f ´ f}8 “

maxγPU |µiprpγqqfpγq ´ fpγq|, which obviously tends to zero. □
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We denote byAop the opposite algebra to an algebraA, meaning that the linear structure
of Aop is the same as that of A but the multiplication is performed in the reverse order.
When A is a Banach algebra then Aop is a Banach algebra with the same norm. An algebra
isomorphic to its opposite is called self-opposite. The convolution algebra of the groupoid
G is naturally self-opposite with isomorphism given by the contravariant isomorphism G Q

γ Ñ γ´1 P G. Namely, the formula
(5.4) p qfqpγq :“ fpγ´1

q, f P CcpGq, γ P G,
yields a ˚-isomorphism

CcpGq
op

– CcpGq.

It follows from the formulas for the norms } ¨ }d˚
, } ¨ }r˚

, } ¨ }I , } ¨ }Smax that the above
isomorphism extends to isometric isomorphisms

F S
pGq

op
– F S

pGq, FIpGq
op

– FIpGq, Fd˚
pGq

op
– Fr˚

pGq.

Let us consider completions of CcpGq given by representations on a given class of Banach
spaces. If E is a class of Banach spaces we denote by E 1 the class of dual spaces to spaces
in E . For any other class F of Banach spaces we write E Ďiso F if for every E P E there is
F P F such that E – F .

Proposition 5.14. If E 1 Ďiso F then the map f ÞÑ qf induces a representation F S
F pGqop Ñ

F S
E pGq. If E 1 Ďiso F and F 1 Ďiso E then this representation is an isometric isomorphism

F S
F pGq

op
– F S

E pGq.

Proof. For any representation π : F SpGqop Ñ BpEq the formula π1pfq :“ πp qfq1,
f P CcpGq, defines a representation π1 : F SpGq Ñ BpE 1q. If E 1 Ďiso F and E P E ,
then we may replace E 1 by F P F such that E 1 – F , an then we get a representation
π1 : F SpGq Ñ BpF q. This implies that } qf}SE ď }f}SF for f P CcpGq. Thus the isomorphism
CcpGqop – CcpGq extends to a representation F S

F pGqop dense
↠ F S

E pGq. Similarly, F 1 Ďiso E
implies } ¨ }SF ď } ¨ }SE . Hence F S

F pGqop – F S
E pGq if E 1 Ďiso F and F 1 Ďiso E . □

Corollary 5.15. If E consists of reflexive Banach spaces, then F S
E pGqop – F S

E 1pGq.

Proof. Take F “ E 1 in Proposition 5.14. □

Corollary 5.16. We have C˚pGqop – C˚pGq.

Proof. Apply Corollary 5.15 to the case where E consists of Hilbert spaces. □

Corollaries 5.15, 5.16 are known, cf. [GL17], [GT15]. Our formulation of Proposi-
tion 5.14 allows one to use it beyond the case of reflexive spaces. Our main interest here
are of course L1 and L8-spaces. Recall that a Lindenstrauss space or L1-predual space is
a Banach space E whose dual E 1 is an L1-space.

Corollary 5.17. Let E be the class of L1-spaces, F1 the class of L8-spaces, F2 the
class of C0-spaces and F3 the class of Lindenstrauss spaces, cf. Remark 3.13. Then

F S
F1pGq – F S

F2pGq – F S
F3pGq – F S

E pGq
op.
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Proof. It is well known that duals to L1-spaces are isomorphic to L8-spaces and that
duals to C0-spaces are isomorphic to L1-spaces, see for instance [Lac74]. By Gelfand-
Naimark theorem L8-spaces are isomorphic to C0-spaces. Thus we have E 1 Ďiso F1 Ďiso
F2 Ď F3 and F1 Ď F 1

2 Ď F 1
3 Ďiso E . Hence the assertion follows from the second part of

Proposition 5.14. □

5.3. Disintegration-Integration Theorem

Recall that every inverse semigroup action on X gives rise to an étale groupoid G
with unit space X and every étale groupoid arises in this way, see Section 1.3. In this
correspondence the inverse semigroup in question is not uniquely determined, for instance
we can take any wide inverse subsemigroup of BispGq, see Proposition 1.20. Thus an
inverse semigroup action θ : S ñ X is formally a richer structure than the associated
transformation groupoid G (the groupoid remembers orbits of the action rather the action
itself). Moreover, by Gelfand duality the action θ : S ñ X is equivalent to an inverse
semigroup action α : S ñ C0pXq, cf. Example 4.6. In this section we show that the
associated Banach algebra crossed product C0pXq ¸α S, as constructed in Section 4.3, is
the groupoid Banach algebra F SpGq as introduced in Definition 5.8 where S denotes the
canonical image of S in BispGq. In accordance, with Theorem 4.31, we need to show that

‚ every covariant representation of α “integrates” to a representation of F SpGq,
‚ every representation of F SpGq “disintegrates” to a covariant representation of α.

Let us then fix an action α : S Ñ PAutpC0pXqq of an inverse semigroup S on C0pXq.
Equivalently, we fix an inverse semigroup action θ : S Ñ PHomeopXq, as in Definition
1.7, and for every t P S, the isomorphism αt : C0pXt˚q Ñ C0pXtq is given by composition
αtpaq “ a ˝ θt˚ with the homeomorphism θt : Xt˚ Ñ Xt. Let G “ S ˙θX be the associated
transformation groupoid. Recall that we have a canonical semigroup homomorphism S Q

t ÞÑ Ut “ trt, xs : x P Xt˚u Ď BispGq. Putting
S :“ tUt : t P Su Y tXu,

we obtain a unital inverse subsemigroup of BispGq. For each t P S we have a linear
isomorphism

CcpXtq Q a ÞÑ aδt P CcpUtq, aδtrt, xs :“ apθtpxqq, x P Xt˚ ,

In terms of bisections in S this means that for every U P S Ď BispGq we have
(5.5) CcprpUqq Q a ÞÑ aδU P CcpUq where aδUpγq :“ aprpγqq, γ P U.

This isomorphism gives isometry from pCcpUq, } ¨ }8q onto a subspace of pCcpGq, } ¨ }Smaxq.

Lemma 5.18. CcpGq is spanned by elements atδt, at P CcpXtq, t P S, and
(1) asδs ¨ atδt “ aspat ˝ θs˚qδst and patδtq

˚ “ at ˝ θtδt˚;
(2) s ď t implies Xs Ď Xt and aδs “ aδt for any a P CcpXsq.

Proof. The initial claim follows from Lemma 5.1. Item (2) follows from Remark 1.8
and (1) is straightforward, cf. [Exe08, Propositions 3.10, 7.5, 7.6]. □
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Proposition 5.19. Every covariant representation pπ, vq of α in a Banach algebra B
integrates to a representation π ¸ v : F SpGq Ñ B such that

π ¸ vpatδtq “ πpatqvt, at P CcpXtq, t P S.

If B is a C˚-algebra then π ¸ v is ˚-preserving. If pπ, ṽq is a B1-normalization (or B˚-
normalization) of pπ, vq as in Proposition 4.17 (or Proposition 4.24) then π ¸ v “ π ¸ ṽ.

Proof. We claim that the formula π ¸ vp
ř

tPF atδtq “
ř

tPF πpatqvt, where F Ď S is
finite, yields a well defined map, or equivalently, that

ř

tPF atδt “ 0 implies
ř

tPF πpatqvt “

0. This is proved in [Exe08, Lemma 8.4] using measure theoretical methods, under the
assumption that G is second countable. We prove this in general using topological tools
and induction on the cardinality of F . So suppose that

ř

tPF atδt “ 0. If |F | “ 1, then
ř

tPF πpatqvt “ 0 (because aδt “ 0 iff at “ 0). So assume that this happens for all sets
with cardinality smaller than that of F . Pick any t0 P F and put F0 “ F ztt0u. Then
ř

tPF0
atδt “ ´at0δt0 . So the closure of tγ P S ˆ X : pat0δt0qpγq ‰ 0u in Ut0 , which is a

compact set K in Ut0 , is covered by tUt X Ut0utPF . By construction Ut X Ut0 “
Ť

sďt,t0
Us.

So for each t P F0 we may find st1, ..., s
t
nt ď t, t0 such that K Ď

Ť

tPF

Ťnt
i“1 Usti . Let

tϱstiui“1...,nt,tPF0 be a partition of unity on K subordinated to this open cover. Write rϱsti :“
ϱsti ˝ r|U

st
i

P CcpXsti
q Ď CcpXt X Xt0q for each i and t. Then by Lemma 5.18(2) and

Lemma 4.13(2) (applied to each t, nt-times) we get
ÿ

tPF

atδt “
ÿ

tPF0

pat `

nt
ÿ

i“1
rϱstiat0qδt and

ÿ

tPF

πpatqvt “
ÿ

tPF0

πpat `

nt
ÿ

i“1
rϱstiat0qvt.

Thus the claim follows by the inductive hypotheses.
Now Lemma 4.13(1) and Lemma 5.18(1) readily imply that π ¸ v : CcpGq Ñ B is an

algebra homomorphism, which is ˚-preserving if B is a C˚-algebra. It is } ¨ }Smax contractive
because }π¸vpatδtq} “ }πpatqvt} ď }at}8 “ }atδt}8 for every atδt P CcpUtq, t P S. Hence it
extends to a representation π¸ v : F SpGq Ñ B, which is ˚-preserving if B is a C˚-algebra.
The last statement is clear. □

In order to disintegrate representations of F SpGq we will use the following lemma.

Lemma 5.20. Let ψ : A Ñ E be a contractive linear map from a C˚-algebra into a
Banach space E with a predual E˚. There is a contractive element ψp1Aq P E such that
for every approximate unit tµiui in A we have ψp1Aq “ E˚- limi ψpµiq P E.

Proof. We identify E˚ with a subspace of E 1. Let f P E˚. Then ψ1pfq “ f ˝

ψ : A Ñ C is a bounded functional. Hence it decomposes to ψ1pfq “
ř3
k“0 i

kτk where
τk : A Ñ C, k “ 0, ..., 3, are positive functionals. Applying the GNS-construction to
each τk, we get representations πk : A Ñ BpHkq and cyclic vectors ωk P Hk such that
ψ1pfqpaq “

ř3
k“0 i

kxπkpaqωk, ωky. Since tπkpµiqui is strongly convergent to the identity on
Hk we conclude that tfpψpµiqqui is convergent in C to the number cf,ψ :“

ř3
k“0 i

k}ωk}2 “
ř3
k“0 i

k}τk} that depends only on ψ and f (it does not depend on tµiui). Now, since the
net tψpµiqui is bounded in E, the Banach–Alaoglu Theorem says that there is a subnet
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tψpµijquj with an E˚-limit ψp1Aq :“ E˚- limj ψpµijq P E. So in particular fpψp1Aqq “

limj fpψpµijqq “ cf,ψ for every f P E˚. This implies that every net tψpµiqui, where tµiui is
an approximate unit, is E˚-convergent to ψp1Aq. □

Theorem 5.21 (Disintegration-Integration Theorem). Let G be an étale groupoid and
let α : S ñ C0pXq be an inverse semigroup action such that the associated transformation
groupoid is isomorphic to G and let S denote the unitization of the image of S in BispGq

(one can always take a wide unital inverse subsemigroup S “ S Ď BispGq). Then we have
a canonical isometric isomorphism

F S
pGq – C0pXq ¸α S.

In fact, the equality ψ “ π ¸ v yields a bijective correspondence between representations
ψ : F SpGq Ñ B in a Banach algebra B and

(1) B1-normalized covariant representations pπ, vq of α in B;
(2) B˚-normalized covariant representations pπ, vq of α in B, if pB,B˚q is a dual

Banach algebra;
(3) covariant representations pπ, vq of α on E, if B “ BpEq and E is a reflexive

Banach space.
If each Xt, t P S, is compact then the pairs pπ, vq in (1)–(3) coincide with covariant
representations pπ, vq of α in B such that vt “ πp1Xtqvt P B for all t P S.

Proof. Let ψ : F SpGq Ñ B be a representation. Then π :“ ψ|C0pXq is a representation
of C0pXq. For every t P S, the map CcpXtq Q at ÞÑ ψpatδtq P B extends to a linear
contraction C0pXtq Ñ B Ď B2. Let vt P B2 be the element associated to this map in
Lemma 5.20, where E “ B2 and E˚ “ B1. Namely, for any approximate unit tµtiui Ď

C0pXtq we have vt “ B1- limi ψpµtiδtq. Recall that we consider multiplication in B2 which is
B1-continuous in the second variable. For a P CcpXtq “ CcpXtt˚q we have paδtt˚q ˚ pµtiδtq Ñ

aδt in C0pUtq. Thus
πpaqvt “ ψpaδtt˚qB1- lim

i
ψpµtiδtq “ B1- lim

i
ψpaδtt˚ ˚ µtiδtq “ ψpaδtq.

For a P CcpXt˚q we have pµtiδtq ˚ paδt˚tq “ pαtpaqµtiqδt Ñ αtpaqδt in C0pUt˚q. Multiplication
in B2 is B1-continuous in the first variable if the second variable is in B, so

vtπpaq “ B1- lim
i
ψpµtiδt ˚ aδt˚tq “ ψ

`

αtpaqδt
˘

“ πpαtpaqqvt.

If in addition t “ e P EpSq then veπpaq “ ψpαepaqδeq “ ψpaδeq “ πpaq. If a P CcpXstq for
s, t P S then α´1

s paq “ a ˝ θs P CcpXs˚ X Xtq and therefore paδsq ˚ pµtiδtq “ apµti ˝ θs˚qδst “

αspα
´1
s paqµtiqups, tqδst Ñ aups, tqδt in C0pUstq. Thus

πpaqvsvt “ B1- lim
i
ψpaδqψpµtiδtq “ ψ

`

aδt
˘

“ π
`

a
˘

vt.

By construction vt “ B1- limi φpµtiqvtq. Hence we see that pπ, vq is a B1-normalized covariant
representation of α with ψ “ π ¸ v.

In view of Proposition 5.19, this gives (1) as a B1-normalized a covariant representation
pπ, vq of α with ψ “ π ¸ v has to be the one we constructed above. By Theorem 4.31
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this implies the isometric isomorphism F SpGq – C0pXq ¸α S. We get items (2) and (3)
from (1) by passing to an appropriate normalization as described in Proposition 4.24 and
Corollary 4.28. The last part of the assertion follows from Remark 4.20. □

Corollary 5.22. Retain the notation of Theorem 5.21 and let E be a class of Banach
spaces. Denoting by Ealg the class of all covariant representations of α in Banach algebras
BpEq, where E P E, and by Espa the class of all covariant representations of α on Banach
spaces E P E, we have an isometric isomorphism and a representation

F S
E pGq – C0pXq ¸α,Ealg S Ñ C0pXq ¸α,Espa S

(recall notation from Definition 4.29). This representation is isometric, for instance, if all
spaces in E are reflexive, or if each Xt, t P S, is compact.

Proof. Apply Theorem 5.21. □

Corollary 5.23. For any unital inverse subsemigroup S Ď BispGq covering G and any
C˚-algebra B, a homomorphism F SpGq Ñ B is contractive (i.e. is a representation) if and
only if it is ˚-preserving, and then it factors through a ˚-homomorphism C˚pGq Ñ B.

Proof. By Remark 5.9 we may assume S is wide and so Theorem 5.21 applies. Any
representation ψ : F SpGq Ñ B is ˚-preserving because any integrated representation is, by
Proposition 5.19. Conversely, if ψ is a ˚-homomorphism it is } ¨ }C˚-contractive on CcpGq

and thus it defines a representation ψ : C˚pGq Ñ B. Since ψ is the composition of the
canonical representation F SpGq Ñ C˚pGq and ψ, it is a representation itself. □

5.4. Representations on Lp-spaces

One of the distinguished features of Lp-spaces is that they allow natural construction of
regular representations. We begin with recalling these. For p, q P r1,8s writing 1

p
` 1

q
“ 1

where p “ 1 we mean that q “ 8. Recall the definitions of Hahn norms (5.1), (5.2). They
are smaller than the norm } ¨ }BispGq coming from the largest grading BispGq.

Proposition 5.24. For any p P r1,8s we have an injective } ¨ }I-contractive homomor-
phism Λp : CcpGq Ñ BpℓppGqq given by

Λppfqξpγq :“ pf ˚ ξqpγq “
ÿ

rpηq“rpγq

fpηqξpη´1γq, f P CcpGq, ξ P ℓppGq.

In fact, for any f P CcpGq and Hölder’s conjugate p, q P r1,8s we have

(5.6) }Λppfq} ď }f}
1
p

˚d ¨ }f}
1
q
˚r ď }f}I .

Moreover, }Λ1pfq} “ }f}˚d, }Λ8pfq} “ }f}˚r and }Λppfq} “ }Λqp qfq}, for all f P CcpGq.

Proof. For each γ P G, let 1γ be the characeteristic function of tγu. Then t1γuγPG
is the standard Schauder basis of ℓppGq when p ă 8. Note that for every f P CcpGq

and every γ P G we have Λppfq1dpγqpγq “ fpγq. Thus Λp is injective on CcpGq. Recall
that the norm of any linear operator T : ℓ1pGq Ñ ℓ1pGq is given by }T } “ supγPG }T1γ}
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(because }T p
ř

γPG ξpγq1γq} ď
ř

γPG |ξpγq|}T1γ} ď }ξ}1 supγPG }T1γ}). In our case, for every
f P CcpGq, we have

}Λ1pfq1γ}1 “
ÿ

dpηq“dpγq

|fpηγ´1
q|.

Therefore
}Λ1pfq} “ sup

γPG

ÿ

dpηq“dpγq

|fpηγ´1
q| “ sup

γ´1PG

ÿ

dpηq“rpγq

|fpηγq| “ sup
xPG0

ÿ

dpηq“x

|fpηq| “ }f}˚d.

It is immediate that, under that the standard isomorphism ℓppGq1 – ℓqpGq given by the
pairing xξ, ηy :“

ř

γPG ξpγqηpγq, for ξ P ℓppGq, η P ℓqpGq, we have Λppfq1 “ Λqp qfq. In
particular, we get

}Λ8pfq} “ }Λ1
p qfq

1
} “ } qf}˚d “ }f}˚r.

This proves the last part of the assertion. Now the inequality (5.6) follows from the Riesz–
Thorin interpolation theorem, see [Roy73]. □

Definition 5.25. Let p P r1,8s and we call the homomorphism Λp defined in Propo-
sition 5.24 a regular representation of G. We call the induced completion F p

r pGq :“
CcpGq

}Λpp¨q}
– ΛppCcpGqq the reduced Lp-operator algebra of G.

Remark 5.26. The above definition agrees with previous definitions of reduced Lp-
operator algebras of groupoids in [CGT24], [HO23], [GL17]. Obviously, F 2

r pGq – C˚
r pGq

is the standard reduced C˚-algebra of G.
By Proposition 5.24, the homomorphism Λp extends to a representation of FIpGq and

hence also of F pGq. In particular, the Integration-Disintegration Theorem (Theorem 5.21)
applies:

Example 5.27. Let θ̃ : BispGq Ñ PHomeopGq be the extension of the canonical action
described in Remark 1.15. The formulas

πpaqξpγq :“ aprpγqqξpγq, vUξpγq :“
#

ξpθ̃U˚pγqq, γ P r´1prpUqq,

0, otherwise,

where a P C0pXq, ξ P ℓppGq, γ P G, U P BispGq, define a covariant representation pπ, vq of
the corresponding inverse semigroup action on C0pXq on ℓppGq, and we have Λp “ π ¸ v :
CcpGq Ñ BpℓppGqq.

We now prove that not only the regular representation Λp satisfies the inequalities
(5.6) but in fact every } ¨ }S-contractive homomorphism does, independently of the choice
of inverse semigroup S Ď BispGq. This independence is crucial, as it allows one to de-
fine universal Lp-operator algebras given by generators and relations in various ways not
worrying by the underlying grading. Namely, we prove the following:

Theorem 5.28. Let S Ď BispGq be any unital inverse subsemigroup covering G, and
let ψ : F SpGq Ñ BpLppµqq be any representation on any Lp-space Lppµq. Then

}ψpfq} ď }f}
1{p
d˚

}f}
1{q
r˚

ď }f}I , f P CcpGq,
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where 1
p

` 1
q

“ 1. If p “ 8, the estimate }ψpfq} ď }f}r˚
holds also when L8pµq is replaced

by C0pΩq for a locally compact Hausdorff space Ω.
We first note that when p ă 8 we may assume that ψ is non-degenerate.
Proposition 5.29. Let p P r1,8q. For any representation ψ : F SpGq Ñ BpLppµqq

there is an isometric isomorphism Φ : ψpF SpGqqLppµq Ñ Lppµq, where µ is localizable,
and then the formula ψpfq “ Φpψpfq|

ψpFSpGqqLppµq
q, f P F SpGq, defines a non-degenerate

representation ψ : F SpGq Ñ BpLppµqq such that }ψpfq} “ }ψpfq} for all f P F SpGq.
Proof. By Lemma 5.13, F SpGq and C0pXq have a common contractive approximate

unit tµiui. In particular, ψpF SpGqqLppµq “ ψpC0pXqqLppµq and as Lppµq does not contain
an isomorphic copy of c0 (see [GT20, 2.6]) there is a norm one projection P : Lppµq Ñ

ψpC0pXqqLppµq by [GT20, Corollary 3.10]. Thus there is a measure µ, which can be
chosen to be localizable, and an isometric isomorphism Φ : ψSpF pGqqLppµq Ñ Lppµq by
[Tza69, Theorem 6]. Also for all f P F SpGq we have }ψpfq} “ }ψpfqP } because }ψpfqξ} “

limi }ψpfqψpµiqξ} “ limi }ψpfqPψpµiqξ} ď }ψpfqP }}ξ}. This implies the assertion. □

Remark 5.30. Proposition 5.29 fails when p “ 8 and X is not compact, see Corol-
lary 3.12. We do not know whether it extends to C0 or Lindenstrauss spaces.

Let f “
řn
k“1 fk, where fk P CcpUkq and Uk P BispGq for k “ 1, . . . , n. For every x P X

we obviously have

(5.7)
ÿ

dpγq“x

|fpγq| ď

n
ÿ

k“1
|fk ˝ d|

´1
Uk

pxq|,
ÿ

rpγq“x

|fpγq| ď

n
ÿ

k“1
|fk ˝ r|´1

Uk
pxq|,

and these inequalities are equalities whenever the strict supports supppfkq “ tγ P G :
fkpγq ‰ 0u are pairwise disjoint. This can be easily arranged when G is Hausdorff:

Lemma 5.31. Let f “
řn
k“1 gk, where gk P CcpUkq and Uk Ď G open subsets (not

necessarily bisections) for k “ 1, . . . , n. There are fk P CcpUkq, k “ 1, . . . , n, with pairwise
disjoint strict supports such that f “

řn
k“1 fk.

Proof. Consider the case when n “ 2. Denoting by Ki Ď Ui the compact support of
gi, we get that K1 XK2 is compact (because G is Hausdorff). Hence there is h P CcpU1 XU2q

with 0 ď h ď 1 and h|K ” 1. Putting f1 :“ g1 ` h ¨ g2 and f2 :“ p1 ´ hqg2 we get functions
fi P CcpUiq, i “ 1, 2, with disjoint strict supports such that f “ f1 ` f2. Now proceeding
by induction one gets the assertion for every n. □

When G is non-Hausdorff the above lemma is not true even if Uk’s are bisections.
Therefore the proof of [BKM25, Theorem 5.5], which is a version of Theorem 5.28 for not
necessarily Hausdorff groupoids, is slightly different than the one present below. The main
idea to circumvent the lack of Lemma 5.31 in [BKM25] was to use Borel extensions and
pass to Borel functions. Here we do not need that and our proof is simpler.

Proof of Theorem 5.28. By Remark 5.9, we may assume that S is a wide inverse
subsemigroup of BispGq. Indeed, for rS :“ tU P BispGq : U Ď V P Su, we have a canonical
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representation F
rSpGq Ñ F SpGq. Thus composing ψ with this representation, we may

replace S with rS. Let us assume it. Then by Proposition 1.20 we have G “ S ˙θ X where
θ : S Ñ PHomeopXq is the canonical inverse semigroup action. Let α : S ñ C0pXq be
the associated algebraic action. Then F SpGq – C0pXq ¸α S and ψ “ π ¸ v for a covariant
representation pπ, vq of α in BpLppµqq by Theorem 5.21. We consider the following three
cases.

(1) Assume that p ă 8 and ψpC0pXqq “ πpC0pXqq consists of multiplication operators,
i.e. we have a representation π0 : C0pXq Ñ L8pµq such that πpaqξ “ π0paq ¨ ξ for all ξ P

Lppµq, a P C0pXq. Let f “
ř

UPF fUδU P CpGq, where F Ď S is finite and fU P CcprpUqq,
see (5.5). By Lemma 5.31 we may assume that fU ’s have disjoint supports, and so that
the inequalities (5.7) become the following equalities:

(5.8)
ÿ

dpγq“x

|fpγq| “
ÿ

UPF

|fU ˝ θUpxq|,
ÿ

rpγq“x

|fpγq| “
ÿ

UPF

|fUpxq|.

Let ξ P Lppµq and η P Lqpµq. For any a P C0prpUqq we have
ş

|πpaqvUξ|pdµ “
ş

|vUπpa ˝

htqξ|pdµ ď
ş

|πpa ˝ θtqξ|pdµ because vU is contractive. Also for any a P C0pXq and any
continuous multiplicative real function φ, in particular φpxq “ |x|α, we have φ ˝ pπpaqξq “

πpφ ˝ aqpφ ˝ ξq because π can be identified with a representation C0pXq Ñ L8pµq, and
the functional calculus applies. In particular, |πpaqξ ¨ η| “ |πp|a|1{pqξ| |πp|a|1{qqη|. Using
this and applying Hölders inequality to the measure

ř

UPF µ, when p ą 1 (equivalentely
q ă 8), we get

ˇ

ˇ

ˇ

ˇ

ż

`

π ¸ vpfqξ
˘

η dµ

ˇ

ˇ

ˇ

ˇ

ď

ż

ÿ

UPF

ˇ

ˇπp|fU |
1{p

qvUξ
ˇ

ˇ

ˇ

ˇπp|fU |
1{q

qη
ˇ

ˇ dµ

ď

˜

ÿ

UPF

ż

ˇ

ˇπp|fU |
1{p

qvUξ
ˇ

ˇ

p
dµ

¸1{p˜
ÿ

UPF

ż

ˇ

ˇπp|fU |
1{q

qη
ˇ

ˇ

q
dµ

¸1{q

ď

˜

ż

π

˜

ÿ

UPF

|fU | ˝ θU

¸

|ξ|
p dµ

¸1{p˜
ż

π

˜

ÿ

UPF

|fU |

¸

|η|
q dµ

¸1{q

ď

›

›

›

›

›

ÿ

UPF

|fU ˝ θU |

›

›

›

›

›

1{p

8

}ξ}p

›

›

›

›

›

ÿ

UPF

|fU |

›

›

›

›

›

1{q

8

}η}q

(5.8)
“ }f}

1{p
˚d }f}

1{q
˚r }ξ}p }η}q.

This implies that }π ¸ vpfq} ď }f}
1{p
˚d }f}

1{q
˚r . For p “ 1 the proof is even simpler, as then

ˇ

ˇ

ˇ

ˇ

ż

π ¸ vpfqξ dµ

ˇ

ˇ

ˇ

ˇ

ď
ÿ

UPF

ż

ˇ

ˇvUπp|fU ˝θU |qξ
ˇ

ˇ dµ ď
ÿ

UPF

ż

πp|fU ˝θU |q
ˇ

ˇξ
ˇ

ˇ ď

›

›

›

›

›

ÿ

UPF

|fU | ˝ θU

›

›

›

›

›

8

}ξ}1.

(2) Assume that p “ 2. This case is reduced to the previous one by Lemma 3.14.
(3) Assume that ψ : F SpGq Ñ BpC0pΩqq and ψpC0pXqq “ πpC0pXqq consists of mul-

tiplication operators. The dual space E 1 of E :“ C0pΩq is naturally an isomorphic as a
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Banach lattice to an L1-space L1pµq. Thus the formula ψ̃pfq :“ ψp qfq1, f P CcpGqop, defines
a representation ψ̃ : F SpGqop Ñ BpE 1q with ψ̃|C0pXq positive. This representation reduces
to a representation ψ̃r on the Banach sublattice ψ̃pC0pXq`qL1pµq, which is an abstract L1-
space, and thus it is isomorphic to the Banach lattice L1pµ̃q for some localizable µ̃. Thus
ψ̃r : F SpGqop Ñ BpL1pµ̃qq becomes a non-degenerate representation. Hence ψ̃r|C0pXq acts
by multiplication operators, by Theorem 3.11. Also as in the proof of Proposition 5.29 one
gets that }ψ̃pfq} “ }ψ̃rpfq} for f P CcpGqop. In particular, }ψpfq} “ }ψ̃rp qfq} for f P CcpGq.
Therefore applying the case (1) to ψ̃r we get }ψpfq} “ }ψ̃rp qfq} ď } qf}˚r “ }f}˚d.

(4) By step (2) we may assume that p ‰ 2. If p ă 8, then using Proposition 5.29
we may assume that ψ is non-degenerate, and then by Theorem 3.11, ψ necessarily acts
by multiplication operators. Hence the assertion follows from step (1). The estimate
}ψpfq} ď }f}˚r for p “ 8 follows from the estimate }ψpfq} ď }f}˚d for p “ 1 and
Corollary 5.17. □

5.5. Full Lp-groupoid algebras and spatial covariant representations

Theorem 5.28 allows us to define full Lp-operator algebras in a number of equivalent
ways. Here we define them in a similar way as in [BKM25, Definition 5.12], we only skip
one condition required in [BKM25] to deal with the real case.

Definition 5.32. Let p P r1,8s. The full Lp-operator algebra of G is the completion
F ppGq “ CpGq

}¨}Lp in the norm }f}Lp :“ supψPR }ψpfq}, where R consists of homomor-
phisms ψ : CcpGq Ñ BpEq such that:

(R1) E “ Lppµq for some measure µ;
(R2) ψ is } ¨ }Smax-contractive for a unital inverse subsemigroup S Ď BispGq covering G;

Using our previous results we obtain the following general properties and other equiv-
alent definitions of full Lp-operator algebras of G that are summarised in Figure 1 in the
introduction.

Theorem 5.33. Let p, q P r1,8s with 1{p ` 1{q “ 1.
(1) We have F 1pGq “ F 1

r pGq “ Fd˚
pGq and F8pGq “ F8

r pGq “ Fr˚
pGq.

(2) }f}Lp ď }f}
1{p
L1 }f}

1{q
L8 ď }f}I for f P CcpGq, and so condition (R2) in Defini-

tion 5.32 can be replaced by } ¨ }I-contractiveness of ψ (which alone is stronger
than (R2)).

(3) } ¨ }L2 “ } ¨ }C˚ max is the largest C˚-norm on CcpGq, so F 2pGq “ C˚pGq.
(4) If p ă 8, the definition of } ¨ }Lp is not affected if one restricts to non-degenerate

homomorphisms or if one replaces (R2) with “ψpCcpXqq consists of multiplication
operators”.

(5) If p “ 8 condition (R1) in Definition 5.32 can be replaced by “E “ C0pΩq for
some locally compact Hausdorff space”, or even by “E is a Lindenstrauss space”.

(6) F ppGqop – F qpGq and F ppGq
anti
– F qpGq where these isometric maps are induced by

the involutionsq and ˚ on CcpGq, respectively.
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Proof. By Theorem 5.28 we have }f}Lp ď }f}
1{p
d˚

}f}1{q
r˚

ď }f}I for f P CcpGq. Applying
this to p “ 1 and p “ 8 we get }f}L1 ď }f}d˚

and }f}L8 ď }f}d˚
. On the other hand,

by Proposition 6.17 we have }f}˚d “ }Λ1pfq} ď }f}L1 and }f}˚r “ }Λ8pfq} ď }f}L8 .
This shows (1). As a consequence the estimates from Theorem 5.28 translate to (2). For
p “ 2, a homomorphism ψ : CcpGq Ñ BpL2pµqq is } ¨ }Smax-contractive if and only if it
is a ˚-homomorphism, see Corollary 5.23. Also by Lemma 3.14 we may assume that for
any such homomorphism ψpCcpXqq acts by multiplication operators, and so operators in
ψpCcpXq`q are automatically positive. This implies (3). Proposition 5.29 implies (4). Now
(5) follows from the last part of Theorem 5.28 and from Corollary 5.17. The isomorphisms
in (6) for p “ 1,8 and q “ 8, 1 follow from (1) and Proposition 6.17. Assuming p P p1,8q,
F ppGqop – F qpGq holds by Corollary 5.15. The isomorphism F ppGqop – F qpGq translates
to an anti-isomorphism F ppGq

anti
– F qpGq. □

We will combine our Integration-Disintegration Theorem, generalized Banach-Lamperti
theorem, and characterization of non-degenerate representations of C0pXq in Theorem 3.11,
to describe all non-degenerate representations of F ppGq on Lp-spaces Lppµq in terms of
spatial data, that is in terms of the measure space.

To this end, we fix until the end of this section
an inverse semigroup action α : S ñ C0pXq such that the associated
transformation groupoid is isomorphic to G.

Recall that covariant representations on spaces which were introduced in Definition 4.8.

Definition 5.34. A covariant representation pπ, vq of α on a space Lppµq, for some p P

r1,8s and a localizble measure µ, is spatial if π : C0pXq Ñ BpLppµqq acts by multiplication
operators on Lppµq and v : S Ñ SPIsopLppµqq takes values in the inverse semigroup of
spatial partial isometries, see Definition 3.24.

In the remainder whenever we write µ we mean a localizable measure.

Proposition 5.35. If p P p1,8q and pπ, vq is a covariant representation of α on Lppµq

where π is given by multiplication operators, then pπ, vq is spatial. If p P p1,8qzt2u then
every non-degenerate covariant representation pπ, vq of α on Lppµq is spatial.

Proof. Let π0 : C0pXq Ñ L8pµq be the homomorphism that satisfies πpaqξ “ π0paq ¨ξ
for ξ P Lppµq. By Lemma 4.27, for e P EpSq we have ve “ B˚- lim πpµei q, where tµeiui is an
approximate unit in C0pXeq and B˚ :“ Lqpµq pbLppµq is a predual of B :“ BpLppµqq. This
means that for all pη, ξq P Lqpµq ˆ Lppµq we have

ż

ηpveξq dµ “ lim
i

ż

ηπpµei qξ dµ “ lim
i

ż

π0pµei qpη ¨ ξq dµ.

Note that η ¨ ξ P L1pµq and every element in L1pµq can be written as the product of some
elements η P Lqpµq, ξ P Lppµq. Also L1pµq is a predual of L8pµq and so the latter is closed
under L1pµq limits. All this plus the displayed equalities imply that π0pµei q converges to
some π0p1eq P L8pµq and ve is a multiplication operator by π0p1eq (see [BKM25, Propo-
sition 5.16], for a different proof of this fact, which exploits properties of Lp-projections).
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Concluding, the projections ve, e P EpSq, are multiplication operators by characteristic
functions, and so in particular, they are hermitian operators. Hence by Theorem 3.26,
the map v takes values in SPIsopLppµqq, and so pπ, vq is spatial. The second part of the
assertion now follows from Theorem 3.11. □

Below we use the notation introduced in Subsection 3.4.

Definition 5.36. A spatial covariant triple for the action α and a localizable measure
µ is a triple pπ0,Φ, ωq where π0 : C0pXq Ñ L8pµq is a representation, Φ “ trΦssusPS Ď

PAutprΣsq is an inverse semigroup of partial set automorphisms Φs : ΣDs Ñ ΣDs˚ , Ds, Ds˚ P

Σ, s P S, satisfying rΦss ˝ rΦts “ rΦsts for s, t P S, and ω “ tωsusPS is a family (cocycle) of
partial unimodal maps ωs P UL8pµ|Ds˚ q, s P S. These must satisfy:

(1) TΦtpπ0paqq “ π0pαtpaqq for all a P C0pXt˚q, t P S;
(2) π0pµei q1D Õ 1D, for every measurable D Ď De with µpDq ă 8, positive approxi-

mate unit tµeiui Ď C0pXeq and e P EpSq;
(3) π0paqωsTΦspωtq “ π0paqωst for s, t P S, a P C0pXstq.

We say that pπ0,Φ, ωq is non-degenerate if π0pµiq1D Õ 1D, for every measurable D with
µpDq ă 8 and a positive contractive approximate unit tµiui Ď C0pXq.

Proposition 5.37. Let p P r1,8q. The assignment

πpaqξ “ π0paq ¨ ξ, vt :“ ωt

ˆ

dµ ˝ Φt˚

µ|Dt˚

˙
1
p

TΦt , a P C0pXq, ξ P Lppµq, t P S,

gives a one-to-one correspondence between spatial representations pπ, vq of α on Lppµq and
spatial covariant triples pπ0,Φ, vq for α and µ.

Proof. A representation π : C0pXq Ñ BpLppµqq acting by multiplication operators is
equivalent to a homomorphism π0 : C0pXq Ñ L8pµq. By Proposition 3.23, every map v :
S Ñ SPIsopLppµqq is given by vt “ ωtp

dµ˝Φ˚

dµ|DΦ˚

q
1
pTΦt , t P S, where Φ “ trΦssusPS Ď PAutprΣsq

and ωt P UL8pµ|Dt˚ q, t P S. The final statement of Proposition 3.23 (and uniqueness of
the presentation in the Banach–Lamperti theorem, cf. the last part of Theorem 2.37)
tells us that πpaqvsvt “ πpaqvst holds for all s, t P S, a P C0pXstq if and only if (3) in
Definition 5.36 holds and Φ “ trΦssusPS Ď PAutprΣsq is an inverse semigroup. Condition
(2) in Definition 5.36 is equivalent to the equality πpC0pXeqqLppµq “ Lppµ|Deq for all e P

EpSq. Assuming this, condition (1) in Definition 5.36 is equivalent to vtπpaqvt˚ “ πpαtpaqq

for all a P C0pXt˚q, t P S. This gives the assertion. □

Theorem 5.38. Let G be a groupoid and let α be an inverse semigroup action whose
transformation groupoid can be identified with G.

(1) For each p P r1,8s there is an isometric representation π¸ v : F ppGq Ñ BpLppµqq

where pπ, vq is a spatial covariant representation of α on Lppµq. If p ă 8 or when
X is compact, then π can be chosen to be non-degenerate.

(2) For p P p1,8qzt2u every non-degenerate representation of F ppGq on Lppµq, where
µ is localizable, is of the form π ¸ v for a spatial covariant representation pπ, vq

82



of α. This gives a bijective correspondence between such representations of F ppGq

on Lppµq and spatial covariant triples for α and µ.
(3) For any p, p1 P p1,8qzt2u we have a bijective correspondence between representa-

tions of F ppGq and F p1

pGq on Lp and Lp1-spaces, respectively. This correspondence
matches πp : F ppGq Ñ BpLppµqq and πp1 : F p1

pGq Ñ BpLp
1

pµqq, given by

πppatδtq “ π0patqωt

˜

dµ ˝ Φt˚

dµ|DΦ
t˚

¸
1
p

TΦt , πp1patδtq “ π0patqωt

˜

dµ ˝ Φt˚

dµ|DΦ
t˚

¸
1
p1

TΦt ,

where at P CcpXtq, t P S, and pπ0,Φ, ωq is a non-degenerate spatial covariant triple
for α and a localizable µ.

If the domains of the S-action are compact open, then items (2) and (3) are valid for all
p, p1 P r1,8szt2u.

Proof. (1). For p P t1,8u, the assertion follows from Theorem 5.33(1). For p P r1,8q,
Theorem 5.33(4) implies that for each a P F ppGq and k P N there is a non-degenerate rep-
resentation ψa,k : F ppGq Ñ BpLppµa,kqq such that ψa,kpC0pXqq consists of multiplication
operators and }a}F ppGq ď }ψa,kpaq} ` 1{k. Thus the ℓp-direct sum of tψa,kuaPF ppGq,kPN is an
isometric non-degenerate representation ψ of F ppGq where ψpC0pXqq consists of multipli-
cation operators. Disintegrating ψ and applying Proposition 5.35 we get that ψ “ π ¸ v
where pπ, vq is a spatial covariant representation of α.

(2). If p P p1,8q, Theorem 5.21(3) implies that every representation of F ppGq on Lppµq

is of the form π ¸ v for a covariant representation pπ, vq on the space Lppµq (the same
holds also for p “ 1,8 if the domains of the action are compact open). If p ‰ 2 and the
representation is non-degenerate then Theorem 3.11 tells us that π acts by multiplication
operators. Then pπ, vq is necessarily spatial by Proposition 5.35, and so it is given by
a spatial covariant triple by Proposition 5.37. This proves (2). Item (3) now follows
readily. □

Remark 5.39. The above natural correspondence between representations might seem
a bit striking, as for instance, the example of Lp-Cuntz algebras or more generally every
simple purely infinite graph Lp-operator algebra, see [CMR25], shows that it may happen
that there are no non-zero continuous homomorphisms between F ppGq and F p1

pGq for
p ‰ p1.
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CHAPTER 6

Reduced groupoid Banach algebras and topological freeness

In the previous chapter we introduced and studied representations of Banach algebra
completions of the groupoid convolution algebra, which were graded by some inverse semi-
group of bisections. In this chapter we will say more about the internal structure of the
corresponding completions. The main new ingredient that we add to our analysis is the
restriction map

(6.1) EX : CcpGq Ñ CcpXq Ď CcpGq, EXpfq :“ f |X , f P CcpGq.

Here G is a Hausdorff étale groupoid with the unit space X. Recall that for Hausdorff
G the unit space X is not only open but also closed in G, see Lemma 1.21. Therefore,
the restricted map f |X is not only continuous but also has a compact support, i.e the
map EX is well defined. We will consider completions of CcpGq for which the map EX
extends to contractive projection. In the C˚-algebra setting such projections are called
conditional expectations. This will allow us to define reduced groupoid Banach algebras
and say something about their ideal structure.

The content of this chapter is based on the results of [BKM26]. The presentation here
is more accessible because we do not need the whole machinery of functions with meager
support and essential quotients developed in [BKM26] for non-Hausdorff groupoids (not
mentioning twists). We focus here mainly on the role of topological freeness and ideal
structure. The reader interested only in Banach algebra crossed products is referred to
[BK24], which was the main source of inspiration for what we present here in the Hausdorff
étale groupoid setting.

In addition, we finish this chapter with completely new applications to algebras asso-
ciated to Renault-Deaconu groupoids in Section 6.3. In particular, we generalize some of
the results of [BKL24] from C˚-algebras to Lp-operator algebras. As a corollary we get
Cuntz-Krieger uniqueness theorem for simple Lp-operator graph algebras in Section 6.49,
which improves upon results of [CoR19], [CMR25].

6.1. Groupoid Banach algebras

Let us start by defining the class of completions of CcpGq we want to study.

Definition 6.1. Let }¨}R be a submultiplicative norm on CcpGq. We say that FRpGq :“
CcpGq

}¨}R is a groupoid Banach algebra of G if

}f |X}8 “ }f |X}R ď }f}R for all f P CcpGq.
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Equivalently, C0pXq isometrically embeds into FRpGq and the projection (6.1) extends to
the contraction ER

X : FRpGq Ñ C0pXq Ď FRpGq. If this holds, we say that
(1) FRpGq is a reduced groupoid Banach algebra if in addition ER

X is faithful in the
sense that the only (closed two-sided) ideal of FRpGq contained in kerER

X is t0u.
(2) FRpGq is an S-graded groupoid Banach algebra if we have }a}R ď }a}8 for every

a P CcpUq and U P S, where S Ď BispGq is a unital inverse semigroup covering G.

Remark 6.2. For any unital inverse subsemigroup S Ď BispGq covering G, the univer-
sal S-graded Banach algebra F SpGq, see Definition 5.8, is an S-graded groupoid Banach
algebra, and it is indeed universal in the sense that for any S-graded groupoid Banach
algebra FRpGq we have a canonical representation F SpGq Ñ FRpGq.

Remark 6.3. For any p P r1,8s the Lp-operator algebras F ppGq and F p
r pGq are

groupoid Banach algebras and F p
r pGq is reduced, cf. Proposition 6.17 below. By Theo-

rem 5.33(2) (or in fact Theorem 5.28), these algebras are BispGq-graded. As we explain
below, see Corollary 6.13, there is a unique C˚-norm } ¨ }C˚

r on CcpGq yielding a reduced
Banach algebra, and then this algebra coincides with the standard reduced C˚-algebra
C˚

r pGq of G. The full C˚-algebra C˚pGq, which is a completion of CcpGq in the maximal
C˚-norm } ¨ }C˚ max, is a groupoid Banach algebra of G. Thus a C˚-norm } ¨ }R on CcpGq

yields a groupoid Banach algebra if and only if it satisfies } ¨ }C˚
r ď } ¨ }R ď } ¨ }C˚ max.

Obviously, not every completion (not even every C˚-completion) of CcpGq gives a
groupoid Banach algebra in the sense of Definition 6.1. Here is the standard example.

Example 6.4 (C˚-norms on the group algebra of Z). Let G “ Z. Then
CcpGq “ CcpZq – CrZs “ spantanδn : n P Z, an P Cu

and X “ t0u. If R is the class of all representations of CcpZq on a Hilbert space H,
then FRpZq “ C˚pZq is the group C˚-algebra of Z and this is known that C˚pZq – CpTq,
see [BO08, Example 2.5.1], where isomorphism is given by the Fourier transform. Since
C˚pTq is universal for representations of Z, any C˚-completion A of CcpZq is a quotient of
C˚pTq. Hence it is of the form A “ CpY q for a closed subset Y Ď T. More explicitly, every
C˚-seminorm on CcpZq if of the form } ¨ }Y where Y Ď T is a closed set and

}f}Y “ sup
zPY

|
ÿ

nPZ
anz

n
|, f P CcpZq.

This seminorm is a norm if and only if Y is infinite, and then CcpZq
}¨}Y

– CpY q. The
inequality |fp0q| ď }f}Y holds for all f P CcpZq if and only if Y “ T. Therefore amongst
uncountably many C˚-completions of CcpZq there is only one such that the restriction
EXpfq “ f |X extends to a contraction ER

X : C˚pZq Ñ C0pXq. The uniqueness of such a
norm is in fact a consequence of amenability of Z.

We make some preparations to reveal more structure in groupoid Banach algebras.
Firstly, for any U P BispGq we define the restriction

EUpfq :“ f |U , f P CcpGq.

86



This gives a linear map EU : CcpGq Ñ CbpUq with values in CbpUq rather than CcpUq as
U need not to be closed. Hence unlike the projection EX : CcpGq Ñ CcpXq, in general we
cannot treat EU as a projection. However, we may consider a smaller domain for EU .

Lemma 6.5. For any U P BispGq we have CcprpUqq ˚ CcpGq “ Ccpr
´1prpUqqq and EU

restricted to this subspace of CcpGq is a projection onto CcpUq. Moreover, there is a norm
one function b P CcpU

˚q such that pb ˚ fq|X “ f ˝ d|
´1
U .

Proof. If a P CcprpUqq and f P CcpGq, then a ˚ fpγq “ aprpγqqfpγq and so
supppa ˚ fq “ r´1

psupppaqq X supppfq Ď r´1
prpUqq.

Thus a ˚ f P Ccpr
´1prpUqqq. Conversely, for every f P Ccpr

´1prpUqqq rpsupppfqq is a
compact subset of rpUq. Thus, there is a P CcprpUqq such that 0 ď a ď 1 and a|rpsupppfqq ”

1. Then f “ a ˚ f P CcprpUqq ˚ CcpGq and
supppfq X U Ď r´1

psupppaqq X U “ r´1
|Upsupppaqq Ď U,

so EUpfq “ f |U has a compact support. Moreover, putting b :“ a ˝ d P CcpU
˚q we get

pb ˚ fqpxq “
ÿ

γη“x

bpγqfpηq “
ÿ

ηPd´1pxq

bpη´1
qfpηq “

#

fpd|
´1
U pηqq x P dpUq

0 x R dpUq
“ f ˝ d|

´1
U pxq.

This proves the assertion. □

The above lemma says that EU : CcprpUqq ˚CcpGq Ñ CcpUq is a well defined projection
onto the subspace CcpUq Ď CcprpUqq ˚ CcpGq. Letting ΦU : CcpUq

–
ÝÑ CcprpUqq be the

isomorphim given by the composition with the homeomorphism r|´1
U : rpUq Ñ U we may

consider the map
ΦU ˝ EU : CcprpUqq ˚ CcpGq Ñ CcprpUqq Ď CcpXq.

The second part of Lemma 6.5, says that for any f P CcprpUqq ˚ CcpGq there is b P CcpU
˚q

such that EXpb ˚ fq “ ΦUpEUpfqq. Thus we may recover EU from EX multiplying by an
approximate unit in CcpUq.

Example 6.6. Let G – G ˆ X be the transformation groupoid for a group action
θ : G Ñ HomeopXq, see Examples 1.17, 5.10. Recall that G Q g ÞÑ Ug :“ tgu ˆX P BispGq

is an embedding of the group G into the inverse semigroup BispGq. Moreover, we may view
CcpG ˆ Xq as CcpG,CcpXqq. Then for any g P G the evaluation

Egpaq :“ apgq, a P CcpG,CcpXqq – CpGq,

is a map Eg : CcpG,CcpXqq Ñ CcpXq that coincides with ΦUg ˝ EUg .

We now show that maps EU extend to contractive maps on every groupoid Banach
algebra FRpGq and in fact we have a natural contractive map FRpGq Ñ C0pGq. Moreover,
this map is injective if and only if FRpGq is reduced. Thus elements in reduced Banach
algebra may be naturally treated as functions on G. We will formulate this proposition
starting with a seminorm on CcpGq, as this will be usefull in the sequel.
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Proposition 6.7. Let FRpGq be a Hausdorff completion of CcpGq in a submultiplica-
tive seminorm } ¨ }R. Assume that the canonical homomorphism iR : CcpGq Ñ FRpGq is
isometric on C0pXq. The following conditions are equivalent

(1) }f |X}8 ď }iRpfq}R for all f P CcpGq;
(2) FRpGq is a groupoid Banach algebra of G (in particular iR is injective);
(3) FRpGq is a completion of CcpGq and for any U P BispGq there is a contractive

linear map ER
U : FRpGq Ñ CbpUq that extends EU : CcpGq Ñ CbpUq;

(4) FRpGq is a completion of CcpGq such that the inclusion CcpGq Ď C0pGq extends to
a contractive map jR : FRpGq Ñ C0pGq.

Assume the above equivalent conditions. For each U P BispGq, ER
U is a C0pXq-module map

given by ER
U pfq “ jRpfq|U , f P FRpGq, jR is homomorphism and for any family S Ď BispGq

that covers G we have
ker jR “

č

UPS

kerER
U “ tf P FRpGq : ER

U pafq “ 0 for all a P CcprpUqq, U P Su.

Moreover, ker jR is the largest ideal in FRpGq contained in kerER
X .

Proof. (4) implies (3) by putting ER
U pfq :“ jRpfq|U for f P FRpGq and U P BispGq.

(3) implies (2) because X P BispGq. (2)ñ(1) is trivial. Assume (1). We need to show (4).
For any U P BispGq and f P CcprpUqGq, taking b as in Lemma 6.5 we get

}f |U}8 “ }f ˝ s|´1
U }8 “ }pb ˚ fq|X}8 “ }ER

X pb ˚ fq}8 ď }iRpb ˚ fq}R ď }iRpfq}R.

Thus there is a linear contractive map ER
U : C0prpUqqFRpGq Ñ C0pUq with ER

U piRpfqq “

f |U for f P CcprpUqGq. Let f P CcpGq. For any ε ą 0 there is γ P G such that }f}8 ´ ε ă

|fpγq|. Take U P BispGq with γ P U and norm one a P CcprpUqq with aprpγqq “ 1. Then
|fpγq| “ |pa ˚ fqpγq| “ |ER

U piRpa ˚ fqqpγq| ď }ER
U piRpa ˚ fqq}8 ď }iRpa ˚ fq}R ď }iRpfq}R.

This implies that }f}8 ď }iRpfq}R, which in turn implies (4). Thus (1)–(4) are equivalent.
Now assume that (1)–(4) hold. To show that jR is a CcpGq-bimodule map fix f P

FRpGq and g P CcpGq. Pick tfnu8
n“1 Ď CcpGq converging to f in } ¨ }R. Then tfnu8

n“1
converges to jRpfq in } ¨ }8 by continuity of jR. Thus g ˚ jRpfq “ limnÑ8 g ˚ fn “

limnÑ8 jRpgfnq “ jRpgfq. Symmetric considerations give jRpfgq “ jRpfq ˚ g. This in
particular implies that ker jR is an ideal in FRpGq and that ER

U is a C0pXq-module map,
for any U P BispGq. For any S Ď BispGq covering G, the equality ker jR “

Ş

UPS kerER
U is

clear as ER
U is the restriction of jR to U . Since ER

U is a continuous C0pXq-module map, we
also get kerER

U “ tf P FRpGq : ER
U pafq “ 0 for all a P CcprpUqq, U P Su. This proves the

displayed equalities.
Finally assume that I is an ideal in FRpGq contained in kerER

X , and let f P I. For every
U P BispGq and a P CcprpUqq, Lemma 6.5 applied to a ˚ jRpfq “ jRpafq P CcprpUqq ˚C0pGq

gives b P CcpU
˚q such that }ER

X pbafq}8 “ }ER
U pafq}8. Since baf P I we have ER

U pafq “ 0
and therefore f P kerpjRq by the above description of kerpjRq. Hence I Ď kerpjRq. □

Remark 6.8. The contractive map jR : FRpGq Ñ C0pGq, as in Proposition 6.7(4), in
the context of C˚-algebras is often called Renault’s j-map, and it is well known that it
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is injective on the reduced groupoid C˚-algebra, cf. [Ren80, Proposition II.4.2], [BFPR,
Proposition 2.8], [KM21, Proposition 7.10] and [DWZ22]. In our more general context,
we will refer to it as the j-map for FRpGq.

Remark 6.9. In view of Proposition 6.7 we see that a reduced groupoid Banach algebra
of G is a Banach algebra FRpGq completion of CcpGq such that the inclusion CcpGq Ď

C0pGq extends to an injective contraction jR : FRpGq Ñ C0pGq which is isometric on
C0pXq. Equivalently, a groupoid Banach algebra FRpGq is reduced if, fixing any S Ď

BispGq covering G, every f P FRpGq is uniquely determined by elements tER
U pfquUPS where

ER
U : FRpGq Ñ CbpUq is a contraction that extends EU , U P S. In fact, by the displayed

equality in Proposition 6.7, elements in FRpGq are determined by the restricted maps
ER
U : C0prpUqqFRpGq Ñ C0pUq that take values in C0pUq rather than CbpUq, U P S,

see Lemma 6.5. Thus apealing to Example 6.6, we see that the maps ER
U generalize

the Fourier decomposition maps considered in [BK24, Definition 4.4] for Banach algebra
crossed products. In particular, our notion of a reduced algebra is consistent with the
definition of a reduced Banach algebra crossed product from [BK24], and a reduced group
algebra from [Phi19].

Corollary 6.10. Let FRpGq be a groupoid Banach algebra. For any representation
ψ : FRpGq Ñ B such that }f |X}8 ď }ψpfq} for f P CcpGq, we have kerψ Ď ker jR, and ψ
is necessarily injective on space CcpGq. If FRpGq is reduced then ψ as above is necessarily
injective on FRpGq.

Proof. Define a seminorm on CcpGq by the formula }f}ψ :“ }ψpfq}, f P CcpGq and
put FψpGq :“ CcpGq

}¨. Then for any f P CcpXq we have }f}8 “ }f |X}8 ď }ψpfq} ď

}f}R “ }f}8 and thus C0pXq embeds isometrically in FψpGq. Moreover, the canonical ho-
momorphism iψ : CcpGq Ñ FψpGq coincides with ψ|CcpGq so condition (1) of Proposition 6.7
holds. Hence, FψpGq is a groupoid Banach algebra. Therefore, there exists the contractive
homomorphism jψ : Fψ Ñ C0pGq such that the following diagram commutes

CcpGq FRpGq C0pGq

CcpGq FψpGq C0pGq

iR

id

jR

ψ id

iψ jψ

.

Hence, jR “ jψ ˝ψ and so kerψ Ď ker jR. Moreover, by (2) of Proposition 6.7, ψ|CcpGq “ iψ
is injective. If FRpGq is reduced then ker jR “ t0u and so kerψ “ t0u, that is ψ is injective
on FRpGq. □

Corollary 6.11. For any groupoid Banach algebra FRpGq the quotient Banach algebra
FR,rpGq :“ FRpGq{ ker jR is naturally a reduced groupoid Banach algebra of G.

Proof. The contraction jR : FRpGq Ñ C0pGq factors to an injective contraction jr
R :

FR,rpG,Lq Ñ C0pGq. Since ker jR X CcpGq “ t0u we may view FR,rpGq as a completion
of CcpGq. Since the quotient map qR : FRpGq Ñ FR,rpGq is injective and contractive
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on C0pXq, it is isometric on C0pXq, by minimality of the C˚-norm. Therefore, FR,rpGq

is a groupoid Banach algebra and jrR is a j-map for FR,rpGq. Let J Ÿ FR,rpGq with
J Ď kerER,r

X . Then q´1
R pJq Ď kerER

X . Since ker JR is the largest ideal in cointained in
kerER

X we have q´1
R pJq Ď ker jR and then J “ t0u. Hence FR,rpGq is a reduced groupoid

Banach algebra. □

Remark 6.12. If FRpGq is a groupoid Banach ˚-algebra meaning that the involution
on CcpGq is isometric in } ¨ }R, then the map jR is ˚-preserving and both the ideal ker jR
and the quotient reduced algebra FR,rpGq “ FRpGq{ ker jR are Banach ˚-algebras.

Corollary 6.13. A C˚-completion FRpGq of the ˚-algebra CcpGq is a groupoid Banach
algebra if and only if there is a canonical ˚-homomorphism FRpGq ↠ C˚

r pGq, and then
FRpGq is reduced if and only if FRpGq “ C˚

r pGq.
Proof. Assume first that the C˚-algebra FRpGq is a reduced groupoid Banach algebra

of G. Then we have natural ˚-epimorphisms ψ : C˚pGq ↠ FRpGq, Λ : C˚pGq ↠ C˚
r pGq and

faithful conditional expectations ER : FRpGq ↠ C0pXq, Er : C˚
r pGq ↠ C0pXq such that

the following diagram commutes

C˚pGq C˚
r pGq

FRpGq C0pXq

Λ

ψ Er

ER

.

Since ψpker Λq Ÿ FRpGq and Λpkerψq Ÿ C˚
r pGq, we conclude that kerψ “ ker Λ. This

implies that FRpGq “ C˚
r pGq as they are both completions in the norm coming from

C˚pGq{ kerψ “ C˚pGq{ ker Λ. The characterization of general groupoid Banach algebras
which are C˚-algebras follows now from Corollary 6.11. □

The following lemma generalizes [BK24, Lemma 4.10]. It allows us to produce (re-
duced) groupoid Banach algebras and ˚-Banach algebras from other (reduced) groupoid
Banach algebras.

Lemma 6.14. Let }¨}R and }¨}Ri
, i P I, be norms on CcpGq that define groupoid Banach

algebras FRpGq and FRi
pGq, i P I, for G. Then the formulas

(6.2) }f}R˚ :“ }f˚
}R, }f}tRiui :“ sup

iPI
}f}Ri

, f P CcpGq,

define norms that yield groupoid Banach algebras FR˚pGq, FtRiuipGq for G, provided }¨}tRiui

is finite. In particular, the norm }f}R,˚ :“ maxt}f}R, }f
˚}Ru defines a groupoid algebra

FR,˚pGq which is a Banach ˚-algebra. Moreover, FR˚pGq and FR,˚pGq are reduced when
FRpGq is; and FtRiuipGq is reduced if and only if all FRi

pGq, i P I, are reduced.
Proof. The involution on CcpGq extends to an antimultiplicative antilinear isometry

from FR˚pGq onto FRpGq. In particular, }f |X}8 “ }f˚|X}8 ď }f˚}R “ }f}R˚ for f P CcpGq.
Hence FR˚pGq is a groupoid Banach algebra. Moreover, jR˚pfq “ jRpf˚q˚ for f P FR˚pGq.
Thus jR˚ is injective if and only if jR is injective. Equivalently, FR˚pGq is reduced if and
only FRpGq is reduced.
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Assume that } ¨ }tRiui attains finite values. Clearly, it is a submultiplicative norm
on CcpGq, which coincides with } ¨ }8 on CcpXq and }f}8 ď }f}tRiui for f P CcpGq, as
this holds for every } ¨ }Ri

, i P I. Thus FtRiuipGq is a groupoid Banach algebra, and
we have a canonical contraction jtRiui : FtRiui

pGq Ñ C0pGq. Note that πpaq :“
ś

iPI a,
for a P CcpGq, determines an isometric embedding of FtRiui

pGq into the direct product
ś

iPI FRi
pGq. Moreover,

ś

iPI jtRiui “
ś

iPI jRi
˝ π, as maps from FtRiui

pGq to
ś

iPI C0pG, q.
Hence jtRiui is injective if all jRi

, i P I, are injective. That is, FtRiui
pGq is reduced if all

FRi
pGq, i P I, are reduced. □

Remark 6.15. Let FRpGq be a groupoid Banach algebra which in addition is S-graded
by some unital inverse subsemigroup S Ď BispGq which covers G, see Definition 6.1(2). By
Proposition 6.7(3), the spaces C0pUq, U P S, forming the grading, embed isometrically into
FRpGq. Also then the algebras FR˚pGq and FR,˚pGq are S-graded, and if FRi

pGq, i P I, are
all S-graded groupoid Banach algebras, then also FR˚pGq is S-graded.

Inspired by [BK24, Definition 4.12] we now generalize Lp-groupoid operator algebras
to LP -operator algebras where P Ď r1,8s is a set of Hölder exponents.

Definition 6.16. For any non-empty P Ď r1,8s we put

F P
pGq :“ CcpGq

}¨}
LP and F P

r pGq :“ CcpGq
}¨}
LP ,r ,

where }f}LP :“ suppPP }f}Lp and }f}LP ,r :“ suppPP }f}Lp,r, f P CcpGq. We denote by
ΛP : F P pGq Ñ F P

r pGq the canonical representation (which is the identity on CcpGq).

Proposition 6.17. For any non-empty P Ď r1,8s, F P
r pGq is a reduced groupoid Ba-

nach algebra which is BispGq-graded, and the corresponding j-map jr
P : F P

r pGq Ñ C0pGq

turns the product in F P
r pGq into the convolution:

(6.3) jr
P pf ¨ gqpγq “

ÿ

rpηq“rpγq

jr
P pfqpηq ¨ jr

P pgqpη´1γq, f, g P F P
r pGq,

and it preserves the involution in the sense that jr
P pfq˚ “ jr

P˚pf˚q, f P F P
r pGq, where

P ˚ :“ tq : 1{p ` 1{q “ 1, p P P u. In particular, F P pGq is a groupoid Banach algebra with
the j-map jP :“ jr

P ˝ ΛP and so ker jP “ ker ΛP .

Proof. By Lemma 6.14 it suffices to consider the case when P “ tpu is a singleton (in
particular, jr

P “
ś

pPP j
r
p ˝ π, where π : F P

r pGq Ñ
ś

pPP F
p
r pGq is given by πpaq :“

ś

pPP a,
for a P CcpGq). For each γ P G choose a norm one element 1γ P Lγ and treat it as a section of
L which is zero at η ‰ γ. Then t1γuγPG is a Schauder basis for ℓppGq and for any f P CcpGq

we have }f |X}8 ď }f}8 “ supγPG |pf1dpγqqpγq| ď supγPG }f1dpγq}p ď }f}Lp,r. Thus F p
r pGq

is a groupoid Banach algebra and we have a contractive linear map jr
p : F p

r pGq Ñ C0pGq

extending the inclusion CcpGq Ď C0pGq. Clearly for every γ P G and any f P CcpGq we have

(6.4) |jr
ppfqpγq| :“ |

`

f1dpγq

˘

pγq| and }f1γ}p “

˜

ÿ

dpηq“dpγq

|jr
ppfqpηγ´1

q|
p

¸1{p

.
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By continuity these relations hold for any f P F p
r pGq. The second formula in (6.4) implies

that jr
p is injective on F p

r pGq and hence F p
r pGq is a reduced groupoid Banach algebra.

Since ˚ yields the isometry F p
r pGq

anti
– F q

r pGq, where 1{p`1{q “ 1, we get jr
ppfq˚ “ jr

qpf
˚q,

f P F p
r pGq. Now we prove (6.3), with P “ tpu. Fix f, g P F p

r pGq and take nets pfiq, pgjq
in CcpGq converging to f, g in the norm of F p

r pGq. Using Hölders inequality, (6.4) and the
isometry F p

r pGq
anti
– F q

r pGq, for any γ P G we get
ÿ

rpηq“rpγq

ˇ

ˇjr
ppfi ´ fqpηq ¨ jr

ppgjqpη´1γq
ˇ

ˇ ď }pfi ´ fq
˚1rpγq}q}gj1γ}p ď }pfi ´ fq

˚
}
Lq,r}gj}Lp,r

“ }fi ´ f}Lp,r}gj}Lp,r.

Similarly we get
ř

rpηq“rpγq
|jr
ppfqpηq ¨ jr

ppgj ´ gqpη´1γq| ď }f}Lp,r}gj ´ g}Lp,r. Altogether,
since jr

ppfi ¨ gjq “ fi ˚ gj, this implies that
ˇ

ˇ

ˇ

ˇ

ˇ

jr
ppfi ¨ gjqpγq ´

ÿ

rpηq“rpγq

jppfqpηq ¨ jppgqpη´1γq

ˇ

ˇ

ˇ

ˇ

ˇ

ď }fi ´ f}Lp,r}gj}Lp,r ` }f}Lp,r}gj ´ g}Lp,r

tends to zero, which proves (6.3), as jr
ppfi ¨ gjqpγq tends to jr

ppf ¨ gqpγq. □

Remark 6.18. If P “ P ˚, then F P pGq and F P
r pGq are Banach ˚-algebras and ΛP is

a ˚-homomorphism, cf. [BKM25, Theorem 5.6(4)]. For P “ tp, qu with 1{p ` 1{q “ 1,
the Banach ˚-algebras F P

r pGq are sometimes called symmetrized pseudofunction algebras.
They were studied in [AO22] and in the group case in [Elk24], [LY17],[Phi19]. For any
P Ď r1,8s, by Theorem 5.33(1)(2), we have

t1,8u Ď P ùñ F P
pGq “ F P

r pGq “ FIpGq,

In particular, FIpGq is a reduced groupoid Banach algebra. Also by Theorem 5.33(1), we
always have F P pGq “ F P

r pGq if P Ď t1,8u. Thus [GL17, Theorem 6.19] implies that if G
is second countable and amenable, then F P pGq “ F P

r pGq for every P Ď r1,8s.

6.2. Topological freeness and intersection properties

A discrete group action θ : G Ñ HomeopXq on a locally compact Hausdorff space X is
called topologically free if for every g P Gzt1u the set of fixed points tx P X : θgpxq “ xu

has empty interior. This is a standard and well known condition that appears already in
[ZM68, Proposition 4.14] where it was used to characterize when C0pXq is maximal abelian
subalgebra of the reduced C˚-algebraic crossed product C0pXq ¸r G. Topological freeness
was mostly popularized by the results of Kawamura-Tomiyama [KT90] and Archbold-
Spielberg [AS93] which related it to (generalized) intersection property for the inclusion
C0pXq Ď C0pXq ¸r G. The name topological freeness was probably coined by Tomiyama,
see [Tom92, Definition 2.1(c)]

Topological freeness for étale groupoids was introduced in [KM21, Definition 2.20].
Since we assume that G is Hausdorff, topological freeness coincides with effectiveness, which
is a more popular condition, cf., for instance,[Ren08], [BCFS14], [CGT24]. Nevertheless,
we will keep on using the name topological freeness, to underline the connection to the
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aforementioned condition for group actions, and also because that for non-Hausdorff étale
groupoids topological freeness is weaker and better condition than effectiveness.

Definition 6.19. For groupoid G we put IsopGq :“
Ť

xPX Gpxq, where Gpxq :“ r´1pxqX

d´1pxq denotes the isotropy group over x. An étale groupoid G is topologically free if there
is no non-empty open set V Ď GzX with r|V “ d|V , equivalently the set IsopGqzX has
empty interior in G.

Remark 6.20. Recall that any bisection V P BispGq induces the partial homeomor-
phism θV “ r ˝ d|

´1
V : dpV q Ñ rpV q of X. The groupoid G is topologically free if and only

if for every bisection V Ď GzX, the set tx P X : Gpxq X V ‰ Hu “ tx P dpV q : θV pxq “ xu

has empty interior in X. In particular, we see that if G “ G ˆ X is the transformation
groupoid for a group action θ : G Ñ HomeopXq, then G is topologically free if and only if
the group action is topologically free.

Remark 6.21. An étale groupoid G is effective if for any open V Ď G with r|V “ d|V
we have V Ď X, equivalently interior of IsopGq is X. Thus clearly, effectiveness implies
topological freeness. Since we assume that G is Hausdorff, equivalently X is clopen, the
converse holds. Hence in this thesis, G is effective if and only if it is topologically free.

Remark 6.22. An étale groupoid G is topologically principle if the set of point with
nontrivial isotoropy tx P X : Gpxq ‰ txuu has empty interior. It implies topological
freeness. Moreover, if G is covered by a countable family of bisections (so e.g. when G is
second countable or more generally σ-compact), then using that G is a Baire space we get
that G is topologically free if and only if G is topologicall principle.

We say that a subalgebra A of an algebra B is maximal abelian if it is maximal element
amongst all commutative subalgebras of B partially ordered by inclusion.

Proposition 6.23. The following conditions are equivalent
(1) G is topologically free;
(2) C0pXq is maximal abelian in every reduced groupoid Banach algebra FRpGq;
(3) C0pXq is maximal abelian in some reduced groupoid Banach algebra FRpGq.

Proof. (1)ñ(2). Assume that G is not topologically free and take non-empty open
V Ď GzX with r|V “ d|V . Then every b P CcpV q commutes with C0pXq. Hence C0pXq is
not maximal abelian if FRpGq. Implication (2)ñ(3) is trivial.

(3)ñ(1). Let FRpGq be a reduced groupoid Banach algebra and assume that there is
b P FRpGqzC0pXq which commutes with all elements of C0pXq. Since jR : FRpGq Ñ C0pGq

is injective and ER
X pbq “ jRpbq|X P C0pXq, we get that c “ b´ER

X pbq P FRpGqzC0pXq com-
mutes with all elements in C0pXq and supppjRpcqq has non-empty interior and is contained
in GzX. Thus there is a non-empty open bisection V Ď supppjRpcqq Ď GzX. For each
a P CcpV q we have ajRpcq “ jRpacq “ jRpcaq “ jRpcqa. This implies that rV “ dV . Hence
G is not topologically free. □

The following lemma is the technical heart of our simplicity criteria that we discuss
in the sequel. It is a groupoid version of [BK24, Lemma 5.3] and a simplifed version of
[BKM26, Lemma 5.8].
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Lemma 6.24 (pinching property). If G is topologically free, then for any f P CcpGq and
ε ą 0 there are norm-one functions a, b P C0pXq such that a ¨ f |X ¨ b P C0pXq`,

}f |X} ď }af |Xb} ` ε and }afb ´ paf |Xbq}max ď ε.

Proof. Let f P CcpGq. Then f “
ř

V PF fV δV where F Ď BispGq is finite. Let ε ą 0
and take an open set W Ď X such that }f |X} ă |fpxq| ` ε for x P W .

Note that we may assume that f |X ‰ 0 and consider only ε ă }f |X}, so that f ‰ 0
on W . Each V P F decomposes into a disjoint union of two open bisections V X X Ď X
and VX :“ V zX Ď GzX. By topological freeness and [KM21, Proposition 2.24], see also
[ELQ02, Lemma 2.2], the finite union

R :“
ď

V PF

tx P dpVXq : hVX pxq “ xu

has empty interior. Thus there is x0 P W zR. We claim that for each V P F there is a
function aV P C0pXq` such that }aV } “ aV px0q “ 1 and
(6.5) |aV pxq ¨ fV pxq ¨ aV ph´1

V pxqq| ď ε{|F | for all x P rpVXq.

Only the following three cases are possible:
1) If x0 P V X X, then any aV P C0pV X Xq` with }aV } “ aV px0q “ 1 will do, because

rpVXq X pV X Xq “ H and so aV ¨ fV “ 0 on rpVXq.
2) If x0 P XzrpV q, then fV px0q “ 0 so there is a neighobourhood D Ď X of x0 where

|fV | ď ε{|F |, and then it suffices to take any aV P C0pDq` with }aV } “ aV px0q “ 1.
3) If x0 P rpV qzV X X, then x0 P rpVXq. Since x0 R R, there is a neighobourhood

D Ď rpVXq of x0 such that h´1
V pDq X D “ H. Then we may take any aV P C0pDq` with

}aV } “ aV px0q “ 1.
Put a :“

ś

V PF aV . Then a P C0pXq` satisfies }a} “ apx0q “ 1 and af |X P C0pXq. Let
be nd take any norm one d P C0pXq` supported on a precompact neighbourhood U Ď W

of x0 such that dpx0q “ 1. Then b :“ a ¨ d ¨
f

|f |
is a norm one continuous function on X.

Moreover, a ¨f |X ¨b P C0pXq` and }af |Xb}8 ě |fpx0q| ą }f |X}´ε, which is the first desired
inequality.

For each V P F we have afV “ afV 1VXX ` afV 1rpVXq where afV 1VXX P C0pV X Xq

and afV 1rpVXq P C0prpVXqq are continuous functions with disjoint supports. Thus

af “ af |X `
ÿ

V PF

afV 1rpVXqδV .

By Lemma 5.18,
`

afV 1rpVXqδV
˘

¨ a “ afV pa ˝ h´1
V qδV , and therefore by (6.5)

}
ÿ

V PF

`

afV 1rpVXqδV
˘

¨ b}max ď }
ÿ

V PF

afV pa ˝ h´1
V qδV }max ď ε.

Thus }a ¨ fb ´ paf |Xbq}max ď ε. □

Corollary 6.25. Assume G is topologically free and let S Ď BispGq be a unital inverse
subsemigroup covering G. If ψ : F SpGq Ñ B is a representation which is injective on
C0pXq, then ψpF SpGqq is naturally a groupoid Banach algebra.
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Proof. Since ψ|C0pXq is injective, ψ|C0pXq is isometric by minimality of the supremum
norm. Take f P CcpGq and ϵ ą 0 and a, b P C0pXq as in Lemma 6.24. By the reverse
triangle inequality and the contractiveness of ψ, we obtain that

}ψpabfaq}B ď }ψpapbf |Xqa}B ` ε “ }ψpapbf |Xqa}8 ` ε.

Using inequalities in Lemma 6.24 again we get
}f |X} ď }apb ¨ f |Xqa}8 ` ϵ “ }ψpapb ¨ f |Xqaq}B ` ϵ

ď }ψpapb ¨ fqaq}B ` 2ϵ ď }ψpfq} ` 2ϵ.

Thus we conclude that }f |X} ď }ψpfq}B. It follows that ψpF SpGqq is a groupoid Banach
algebra. □

The last part of Corollary 6.25 can be interpreted as a “generalized intersection prop-
erty”. The following intersections properties were introduced in [BK24, Definition 5.6] and
[KM21, Definitions 5.5, 5.6]. Recall that the ideals we consider are closed and two-sided.

Definition 6.26. Let A Ď B be a Banach subalgebra of a Banach algebra B. We
say that A detects ideals in B, or that A Ď B has the intersection property, if for every
non-zero ideal J in B we have J XA ‰ t0u. The inclusion has the generalized intersection
property if there is a largest ideal N in B with N XA “ t0u. In this case we call N the
hidden ideal and put Br :“ B{ N . We say A Ď B is minimal if for every non-zero a P A
we have BaB “ B.

Lemma 6.27. If A Ď B has the generalized intersection property and A is the closure of
the range of A in the quotient Br, then A Ď Br has the intersection property. An inclusion
A Ď B has the intersection property and is minimal if and only if B is simple.

Proof. Assume A Ď B has the generalized intersection property, let q : B Ñ Br be
the quotient map and put A :“ qpAq. If J is a non-zero ideal in Br then q´1pJq is an ideal
in B which is strictly larger than N . Thus A X q´1pJq ‰ t0u and because q is injective
on A we therefore get t0u ‰ qpA X q´1pJqq Ď A X J . Hence A Ď Br has the intersection
property.

Now let A Ď B be any Banach algebra inclusion. If it is minimal and has the intersection
property, then for any non-zero ideal J in B we have I :“ A X J is a non-zero ideal in B
and therefore B “ BIB Ď J , which proves that B is simple. The converse implication is
straightforward. □

Remark 6.28. If A Ď B has the generalized intersection property and A is a C˚-
algebra, so for instance when A “ C0pXq, then by minimality of the C˚-norm, we have the
isometric embedding A Ď Br (i.e. we have A “ A in Lemma 6.27).

Definition 6.29. A set U Ď X is G-invariant if dpγq P U implies rpγq P U for all
γ P G. The groupoid is minimal if there are no non-trivial G-invariant open sets in X.

Lemma 6.30. Let B be a groupoid Banach algebra FRpGq. For any ideal I in C0pXq

the following are equivalent:
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(1) I is restricted, i.e. I “ J X C0pXq for an ideal J in B;
(2) I “ C0pUq for an open G-invariant set U Ď X;
(3) I is symmetric, i.e. IB “ BI.

Moreover, the inclusion C0pXq Ď B is minimal if and only if G is minimal.

Proof. We have I “ C0pUq for an open set U Ď X. For V P BispGq we denote
BV :“ C0pV q Ď FRpGq.

(1)ñ(2). Assume I “ J X C0pXq for an ideal J in B. For every V P BispGq we
have C0pV UV ˚q Ď BVC0pUqBV ˚ Ď J X C0pXq “ C0pUq. Hence V UV ˚ Ď U for every
V P BispGq, which implies U is G-invariant.

(2)ñ(3). If (2) holds then V U “ UV for all V P BispGq, which implies that IBV “ BV I
for V P BispGq. Hence IB “

ř

V PBispGq
IBV “

ř

V PBispGq
BV I “ BI.

(3)ñ(1). If (3) holds, then J “ IB “ BI is an ideal in B (generated by I) and an
approximate unit tµiui in I is an approximate unit in J . Using this, one gets I “ JXC0pXq.

Now assume G is minimal and let a Ď C0pXq be non-zero. By the equivalence (1)ô(2),
BaB X C0pXq “ C0pUq where U is an open G-invariant set. Since U contains the open
support of a it is non-empty. Hence U “ X by G-minimality, and therefore C0pXq Ď BaB.
Since C0pXq contains an approximate unit for B this implies that BaB “ B. Thus
C0pXq Ď B is minimal. For the converse assume G is not minimal. Let U Ď X be a non-
trivial open G-invariant set and put I “ C0pUq. By the equivalence (2)ô(3), BIB “ IB
and so any approximate unit in I is also an approximate unit in BIB. This implies that
BIB X C0pXq “ I ‰ C0pXq. Hence for any non-zero a P I we get BaB ‰ B. Thus
C0pXq Ď B is not minimal. □

Theorem 6.31. Let S Ď BispGq be a unital inverse subsemigroup covering G. Assume
G is topologically free and consider an S-graded groupoid Banach algebra FRpGq.

(1) the inclusion C0pXq Ď FRpGq has the generalized intersection property with the
hidden ideal ker jR.

(2) FRpGq is a reduced groupoid Banach algebra if and only if C0pXq Ď FRpGq has the
intersection property.

(3) The Banach algebra FRpGq is simple if and only if FRpGq is a reduced Banach
algebra and G is minimal.

Proof. For an ideal J in FRpGq with JXC0pXq “ t0u, Corollaries 6.10 and 6.25 applied
to the quotient map FRpGq Ñ FRpGq{J give that FRpGq{J is a groupoid Banach algebra
and J Ď ker jR. Hence the inclusion C0pXq Ď FRpGq has the generalized intersection
property with the hidden ideal ker jR. Thus it has the intersection property if and only if
ker jR “ t0u, which by definition means that FRpGq is a reduced groupoid Banach algebra.
Combining this with Lemmas 6.27, 6.30 one gets that FRpGq is simple if and only if FRpGq

is reduced and G is minimal. □

We now show that the generalized intersection property in Theorem 6.31(1) when
applied to groupoid LP -operator algebras is in fact equivalent to topological freeness. To
this end, we use the following representation, which in the ℓ2-context is called the orbit
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representation [KM21], augmentation representation [BCFS14], or trivial representation
[Ren97]. As in [BK24] we prefer to call it a C0pXq-trivial representation.

Lemma 6.32. For any p P r1,8s, we have a representation Λtr
p : FppGq Ñ BpℓppXqq

where
Λtr
p pfqξpxq :“

ÿ

dpγq“x

fpγqξprpγqq, f P CcpGq, ξ P ℓppXq.

Proof. Consider the canonical action θ : S Ñ PAutpXq of any wide inverse semigroup
S Ď BispGq, see Definition 1.14. One readily sees that

πtr
paqξpxq :“ apxqξpxq, vtr

U ξpxq :“
#

ξpθU˚pxqq, x P rpUq,

0, x R rpUq,

for a P C0pXq, ξ P ℓppXq, x P X, U P S, defines a covariant representation pπtr, vtrq of the
action θ on the space ℓppXq in the sense of Definition 4.8. The integrated representation
πtr¸vtr : F pGq Ñ BpℓppXqq, given by Proposition 5.19, satisfies the formula in the assertion
and it descends to the desired representation Λtr

p : F ppGq Ñ BpℓppXqq. □

We define the C0pXq-trivial representation Λtr
P of F P pGq as an extension of the ℓ8-direct

sum ‘pPPΛtr
p of representations from Lemma 6.32.

Theorem 6.33. Let G be an étale groupoid with the unit space X. Let H ‰ P Ď

r1,8s and denote by ΛP : F P pGq Ñ F P
r pGq the canonical homomorphism. The following

conditions are equivalent:
(1) G is topologically free;
(2) C0pXq Ď F P

r pGq is maximal abelian subalgebra;
(3) the inclusion C0pXq Ď F P pGq has the generalized intersection property with the

hidden ideal kerpΛP q;
(4) kerpΛtr

P q Ď kerpΛP q where Λtr
P is the C0pXq-trivial representation of F P pGq;

(5) C0pXq detects ideals in one (and hence all) of F 1pGq, F8pGq, FIpGq.

Proof. (1) and (2) are equivalent by Proposition 6.23. We have kerpΛP q “ kerpjP q

where jP : F P pGq Ñ C0pGq is the j-map for F P pGq, as we have the commutative diagram

F P pGq F P
r pGq

C0pGq

ΛP

jP

jr
P

,

and jr
P is injective by Proposition 6.17. Hence (1) implies (3) by Theorem 6.31.

(3) implies (4) because kerpΛtr
P q is an ideal in F P pGq satisfying kerpΛtr

P q XC0pXq “ t0u.
To show that (4) implies (1) assume that G is not topologically free. Thus there is a
non-empty open bisection U Ď GzX with r|U “ d|U . Since U X X “ 0, we get EXpfq “ 0
for all f P C0pUq. Choose any non-zero f P CcpUq and define f0 P CcpdpUqq Ď C0pXq by
f0pdpγqq :“ fpγq for γ P U . Since r|U “ d|U , both Λtr

P pfq and Λtr
P pf0q act on each subspace
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ℓppXq, p P P , by pointwise multiplication with the same function f0. Hence f´f0 P ker Λtr
P

and we have EPXpf ´ f0q “ ´f0 ‰ 0. Thus f ´ f0 R kerpΛP q so (4) fails.
This proves that (1)–(4) are equivalent. These conditions are independent of the choice

of P because (1) is. For a non-empty Q Ď t1,8u we have kerpΛQq “ t0u, by Remark 6.18.
Hence condition (5) is equivalent to (3) for P “ Q, because FQpGq “ FQ

r pGq. □

Corollary 6.34. The following conditions are equivalent:
(1) G is topologically free and minimal;
(2) for every unital inverse subsemigroup S Ď BispGq that covers G, every S-graded

reduced Banach algebra FRpGq is simple;
(3) one of the algebras F 1pGq, F8pGq, FIpGq is simple.

Assume in addition that G is second countable and amenable, then for any non-empty set
P Ď r1,8s the above are further equivalent to:

(4) F P pGq is simple.

Proof. By Theorem 6.31, (1) implies (2). Implication (2)ñ(3) is obvious because
the algebras F 1pGq, F8pGq, FIpGq are reduced. If G is second countable and amenable,
then F P pGq “ F P

r pGq, by Remark 6.18, and hence these algebras are reduced. Thus also
(2)ñ(4) in the amenable case. Since simplicity implies both the intersection property and
minimality, see Lemmas 6.27 and 6.30, we get that either of (3) or (4) implies (1) by
Theorem 6.33. □

6.3. LP -operator algebras associated to Renault-Deaconu groupoids

We now illustrate our results on one of the most exploited groupoid by C˚-algebraists.
We fix a locally compact Hausdorff space X and a surjective local homeomorphism φ : X Ñ

X. Thus pX,φq is a singly generated dynamical system (SGDS) in the sense of [Ren00].
Recall, see Example 1.24, that the Renault-Deaconu groupoid associated to pX,φq is an
étale, amenable, locally compact Hausdorff groupoid where

GpX,φq :“ tpy, n ´ m,xq : n,m P N0, x, y P X, φnpxq “ φmpyqu,

and the groupoid structure is given by

pz, n, yqpy,m, xq :“ pz, n ` m,xq, py, n, xq
´1 :“ px,´n, yq,

and the topology is inherited from X ˆ Z ˆ X. The groupoid GpX,φq is étale as it has a
basis for the topology consisting of bisections of the form

(6.6) ZpV, n ´ m,Uq :“ tpy, n ´ m,xq : py, xq P V ˆ U, φnpxq “ φmpyqu,

where U, V Ď X are open sets such that φn|U and φm|V are injective and φnpUq “ φmpV q.
We identify the unit space ZpX, 0, Xq “ tpx, 0, xq P X ˆ Z ˆ Xu of GpX,φq with X via
the map X Q x ÞÝÑ px, 0, xq P ZpX, 0, Xq. Thus the range and domain maps are given by
rpy, n, xq “ y and dpy, n, xq “ x.
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Proposition 6.35. The collection SpX,φq of bisections (6.6) forms a wide inverse
semigroup of bisections of GpX,φq whose canonical action is given by the formula

ZpV, n ´ m,Uq ÞÑ θZpV,n´m,Uq “ pφm|V q
´1

˝ φn|U .

In particular, we have a natural isomorphism SpX,φq ˙ X – GpX,φq. If X is totally
disconnected then the collection ScpX,φq of bisections (6.6) with compact open U , V is
also a wide inverse semigroup, and so ScpX,φq ˙ X – GpX,φq.

Proof. Let ZpV,N, Uq and ZpW,M, Y q be bisections of the form (6.6), so N “ n´m,
M “ k´ l where n,m, k, l P N0, φm|V , φn|U , φl|W , φk|Y are injective and φmpV q “ φnpUq,
φlpY q “ φkpW q. Clearly, ZpV,N, Uq´1 “ ZpU,´N, V q and θZpV,N,Uq “ pφm|V q´1 ˝ φn|U :
U Ñ V is a homeomorphism. Moreover,

ZpV,N, Uq ¨ ZpW,M, Y q “ ZpV 1, N ` M,Y 1
q,

where Y 1 “ pφ|kY q´1 ˝φlpU XW q and V 1 “ pφ|mV q´1 ˝φnpU XW q. More specifically, if n ě l
then φk`n´l is injective on Y 1 and θZpV 1,N`M,Y 1q “ pφm|V 1q´1 ˝ φk`n´l|Y 1 maps Y 1 onto V 1.
If n ď l, then φm`l´n is injective on V 1 and θZpV 1,N`M,Y 1q “ pφm`l´n|V 1q´1 ˝ φk|Y 1 maps Y 1

onto V 1. Thus SpX,φq is an inverse semigroup. It is wide because it forms a basis for the
topology of GpX,φq. If the sets U , V , W , Y above are compact open, then also Y 1 and
V 1 are compact open. Hence ScpX,φq is an inverse semigroup. It forms a basis for the
topology of GpX,φq when X is totally disconnected. □

Remark 6.36. Let Spφq be the unital inverse subsemigroup of PHomeopXq gener-
ated by restrictions φ|U P PHomeopXq to open sets U Ď X where φ|U is injective.
Proposition 6.35 implies that Spφq consists of partial homeomeomorphisms of the form
pφ|mV q´1 ˝ φ|nU , and we have the canoncial semigroup epimorphism h : SpX,φq ↠ Spφq. A
look at the germ relation in [Ren00] shows that the groupoid of germs GermpX,φq defined
there is canonically isomorphic to Spφq. So we have a canonical groupoid epimorphism
GpX,φq – SpX,φq ˙ X ↠ Spφq ˙ X – GermpX,φq. By [Ren00, Proposition 2.3] this is
an isomorphism if and only if GpX,φq is topologically free.

For each U P BispGq denote δU the indicator function on G corresponding U . Then
CcpGq “ spantaδU : U P BispGq, a P CcprpUqqu, cf. (5.5). In terms of GpX,φq we have

CcpGpX,φqq “ spantaδpV,n´m,Uq : V, U Ď X, φn|U , φ
m

|V - inj., φmpV q “ φnpUq, a P CcpV qu.

We now describe general representations in Banach algebras associated to such groupoids.

Theorem 6.37. Let φ : X Ñ X be a surjective local homeomorphism and let S Ď

SpX,φq be any wide inverse subsemigroup where SpX,φq of bisections (6.6). We have an
inverse semigroup action α : S Ñ PAutpC0pXqq given by

αZpV,n´m,Uqpaq :“ a ˝ pφn|Uq
´1

˝ φm|V , a P C0pUq.

and a natural isometric isomorphism

F S
pGpX,φqq – C0pXq ¸α S.
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Thus every representation ψ : F SpGpX,φqq Ñ B is determined by the formula
(6.7) ψpaδZpV,N,Uqq “ πpaqvZpV,N,Uq, a P CcpV q,

for a covariant representation pπ, vq of α. Moreover,
(1) for any p P p1,8qzt2u and localizable measure µ, (6.7) establishes a bijective cor-

respondence between non-degenerate representations ψ : F ppGpX,φqq Ñ BpLppµqq

and pairs pπ, vq where π : C0pXq Ñ BpLppµqq is a non-degenerate representation
acting by multiplication operators, v : S Ñ SPIsopLppµqq is a semigroup homo-
morphism satisfying

vZpV,n´m,Uqπpaq “ πpa ˝ pφm|V q
´1

˝ φn|UqvZpV,n´m,Uq for a P C0pUq,

and vZpU,0,Uq is a projection onto πpC0pUqqLppµq for any open U Ď X;
(2) for any p P r1,8s there is an isometric representation ψ : F ppGpX,φqq Ñ BpLppµqq,

for some localizable measure µ, which is determined via (6.7) by a pair pπ, vq de-
scribed in item (1).

If S consist of compact open sets, then (1) is valid for all p P r1,8szt2u.

Proof. By Proposition 6.35 the prescribed action is the canonical action. Hence the
first part of the assertion follows from Theorem 5.21. Statements (1), (2) follow from
Theorem 5.38. □

Remark 6.38. By [SW16, Lemma 3.5], GpX,φq is amenable groupoid. If we addi-
tionally assume that GpX,φq is second countable which is equivalent to assume that X
is metrizable then by Remark 6.18, we obtain that F P pGpX,φqq “ F P

r pGpX,φqq for any
non-empty P Ď r1,8s.

We define topologicall freeness of a local homeomorphism in the same way is it defined
for an action of a homeomorphism, cf. [BKL24, Definition 8.1].

Definition 6.39. A local homeomorphism φ : X Ñ X is topologically free if the set of
periodic tx : φnpxq “ x for some n ą 0u has empty interior in X.

Lemma 6.40. The groupoid GpX,φq is topologically free if and only if the local home-
morphism φ : X Ñ X is topologically free.

Proof. Recall that GpX,φq is topologically free if IsopGpX,φqqzX has empty interior
in GpX,φq. Note that

IsopGpX,φqq “ tpx, n ´ m,xq : n,m P N0, x P X, φnpxq “ φmpyqu,

Hence GpX,φq is topologically free if and only if the set
ď

k,lPN0
lăk

tx P X : φkpxq “ φlpxqu

has empty interior in X. This clearly implies topological freeness of φ. Conversely, if
the displayed set has non-empty interior, then by the Bair category theorem there is a
non-empty open set U Ď tx P X : φkpxq “ φlpxqu for some l ă k. Then V :“ φlpUq
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is non-empty open set contained in tx P X : φnpxq “ xu where n :“ k ´ l P N, which
contradicts topological freeness of φ. □

Theorem 6.41. Let φ : X Ñ X be a surjective local homeomorphism on a locally
compact metric space and let GpX,φq be the associated Renault-Deaconu groupoid. For
any H ‰ P Ď r1,8s the following conditions are equivalent:

(1) φ is topologically free;
(2) C0pXq Ď F P pGpX,φqq is maximal abelian subalgebra;
(3) C0pXq Ď F P pGpX,φqq has the intersection property.

Proof. We have F P pGpX,φqq “ F P
r pGpX,φqq by Remark 6.38. Hence in view of

Lemma 6.40 the assertion follows from Theorem 6.33. □

Definition 6.42. Let U Ď X. We say U is positively φ-invariant if φpUq Ď U , and
that U is φ-invariant if φ´1pUq “ U . We say that φ is minimal if there are no non-trivial
open invariant sets in X.

Lemma 6.43. A set U Ď X is φ-invariant if and only if it is GpX,φq-invariant. In
particular, φ is minimal if and only if GpX,φq is minimal.

Proof. Clearly, U “ φ´1pUq if and only if f´mfnpUq Ď U for all n,m P N0 if and only
if U is GpX,φq-invariant. This shows the first part, and so the second part of the assertion
follows. □

There exits minimal local homeomorphisms that are not topologically free, cf. [BKL24,
Example 8.10]:

Example 6.44 (Directed graphs with one circuit). We say that a surjective map φ :
X Ñ X is a directed graph with one circuit, i.e. X is a countable discrete set and there is
a point x P X such that for any y P X there is n ě 1 such that φnpyq “ x. In particular,
x is a periodic point and φ is a local homeomorphism. The name comes from the fact
that graph of φ looks exactly like directed graphs considered in [BJSS17]. In particular,
if we denote by x0, x1, ..., xk the orbit of x, then all points in X have to eventually land in
this orbit, so the graph of φ looks like a one circuit and possibly a number of infinite tails
pointed towards this circuit. For instance such a graph with one tail . . . , x´2, x´1 looks us
follows

. . .
x´2
‚

x´1
‚

x0
‚

x1
‚ ¨ ¨ ¨

xk
‚

φ φ φ φ φ φ

φ

.

For any such map φ : X Ñ X, φ is not topologically free but it is minimal, as for any
y P X the smallest φ-invariant set containing y is

Ť

n,mPN0
f´mfnptyuq and this has to be

the whole of X. Also note that if X is compact (finite), then it can not have inifnite tails
and so it is just a permutation of the finite set x0, x1, ..., xk.

Lemma 6.45. Assume a surjective local homeomorphism φ : X Ñ X is minimal. Then
φ is topologically free if and only if it is not a directed graph with one circuit. If X is
compact, then φ is topologically free if and only if X is infinite.
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Proof. Assume that φ is not topologically free. Then there is a non-empty open set
U Ď X for some n ě 1 such that φn|U “ id and U,φpUq, ..., φn´1pUq are pairwise disjoint.
For any disjoint open sets V1, V2 Ď U the sets Ui :“

Ť

mPN,k“0,...,n φ
´mpφkpViqq are disjoint

open and invariant. Thus minimality of φ forces U “ txu to be a singleton. Hence txu is
clopen and

Ť

mPN,k“0,...,n φ
´mpφkptxuqq “ X, which means that φ : X Ñ X to be a directed

graph with one circuit. This shows the first part of the assertion. Now assume that X is
compact. Then φ is a directed graph with one circuit if and only if it is the finite circuit,
which in view of minimality is equivalen to X being finite. □

Theorem 6.46. Let φ : X Ñ X be a surjective local homeomorphism on a locally
compact metric space and let GpX,φq be the associated Renault-Deaconu groupoid. Let
H ‰ P Ď r1,8s. Then F P pGpX,φqq is simple if and only if φ is topologically free and not
a directed graph with one circuit. If X is compact, then F P pGpX,φqq is simple if and only
if φ is minimal and X is infinite.

Proof. We have F P pGpX,φqq “ F P
r pGpX,φqq by Remark 6.38. Hence in view of

Lemma 6.40 the assertion follows from Corollary 6.34. □

6.4. Graph Lp-operator algebras

We will now relate the constructions and results from previous section to graph algebras.
Let Q “ pQ0, Q1, rQ, sQq be a directed graph (sometimes also called a quiver). So Q0 is

the set of vertices, Q1 is the set of edges and rQ, sQ : Q1 Ñ Q0 are the range and source
maps. For the sake of simiplicty and as we want relate to graphs full maps on the space,
rather then partial maps, we will assume that the graph is regular in the sense that

1 ă |r´1
Q pvq| ă 8 for every v P Q0.

Hence Q has no sources nor infinite receivers. We denote by Qn, n ą 0, the set of finite
paths µ “ µ1 ¨ ¨ ¨µn, where sQpµiq “ rQpµi`1q for all i “ 1, . . . , n ´ 1. Then |µ| “ n stands
for the length of µ and Q˚ “

Ť8

n“0 Q
n is the set of all finite paths (vertices are treated as

paths of length zero). We denote by Q8 the set of infinite paths and put Qď8 :“ Q˚ YQ8.
The maps rQ, sQ extend naturally to Q˚ and rQ extends to Q8. We recall the definition
of the graph Lp-operator algebra from [CoR19], [CMR25], [BKM25, Subsection 6.1],
and [BKM26, Subsection 7.4]. It generalizes Lp-Cuntz algebras introduced and studied
by Phillips [Phi12], [Phi13b], see also [Gar21].

Definition 6.47. Let E be an Lp-space for some p P r1,8s. A (Cuntz–Krieger) Q-
family in E is a pair pP, T q where P “ tPvuvPQ0 Ď BpEq consists of pairwise orthogonal
hermitian idempotents, and T “ tTeuePQ1 Ď BpEq consists of Moore-Penrose partial isome-
tries with mutually orthogonal range projections that in addition satisfy

T ˚
e Te “ PsQpeq and Pv “

ÿ

ePr´1
Q pvq

TeT
˚
e

for all e P Q1 and v P Q0. Here T ˚
e denotes the (unique) Moore-Penrose generalized inverse

of Te. The graph Lp-operator algebra F ppQq is a Banacha algebra generated by p, t, t˚
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where pp, tq is a universal Q-family on an Lp-space, where universality means that for any
other Q-family pP, T q on an Lp-space E the maps pv ÞÑ Pv, te ÞÑ Te and t˚e ÞÑ T ˚

e , extend
to a representation F ppQq Ñ BpEq.

Remark 6.48. When E is a Hilbert space (an L2-space), then the above definition
agrees with the usual definition of the graph C˚-algebra, see [Rae05]. If E “ Lppµq, for
p ‰ 2 and a localizable measure µ, then by Theorem 3.26 operators in a Q-family pP, T q

are necessarily spatial partial isometries:
P Y T Ď SPIsopLppµqq

In [CoR19] the algebra F ppQq is defined using spatial partial isometries (and σ-finite
measures) but it fives the same Banach algebra, cf the proof of Theorem 6.49 below.

The boundary space of the graph Q is the set of infinity paths
Q8

“ tµ1µ2µ3 ¨ ¨ ¨ : µi P Q1, sQpµiq “ rQpµi`1q for all i “ 1, . . .u
equipped with the topology generated by the ‘cylinders’ Zpµq :“ µQď8, µ P Q˚, and their
relative complements. Then Q8 is a totally disocnnected, locally compact Hausdorff space.
Namely, the sets Zpµqz

Ť

ePF Zpµeq, where µ P Q˚ and F Ď spµqQ1 is a finite set of edges,
form a basis of compact-open sets for Q8. Then the shift map

σQpµ1µ2µ3 ¨ ¨ ¨ q :“ µ2µ3 ¨ ¨ ¨

is a well defined proper local homeomorphism σQ : Q8 Ñ Q8. By definition the groupoid
of the graph Q is the Renault-Deaconu groupoid GQ :“ GpQ8, σQq of σ. Thus

GQ “ tpµx, |µ| ´ |η|, ηxq : µ, η P Q˚, x P Q8, sQpµq “ sQpνq “ rQpxqu

is an ample Hausdorff groupoid with the topology generated by the ‘cylinders’ Zpµ, ηq :“
tpµx, |µ| ´ |η|, ηxq P GQu, for pµ, νq P SQ, and their relative complements. Hence the sets
Zpµ, ηqz

Ť

αPF Zpµαq, where pµ, νq P SQ and F Ď spµqQ˚ is finite, form a basis of compact
open bisections for GQ. We will now use our result to improve one of the main results of
[CoR19], [CMR25] - namely the Cuntz-Krieger uniqueness for simple algebras F ppQq.

Recall that Q is cofinal if for every µ “ µ1µ2 ¨ ¨ ¨ P Q8 and every v P Q0 there is i such
that v ď spµiq. We say that a cycle µ “ µ1µ2 ¨ ¨ ¨µn has an entry if for some i “ 1, . . . , n
there is an edge e P Q1 such that rpeq “ rpµiq but e ‰ µi.

Theorem 6.49 (Cuntz-Krieger uniquneness theorem for simple Lp-operator graph al-
gebras). Let Q “ pQ0, Q1, rQ, sQq be a regular directed graph and let p P r1,8s. The maps
pv ÞÑ 1Zpvq, te ÞÑ 1Zpe,sQpeqq and t˚e ÞÑ 1Zpe,sQpeqq extend to an isometric isomorphism

F p
pQq – F p

pGQq.

Moreover, the following conditions are equivalent:
(1) F ppQq is simple;
(2) σQ is minimal and not a directed graph with one circuit (Example 6.44);
(3) Q is cofinal and the graph dual to Q is not a directed graph with one circuit;
(4) every non-degenerate representation F ppQq Ñ BpEq on an Lp-space E is auto-

matically isometric.
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Proof. The first part is proved using our disintegration-integration results, see [BKM25,
Corollary 6.25] and its proof for more details. Thus the equivalence (1)ô(2) holds by The-
orem 6.46. Equivalence (2)ô(3) is straightforward. In particular, if φ is a directed graph
with one circuit, then this graph is dual to Q. Now by [CMR25, Corollary 1.3], (1)
implies (4). For the converse assume (1). By [CMR25, Theorem 1.1] it is equivalent
to simplicity of the associated Leavitt path algebra LpQq and hence by [CoR19, Theo-
rem 1.2], every Q-family pP, T q of spatial partial isometries Lppµq with σ-finite measure µ
yields an isometrically isomorphic copy of F ppQq. We claim that this can be extended to
every non-degenerate representation Φ : F ppQq Ñ BpEq on any Lp-space E. Indeed, since
F ppQq is separable, by [Phi13b, Proposition 1.25] there is an isometric non-degenerate
representation Ψ : ΦpF ppQqq Ñ BpF q on a separable Lp-space F . By [Lac74, Corollary
to Theorem 3 in Section 15], F is isometrically isomorphic to σ-finite Lp-space. Thus
composing Φ with Ψ we may in fact assume that assume that E “ Lppµq for a σ-finite
measure µ. Then by (the last part of) Theorem 6.37, representation Φ is given by a spatial
Q-family on Lppµq. This proves the claim. □
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CHAPTER 7

Lp-operator algebras associated to transfer operators and
spectral properties of weighted composition operators

Transfer operators play a crucial role in thermodynamical formalism [Rue89], [Wal82],
[FJ01], but they were also used, averaging operators, to study the properties of the Banach
space CpXq, see [Peł68]. Transfer operators on general C˚-algebras and their crossed
products where formally introduced by Ruy Exel [Exe031]. These constructions where
refined and clarified in [Kwa17], see also [BKL24]. In this chapter we introduce Lp-
operator algebra version of a crossed product for transfer operators of finite type, and
generalize some of the main results of [BK21] from C˚-algebras to Lp-setting. Namely, we
describe the spectrum of the associated universal weighted isometry, which gives a strong
link with thermodynamical formalism, and discuss when it gives the spectrum of any of its
representations.

7.1. Endomorphisms, transfer operators and local homeomorphisms

Throughout this chapter
X is a compact Hausdorff space.

The following duality between unital endomorphisms of CpXq and continuous maps φ :
X Ñ X is well known, cf. for instance [KL20, Proposition 1.1].

Lemma 7.1. Every unital endomorphism α : CpXq Ñ CpXq of the algebra CpXq is a
composition operator with a continuous map φ : X Ñ X, that is αpaqpxq “ apφpxqq for
any a P CpXq and x P X. In particular, α is necessarily ˚-preserving.

Proof. We may identify X with the set of unital algebra homomorphisms CpXq Ñ C.
Then X becomes a closed subset of the dual space CpXq˚ equipped with the ˚-weak
topology. The adjoint operator α˚ : CpXq˚ Ñ CpXq˚ restricts to a continuous map
α˚ : X Ñ X that we denote by φ. For any a P CpXq and x P X we have αpaqpxq “ apφpxqq

by construction. □

The above lemma implies that we have one-to-one correspondence between unital en-
domorphisms α : CpXq Ñ CpXq and continuous maps φ : X Ñ X. Under this correspon-
dence we also have

α is a monomorphism ðñ φ is surjective,
α is an epimorphism ðñ φ is injective,

α is an automorphism ðñ φ is a homeomorphism.
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We extend the above correspondence by characterizing when φ : X Ñ X is a surjective
local homeomorphism. To this end, we will use the notion of a transfer operator.

Definition 7.2. Let α : CpXq Ñ CpXq be a unital endomorphism and let φ be the
continuous map corresponding to α. A transfer operator for α (or for φ) is a positive linear
operator L : CpXq Ñ CpXq satisfying

(7.1) Lpαpaqbq “ a ¨ Lpbq,

for all a, b P CpXq.

We will be mostly interested in unital transfer operators. Note that if Lp1q “ 1, then
putting b “ 1 in (7.1) we get that Lpαpaqq “ a, that is L is a left inverse to α. Therefore if
α admits a unital transfer operator, then α has to be a monomorphism, equivalently φ is
surjective. In general, it may happen that α does not admit non-zero transfer operators.
This happens for instance when X “ r0, 1s and φ : r0, 1s Ñ r0, 1s is the Cantor map (which
graph is Devil’s staircase), cf. [Kwa12]. However, if φ : X Ñ X is a surjective local
homeomorphism, then there is a canonical unital transfer operator given by the formula

(7.2) Lpaqpyq “
1

|φ´1pyq|

ÿ

xPφ´1pyq

apxq, a P CpXq, y P X.

This operator is well defined by the following lemma.

Lemma 7.3. If φ : X Ñ X is a local homeomorphism, then the map X Q y ÞÑ |φ´1pyq| P

N is locally constant.

Proof. Let y P φpXq. Then φ´1pyq “ tx1, ..., xNu is finite because X is compact.
Take a neighbourhood Ui of each xi, i “ 1, ..., N , such that φ|Ui : Ui Ñ φpUiq is a
homeomorphism. We may assume that tUiu

N
i“1 are pairwise disjoint. Put V :“ φpU1q X

...X φpUNq and Vi :“ φ´1pV q X Ui, i “ 1, ..., N . Then for each i “ 1, ..., N the set Vi is an
open neighbourhood of xi, φpViq “ V , and Vi X Vj “ H for i ‰ j. Let E :“ Xz

ŤN
i“1 Vi.

The set U :“ V X pXzφpEqq is an open neighoburhood of y such that for any y1 P U we
have |φ´1py1q| “ N . Indeed, for each y1 P U there are pairwise different x1

i P Vi, i “ 1, ..., N ,
with φpx1

iq “ y1. Suppose that there exists x1 R tx1, ...xNu with φpx1q “ y1. Then x1 P E
which contradicts with y1 R φpEq. □

The above lemma readily implies that if φ is a surjective local homeomorphism, then
for any continuous function ϱ : X Ñ r0,8q the formula

(7.3) Lϱ,φpaqpyq “
ÿ

xPφ´1pyq

ϱpxqapxq, a P CpXq, y P X.

defines a transfer operator for φ. In fact any transfer operator for φ has this form.

Proposition 7.4. Assume that φ : X Ñ X is a surjective local homeomorphism. Then
every transfer operator for φ is of the form Lϱ,φ for a continuous function ϱ : X Ñ r0,8q.

Moreover, Lϱ is unital if and only if
ř

xPφ´1pyq
ϱpxq “ 1 for each y P X.
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Proof. Assume that L : CpXq Ñ CpXq is a transfer operator for φ. For each y P X
the map µy : CpXq Ñ C given by µypaq :“ Lpaqpyq, a P CpXq, is a positive functional
on CpXq. By the Riesz-Markov-Kakutani representation theorem we may identify µy with
some positive Borel measure on X which we also denote by µy. Note that for each y P X
we have suppµy Ď φ´1pyq. Indeed, suppose that there exists x0 P suppµy such that
φpx0q ‰ y. There are open neighbourhoods U of φpx0q and V of y such that U X V “ H.
Let b P CpXq be a non-zero positive function supported on φ´1pUq and a P CpXq be a
positive function supported on V such that apyq “ 1. Then we have

ş

X
apφpxqqbpxqdµy “ 0

and apyq
ş

X
bpxqdµy ‰ 0 which contradicts with the relation Lpαpaqbq “ aLpbq. Since X

is compact and φ is a local homeomorphism, φ´1pyq is finite for any y P X. We show
that the map X Q x ÞÑ µφpxqpxq is continuous. Let x0 P X and ε ą 0. Take an open
neighbourhood V of x0 such that φ|V : V Ñ φpV q is a homeomorphism and open subset
V 1 Ă V containing x0. Since X is normal, there exists a P C0pV q such that apxq “ 1 for
all x P V 1. Since Lpaq is continuous, there is an open neighbourhood W of φpx0q such
that |Lpaqpφpx0qq ´ Lpaqpyq| ď ε for any y P W . Then U :“ V 1 X φ´1pW q is an open
neighbourhood of x0 such that

|µφpx0qpx0q ´ µφpxqpxq| “ |Lpaqpφpx0qq ´ Lpaqpφpxqq| ă ε

for each x P U . Thus, the map X Q x ÞÑ µφpxqpxq P r0,8q is continuous on X. For
the function ϱpxq :“ µφpxqpxq the (7.3) holds. This is clear that L is unital if and only
ř

xPφ´1pyq
ϱpxq “ 1 for each y P X. □

Remark 7.5. As we have seen above, usually there are many different transfer opera-
tors for a given endomorphism α : CpXq Ñ CpXq. However, the transfer operator usually
determines the endomorphism. Indeed, a faithful positive linear map L : CpXq Ñ CpXq

is a transfer operator for at most one endomorphism α, see [Kwa17, Proposition 4.18].

Consider inclusion of C˚-algebras A Ď B. Recall that a conditional expectation from
A onto B is a contractive linear projection E : B Ñ A. By Tomiyama’s Theorem, cf.,
for instance, [Tak02, III, Theorem 3.4, IV, Corollary 3.4], this is equivalent to saying
that E : A Ñ B is a (completely) positive linear map such that Epbaq “ Epbqa and
Epabq “ aEpbq for all a P A, b P B. The following simple lemma connects the notions of
conditional expectation and transfer operator.

Lemma 7.6. Let α : CpXq Ñ CpXq be a unital monomorphism. We have one-to-one
correspondence between conditional expectations E : CpXq Ñ αpCpXqq and unital transfer
operators L : CpXq Ñ CpXq for α. It is given by relations E “ α ˝ L and L “ α´1 ˝ E

Proof. Assume that E : CpXq Ñ αpCpXqq is a conditional expectation. Then L “

α ˝E is positive and unital as a composite of positive unital maps. Moreover, for all a, b P

CpXq we have Lpαpaqbq “ α´1pEpαpaqbqq “ α´1pαpaqEpbqq “ aα´1pEpbqq “ aLpbq. Hence
L is a transfer operator for α. Now assume that L is a unital transfer operator for α and put
E :“ α˝L. For any a P CpXq we get Epαpaqq “ αpLpαpaq1qq “ αpaLp1qq “ αpaq. Hence E
is a projection onto αpCpXqq. Moreover, E is positive as a composite of two positive maps,
and is a αpCpXqq-bimodule map, that is Epαpaqbq “ αpLpαpaqbq “ αpaLpbqq “ αpaqEpbq,

107



for a, b P CpXq. Hence by Tomiyama’s Theorem, E : CpXq Ñ αpCpXqq is a conditional
expectation. □

Now we use the above correspondence to describe special classes of endomorphisms and
transfer operators. Recall, see [Wat90], that a conditional expectation E : B Ñ A Ď B is
said to be of (index-)finite type if there exists a quasi-basis for E, which is a pair of finite
sets tu1, ..., uNu, tv1, ..., vNu Ď A such that a “

řN
i“1 uiEpviaq, for all a P A.

Definition 7.7 (cf. [Exe032, Definition 8.1]). Let α : CpXq Ñ CpXq be a unital
monomorphism. We say that α is an endomorphism of finite-type if there is a conditional
expectation of finite type E : CpXq Ñ αpCpXqq Ď CpXq. Equivalently, in view of Lemma
7.6, α is of finite type if and only if there is a unital transfer operator L : CpXq Ñ CpXq

and elements tu1, ..., uNu, tv1, ..., vNu Ď CpXq such that

a “

N
ÿ

i“1
uiα

`

Lpviaq
˘

, for all a P CpXq.

In this case we will also say that L is a transfer operator of finite type.
Proposition 7.8. Let α : CpXq Ñ CpXq be a unital monomorphism and φ : X Ñ X

the associated continuous surjective map. Then α is of finite-type if and only if φ is a
local homeomorphism. Moreover, a unital transfer operator L : CpXq Ñ CpXq for α is of
finite type if and only if it is given by (7.3) where the cocycle ϱ : X Ñ r0, 1s attains strictly
positive values. Then a relevant quasi-basis tunuNn“1, tvnuNn“1 Ď CpXq can be defined by

(7.4) uipxq “ vipxq “

d

hipxq

ϱpxq
, i “ 1, ..., N

where thiu
N
i“1 Ď CpXq is a partition of unity subordinate to an open cover tUiu

N
i“1 of X,

with φ : Ui Ñ φpUiq homeomorphism for each i “ 1, ..., N .
Proof. Assume φ is a local homeomorphism. Putting ϱpxq :“ |φ´1pxq|´1 ą 0 we get

a continuous cocycle for φ. Moreover, for any continuous cocycle ϱ : X Ñ p0, 1s, satisfying
ř

xPφ´1pyq
ϱpxq “ 1, the transfer operator given by (7.3) is of finite type. Indeed, for any

a P CpXq and tuiu
N
i“1 “ tviu

N
i“1 Ď CpXq` given by (7.4) we have

”
N
ÿ

i“1
uiα

`

Lpviaq
˘

ı

pxq “

N
ÿ

i“1
uipxq

ÿ

φpyq“φpxq

uipyqϱpyqapyq

“

N
ÿ

i“1
uipxq

2ϱpxqapxq “

N
ÿ

i“1
hipxqapxq “ apxq.

Hence α is of finite type, cf. also [EV06, Proposition 8.2].
Now let L be any unital transfer operator for α which is of finite type. Fix a corre-

sponding quasi-basis tuiu
N
i“1, tviu

N
i“1 Ď CpXq. Then L is given by (7.3) and we have

(7.5) apxq “

N
ÿ

i“1
uipxq

ż

φ´1pφpxqq

vipyqapyqdµφpxqpyq for every a P CpXq and x P X.
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This forces φ to be at most N -to-one map. Indeed, suppose on the contrary that there
are N ` 1 different points x1, ..., xN`1 Ď φ´1pφpxqq for a certain x P X. Then putting
cj,i :“ uipxjq we get a pN ` 1q ˆ N matrix C “ rcj,is

N`1,N
j“1,i“1. Its range is at most N -

dimensional. Hence there is a vector y “ ryjs
N`1
j“1 such that for every vector λ “ rλis

N
i“1

we have Cλ ‰ y. This contradicts (7.5) by taking a P CpXq such that apxjq “ yj for all
j “ 1, ..., N ` 1, and putting λi :“

ş

φ´1pφpxqq
vipyqapyqdµφpxqpyq, for i “ 1, ..., N .

We define ϱpxq :“ µφpxqptxuq ď 0, x P X. Since φ is at most N -to-one, (7.5) gives

apxq “
ÿ

φpxq“φpyq

apyqϱpyq

N
ÿ

i“1
uipxqvipyq for every a P CpXq and x P X.

Plugging into this equation a P CpXq such that apxq “ 1 and apφ´1pφpxqqztxuq “ 0 we
get 1 “ ϱpxq

řN
i“1 uipxqvipxq, for every x P X. This implies that ϱ is strictly positive

and continuous. In particular, suppµy “ φ´1pyq for every y P X, and therefore φ is
an open map, see, for instance, [Kwa17, Lemma 3.28]. Thus it suffices to show that
every point x P X has an open neighborhood on which φ is injective. Note that X P y ÞÑ

Lp1{ϱqpyq “ |φ´1pyq| is continuous. Hence there is a neighborhood V of φpxq such that each
point in V has exactly M ď N elements in the pre-image. Let φ´1pφpxqq “ tx1, ..., xMu

and take disjoint open sets tUiu
N
i“1 such that xi P Ui Ď φ´1pV q, i “ 1, ...,M . Putting

V 1 :“
ŞM
i“1 φpUiq and U 1

i :“ Ui Xφ´1pV 1q, for i “ 1, ...,M , we get that φ restricted to each
U 1
i is injective. Indeed, for every x1 P U 1

i , the M -element set φ´1pφpx1qq intersects each of
M disjoint sets U 1

j, j “ 1, ...,M . Accordingly, x belongs to some U 1
i , and hence φ is locally

injective. □

Corollary 7.9. If L : CpXq Ñ CpXq is a transfer operator of finite type, then it
is faithful, there is a unique endomorphism α : CpXq Ñ CpXq such that L is a transfer
operator for α and the map φ : X Ñ X corresponding to α is a surjective local homeomor-
phism.

Proof. Combine Proposition 7.8 and Remark 7.5. □

If L is a transfer operator α, then for each n P N, the n-th iterate Ln is a transfer
operator for αn. Moreover, if L “ Lϱ,φ is given by (7.3), then Ln “ Lϱn,φn . Namely,

Ln
paqpyq “

ÿ

xPφ´npyq

ϱnpxqapxq, a P CpXq, y P X,

where

(7.6) ϱnpxq :“ ϱpxqϱpφpxqq . . . ϱpφn´1
pxqq.

Note that we have the 1-cocycle identity ϱn`m “ ϱn ¨ αnpϱmq for n,m P N0 (ϱ0 ” 1).
Therefore ϱ is called a cocycle,as it generates this semigroup 1-cocycle tϱnunPN0 .
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7.2. Covariant representations of transfer operators

From now we fix a transfer operator L : CpXq Ñ CpXq of a finite type for a local
homeomemorphism φ : X Ñ X and we let α : CpXq Ñ CpXq be the associated endomor-
phism.

Definition 7.10. A representation of the transfer operator L in a unital Banach alge-
bra B is a triple pπ, T, T ˚q where π : CpXq Ñ B is a unital representation and T, T ˚ P B1
are contractive operators such that for every a P CpXq we have

(TR1) πpLpaqq “ T ˚πpaqT ,
(TR2) Tπpaq “ πpαpaqqT .

By the range of pπ, T, T ˚q we mean the Banach subalgebra Bpπ, T, T ˚q of B generated by
πpCpXqq Y tT, T ˚u. We say that a pπ, T, T ˚q is injective, etc. if π is. If B “ BpEq for a
Banach space E we speak of covariant representations on E.

Remark 7.11. Since we assume that L is unital and T , T ˚ are contractive, (TR1)
implies that T is an isometry and T ˚ is its left inverse – “coisometry”. In other words, the
pair pT, T ˚q is formed by mutually inverse partial isometries in the sense of Mbekhta. If
B is a C˚-algebra, then T ˚ is necessarily the hermitian adjoint of T and relation (TR1)
implies (TR2), as putting c :“ Tπpaq and d :“ πpαpaqqT and using the transfer identity
(7.1) one sees, that each of the expressions c˚d, d˚d, c˚c, d˚c is equal to π

`

Lpαpa˚aqq
˘

.
Thus using the C˚-equality we get

}Tπpaq ´ πpαpaqqT }
2

“ }
`

c˚
´ d˚

q
`

c ´ dq} “ }c˚d ` d˚d ` c˚c ´ d˚c} “ 0.

However, when B is not a C˚-algebra, T and T ˚ will usually not be Moore-Penrose partial
isometries, and it does not seem that (TR2) is automatic then.

Lemma 7.12. If pπ, T, T ˚q is a representation of L, then for every a P CpXq we have
(TR3) πpaqT ˚ “ T ˚πpαpaqq.

Moreover, for n,m, k, l P N0 and a, b, c, d P CpXq we have

(7.7) rπpaqTmT ˚nπpbqs ¨ rπpcqT lT ˚kπpdqs “

#

πpaqTmT ˚n´l`kπ
`

αkpLlpbcqqd
˘

n ě l,

π paαmpLnpbcqqqT l´n`mT ˚kπpdq n ă l.

Therefore the range of pπ, T, T ˚q is

Bpπ, T, T ˚
q “ spantπpaqT nT ˚mπpbq : a, b P CpXq, n,m P N0u.

Proof. Using T ˚T “ 1, (TR1) and L ˝ α “ idCpXq, for any a P CpXq we get

πpaqT ˚
“ T ˚TπpaqT ˚

“ T ˚πpαpaqqTT ˚
“ πpLpαpaqqqT ˚

“ πpaqT ˚.

This proves (TR3). Note that for for each n P N, pπ, T n, T ˚mq is a representation of
Ln. Using this and relations (TR1), (TR2), (TR3) one readily sees the displayed product
formula. This implies that the products of the form πpaqT nT ˚mπpbq form a semigroup,
and their closed linear span is the Banach algebra Bpπ, T, T ˚q. □
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Remark 7.13. Let a P C0pUq Ď CpXq where φ|U is injective, then a˝φ|
´1
U P C0pφpUqq Ď

CpXq. Morever, if a, b P C0pUq, then a ¨ b “ αpa ˝ φ|
´1
U qb and in view of (TR2) and (TR3)

for any representation pπ, T, T ˚q of L we get
πpabqT “ πpbqTπpa ˝ φ|

´1
U q, T ˚πpabq “ πpa ˝ φ|

´1
U qT ˚πpbq.

This means that (TR2) and (TR3) have their symmetrised versions but only locally and
in the presence of a witness.

We will need to assume additional covariance condition on representation of L, which
can be phrased in a number of ways:

Proposition 7.14. Let pπ, T, T ˚q be a representation of L in a Banach algebra B and
let φ : X Ñ X be the associated local homeomorphism. The following are equivalent:

(1) πpCpXqq Ď πpCpXqqTT ˚πpCpXqq.
(2) πpaqTT ˚πpbq “ πpϱabq for a, b P CpXq supported on a set where φ is injective.
(3)

řn
i“1 πpuiqTT

˚πpviq “ 1 for every quasi-basis tuiu
N
i“1, tviu

N
i“1 Ď CpXq.

(4)
řn
i“1 πpuiqTT

˚πpviq “ 1 for some quasi-basis tuiu
N
i“1, tviu

N
i“1 Ď CpXq.

Proof. (1)ñ(2),(3). Assumption (1) implies 1 P πpCpXqqTT ˚πpCpXqq. Therefore
πpaq, a P CpXq is determined by its action on πpCpXqqT in the sense that if πpaqπpcqT “

πpbqπpcqT for all c P CpXq, then πpaq “ πpbq. Let a, b P CpXq be supported on a set where
φ is injective. Then for c P CpXq and every x P X we have

apxqαpLpbcqqpxq “ apxq
ÿ

tPφ´1pφpxqq

ϱptqbptqcptq “ ϱpxqapxqbpxqcpxq.

Hence
´

πpaqTT ˚πpbq
¯

πpcqT “ πpaαpLpbcqqqT “ πpϱabqπpcqT. Thus πpaqTT ˚πpbq “ πpϱabq.
This proves (2). Now let tuiu

N
i“1, tviu

N
i“1 Ď CpXq be a quasi-basis for L and let a P CpXq.

We have
řn
i“1 uiαpLpviaqq “ a. Thus

n
ÿ

i“1
πpuiqTT

˚πpviqπpaqT “ π
´

n
ÿ

i“1
uiαpLpviaqq

¯

T “ πpaqT.

This implies that
řn
i“1 πpuiqTT

˚πpviq “ 1, and so also (3).
(2)ñ(1). Let u “ v “ tuiu

n
i“1 be the quasi-basis given by (7.4). Then for every

a P CpXq we have

a “

n
ÿ

i“1
ϱuiaui “

n
ÿ

i“1
uiaTT

˚ui P πpCpXqqTT ˚πpCpXqq.

Hence conditions (1)-(2) are equivalent. Implications (3)ñ(4)ñ(1) are straightforward.
Thus all conditions are equivalent. □

Definition 7.15. We say that a representation pπ, T, T ˚q of L in a unital Lp-operator
algebra, p P r1,8s, is covariant if it satisfies the equivalent conditions in Proposition 7.14
and in addition for any open set U Ď X such that φ|U is injective and any h P CcpUq with
}h} “ 1 the operators πpϱ´ 1

phqT , T ˚πpϱ´ 1
qhq, where 1

p
` 1

q
“ 1, are contractive.
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Remark 7.16. For p “ 2 the last condition in the above definition is automatic.
Namely, if pπ, T, T ˚q is a representation of L in a unital L2-operator algebra B, then we
may embed B as a unital subalgebra of a C˚-algebra C and so T ˚ is hermittian adjoint of
T , cf. Remark 7.11. Moreover, for for any open set U Ď X such that φ|U is injective and
any h P CcpUq with }h} “ 1 using (TR1) we get

}πpϱ´ 1
2hqT }

2
“ }T ˚πpϱ´ 1

2hqπpϱ´ 1
2hqT } “ }h ˝ φ|

´1
U } “ 1

and }T ˚πpϱ´ 1
2hq} “ }πpϱ´ 1

2hqT }.

Any transfer operator of finite-type admits a natural injective non-degenerate covariant
representation on an Lp-space for any p P r1,8s.

Lemma 7.17. Let L be a transfer operator of finite type for a local homeomorphism
φ : X Ñ X and let p, q P r1,8s with 1

p
` 1

q
“ 1. We have an injective non-degenerate

covariant representation pπ, T ˚, T q of L on ℓppXq, given by the formulas

πpaqξpyq :“ apyqξpyq, T ξpyq :“ ϱpyq
1
p ξpφpyqq, T ˚ξpyq :“

ÿ

xPφ´1pyq

ϱpxq
1
q ξpxq.

for all a P CpXq, ξ P ℓppXq, y P X.

Proof. It is clear that π is an isometric unital representation of CpXq on ℓppXq. For
ξ P ℓppXq and p ă 8 we have

}Tξ}
p
p “

ÿ

xPX

ϱpxq|ξpφpxqq|
p

“
ÿ

yPX

ÿ

xPφ´1pxq

ϱpxq|ξpyq|
p

“
ÿ

yPX

|ξpyq|
p

“ }ξ}
p
p.

Hence T is a well defined isometry. Also applying triangle and Hölder’s inequalities we get

}T ˚ξ}
p
p “

ÿ

yPX

|
ÿ

xPφ´1pyq

ϱpxq
1
q ξpxq|

p
ď

ÿ

yPX

p
ÿ

xPφ´1pyq

ϱpxqq
1
q p

ÿ

xPφ´1pyq

|ξpxq|
p
q “ }ξ}

p
p.

Hence T ˚ is a well defined contraction. Checking that T and T ˚ are contractions for p “ 8

is even easier and we leave it to the reader. Moreover, for any a P CpXq, ξ P ℓppXq, y P X

pT ˚πpaqTξqpyq “
ÿ

xPφ´1pyq

ϱpxq
1
q apxqϱpxq

1
p ξpφpxqq “

ˆ

ÿ

xPφ´1pyq

ϱpxqapxq

˙

ξpyq

“ πpLpaqqξpyq

and
pTπpaqξqpyq “ ϱpyq

1
papφpyqqξpφpyqq “ pπpαpaqqTξqpyq.

Thus (TR1) and (TR2) hold. Let U Ď X be an open set such that φ|U is injective. It is
readilly seen that for any a, b P CcpUq we have πpaqTT ˚πpbq “ πpϱabq, and if h P CcpUq

with }h} “ 1 then πpϱ´ 1
phqT “ πphqTφ|U and T ˚πphϱ´ 1

qhq “ πph˝φ|
´1
U qTφ|

´1
U

are contractive
weighted compostion operators. Hence pπ, T ˚, T q is a covariant representation of L. □
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We have another, slightly more sophisticated and more important for us, covariant
representation of the operator L, which is related with the regular representation of the
Deacon-Renault groupoid GpX,φq, cf. Proposition 5.24 and subsection 6.3. In fact, to large
extend it can be seen purely algebraically. Indeed, note that the set Γpφq :“ tpx,´1, φpxqq :
x P Xu, which can be identified with “the graph of φ”, is a compact open subset of GpX,φq.
Hence the characteristic function 1Γpφq is an element of CcpGpX,φqq. The function 1Γpφq

and its adjoint 1˚
Γpφq in CcpGpX,φqq act by convolution on functions ξ : GpX,φq Ñ C as

follows:
(7.8) 1Γpφq ˚ ξpx,N, zq “ ξpφpxq, N ` 1, zqq, 1˚

Γpφq ˚ ξpy,N, zq “
ÿ

xPφ´1pyq

ξpx,N ´ 1, zqq.

For each p P r1,8s we put

Tp :“ ϱ
1
p ˚ 1Γpφq P CcpGpX,φqq.

Lemma 7.18. Retain the above notation and let p, q P r1,8s with 1
p

` 1
q

“ 1. For any
a P CpXq and b, c P C0pUq where U Ď X is open subset such that φ|U is injective, we have
(7.9) T˚

q ˚ a ˚ Tp “ Lpaq Tp ˚ a “ αpaq ˚ Tp c ˚ Tp ˚ T˚
q ˚ b “ ϱcb.

Moreover, CcpGpX,φqq is generated as an algebra by CpXq, Tp and T˚
q .

Proof. One directly and readily checks that formulas (7.9) hold. Recall that CcpGpX,φqq

is spanned by continuous compactly supported functions living on bisections ZpV,m´n, Uq

given by (6.6), where V, U Ď X are open, φm|U , φ
n|V are injective and φnpV q “ φmpUq.

Moreover, every such function is of the form

aδZpV,m´n,Uqpx,N, yq “

#

apxq, px,N, yq P ZpV,m ´ n, Uq,

0, otherwise,

where a P CcpV q. One readily checks that letting Γpφnq :“ tpx,´n, φnpxqq : x P Xu we
have

aδZpV,m´n,Uq “ a1Γpφnq ˚ 1˚
Γpφmq “ 1Γpφnq ˚ 1˚

Γpφmq ˚ a ˝ φn|
´1
V ˝ φ|

m
U

Moreover, 1nΓpφq “ 1Γpφnq and Tnp “ pϱnq
1
p1Γpφnq where ϱn is given by the formula (7.6).

Therefore
aδZpV,m´n,Uq “ aϱ

´ 1
p

n ˚ Tnp ˚ T˚m
q ˚ ϱ

´ 1
q

m .

This implies that CcpGpX,φqq is spanned by elements of the form a ˚ Tnp ˚ T˚m
q ˚ b for

n,m P N0 and a, b P CpXq. Hence CcpGpX,φqq is generated as an algebra by CpXq, Tp
and T˚

q . □

Proposition 7.19. Let L be a transfer operator of finite type for a local homeomor-
phism φ : X Ñ X and let p, q P r1,8s with 1

p
` 1

q
“ 1. Consider the regular representation

Λp : F ppGpX,φqq Ñ BpℓppGpX,φqqq of the Deacon-Renault groupoid GpX,φq associated to
φ. Putting

π :“ Λp|CpXq, T :“ ΛppTpq, T ˚ :“ ΛppT˚
q q,
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we get an injective non-degenerate covariant representation pπ, T, T ˚q of L on ℓppGpX,φqq

such that Bpπ, T, T ˚q “ ΛppF ppGpX,φqqq – F p
r pGpX,φqq.

Proof. It is clear that π is an isometric unital representation of CpXq on ℓppGpX,φqq.
Let ξ P ℓppGpX,φqq. If p ă 8, then (in view of (7.8))

}Tξ}
p
p “

ÿ

px,N,zq

ϱpxq|ξpφpxq, N ` 1, zqq|
p

“
ÿ

py,N`1,zq

ÿ

xPφ´1pyq

ϱpxq|ξpy,N ` 1, zqq|
p

“
ÿ

py,N`1,zq

|ξpy,N ` 1, zqq|
p

“ }ξ}p.

Also applying triangle and Hölder’s inequalities (and (7.8)) we get

}T ˚ξ}
p
p “

ÿ

px,N,zq

|
ÿ

yPφ´1pxq

ϱpyq
1
q ξpy,N ´ 1, zqq|

p

ď
ÿ

px,N,zq

ÿ

yPφ´1pxq

|ξpy,N ´ 1, zqq|
p

“
ÿ

py,N´1,zq

|ξpy,N ´ 1, zqq|
p

“ }ξ}p.

If p “ 8, then

}Tξ}8 “ sup
px,N,zq

ÿ

N“n`m
yPX

|1Γpφqpx, n, yqξpy,m, zqq| “ sup
px,N,zq

|ξpφpxq, N ` 1, zqq| “ }ξ}8

and

}T ˚ξ}8 “ sup
px,N,zq

|
ÿ

yPφ´1pxq

ϱpxqξpy,N ´ 1, zqq| ď sup
py,N´1,zq

|ϱpxqξpy,N ´ 1, zqq| “ }ξ}8.

Hence T and is an isometry and T ˚ is a contraction. In view of (7.9) and the above
estimates it follows that pπ, T, T ˚q is a covariant representation of L on ℓppGpX,φqq.

Since ΛppCcpGpX,φqqq is dense in ΛppF ppGpX,φqqq, the last part of Lemma 7.18 implies
that the algebra generated by πpCpXqq, T and T ˚ is dense in ΛppF ppGpX,φqqq. Hence we
have Bpπ, T, T ˚q “ ΛppF ppGpX,φqqq. □

Recall that if X is metrizable, then F ppGpX,φqq “ F p
r pGpX,φqq, see Remark 6.38, and

so the above proposition says that the Lp-operator algebra F ppGpX,φqq is generated by a
unital injective covariant representation of a transfer operator for φ. Now we will show
that this covariant representation is universal:

Theorem 7.20. Let L be a finite type transfer operator for φ and let GpX,φq be the
associated Renault-Deaconu groupoid. For each p P r1,8s and for every unital covariant
representation pπ, T, T ˚q in an Lp-operator algebra B there is a representation π ¸ T :
F ppGpX,φqq Ñ B uniquely determined by

π ¸ T paq “ πpaq, π ¸ T pTpq “ T, π ¸ T pT˚
q q “ T ˚

where a P CpXq and 1{p ` 1{q “ 1.
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Proof. To show that π ¸ T exists we will use Theorem 6.37. To this end we need
to construct from the covariant representation pπ, T, T ˚q of L a representation pπ, vq of
the inverse semigroup action of SpX,φq described there. To this end we may assume that
B is a unital subalgebra of BpLppµqq where µ is a localizable measure. If p ‰ 2, then π
acts by multiplication operator by Theorem 3.11. By Lemma 3.14, we may assume the
same for p “ 2. Then π extends to the representation π : BpXq Ñ BpLppµqq of the
algebra of Borel bounded functions. Note that also α and L extend naturally (by the same
formulas) to maps on BpXq and then pπ, T, T ˚q might be treated as the representation of
L : BpXq Ñ BpLppµqq, so in particular relations (TR1)-(TR3) hold for Borel functions.

Since the representation pπ, T, T ˚q of Ln is covariant for any non-empty open set U Ď

X where φ|U is injective the operators vU :“ πpϱ´ 1
p1UqT and v˚

U :“ T ˚πpϱ´ 1
q1Uq are

contractive and vUv
˚
U “ πp1Uq and v˚

UvU “ πp1φpUqq, by (TR1). Therefore vU and v˚
U

are mutually conjugate spatial partial isometries, cf. Theorem 3.26. Moreover, since
pπ, T n, T ˚nq is a covariant representation of L, for any non-empty open set U Ď X such
that φn|U is injective we get

vnU “ πpϱ
´ 1
p

n 1UqT n and v˚n
U “ T ˚nπpϱ

´ 1
q

n 1Uq.

Let ZpV,m ´ n, Uq P SpX,φq, so that φm|U , φ
n|V are injective and φnpV q “ φmpUq, and

put

vZpV,m´n,Uq :“ vnV v
˚m
U “ πpϱ

´ 1
p

n 1V qT nT ˚mπpϱ
´ 1
q

m 1Uq.

Note that this is well defined, as if in addition φm`1|U , φ
n`1|V are injective, then

πpϱ
´ 1
p

n`11V qT n`1T ˚m`1πpϱ
´ 1
q

m`11Uq “ πpϱ
´ 1
p

n 1V qT nT ˚mπpϱ
´ 1
q

m 1Uq,

by Proposition 7.14(2) and Remark 7.13. Also using Remark 7.13 one sees that for a P

C0pUq we get

(7.10) vZpV,m´n,Uqπpaq “ πpa ˝ θZpV,m´n,UqqvZpV,m´n,Uq

where θZpV,m´n,Uq “ pφm|V q´1 ˝ φn|U . This is the covariance condition (SCR1). Condition
(SCR2) also readily follows, as it needs to be checked only on idempotents and idemepotents
in SpX,φq are sets ZpU, 0, Uq for which we have vZpU,0,Uq “ πp1Uq by construction.

Let us now show that the map SpX,φq Q ZpV,m´ n, Uq ÞÑ vZpV,m´n,Uq is a semigroup
homomorphism. Let ZpV,N, Uq and ZpW,M, Y q be bisections of the form (6.6), so N “

n´m, M “ k´ l where n,m, k, l P N0, φm|V , φn|U , φl|W , φk|Y are injective and φmpV q “

φnpUq, φlpY q “ φkpW q. By the proof of Proposition 6.35 we have

ZpV,N, Uq ¨ ZpW,M, Y q “ ZpV 1, N ` M,Y 1
q,

where Y 1 “ pφ|kY q´1 ˝ φlpU X W q and V 1 “ pφ|mV q´1 ˝ φnpU X W q. More specifically, we
may assume for instance that n ě l (as the other case one then gets by passing taking star
in the inverse semigroup SpX,φq and the inverse semigroup of spatial partial isometries).
Then φk`n´l is injective on Y 1 and θZpV 1,N`M,Y 1q “ pφ|mV q´1 ˝ φ|

k`n´l
Y 1 maps Y 1 onto V 1.

115



Then using (7.7) we get

vZpV,N,Uq ¨ vZpW,M,Y q “ πpϱ
´ 1
p

m 1V qTmT ˚nπpϱ
´ 1
q

n 1Uqπpϱ
´ 1
p

l 1W qT lT ˚kπpϱ
´ 1
q

k 1Y q

“ πpϱ
´ 1
p

m 1V qTmT ˚n´k`lπ

ˆ

αkpLlpϱ
´ 1
q

n ϱ
´ 1
p

l 1UXW qqϱ
´ 1
q

k 1Y

˙

.

Moreover, for any y P Y using that φl|W is injective we get

αkpLlpϱ
´ 1
q

n ϱ
´ 1
p

l 1UXW qpyq “
ÿ

xPφ´lpφkpyqqXUXW

pϱpφlpxqq . . . ϱpφn´1
pxqqq

´ 1
q

“ rφkpyq P φlpU X W qspϱpφkpyqq . . . ϱpφk`n´l´1
pyqqq

´ 1
q

and therefore αkpLlpϱ
´ 1
q

n ϱ
´ 1
p

l 1UXW qqϱ
´ 1
q

k 1Y “ ϱ
´ 1
q

k`n´l1Y 1 . Thus

vZpV,N,Uq ¨ vZpW,M,Y q “ πpϱ
´ 1
p

m 1V qTmT ˚n´k`lπ

ˆ

ϱ
´ 1
q

k`n´l1Y 1

˙

Using that V 1 “ pφ|mV q´1 ˝φk`n´lpY 1q and the commutation relation (7.10) we may replace
V by V 1 above, and so finally we get

vZpV,N,Uq ¨ vZpW,M,Y q “ vZpV 1,N`M,Y 1q “ vZpV,N,Uq¨ZpW,M,Y q.

Hence pπ, vq is a covariant representation of the action of SpX,φq and so it integrates to a
representation π¸ T : F ppGpX,φqq Ñ BpEq, which clearly satisfies the relations displayed
in the assertion, and so in fact π ¸ T : F ppGpX,φqq Ñ B Ď BpEq is a representation into
B. They determine π ¸ T uniquely, because CpXq, Tp and T˚

q generate CcpGpX,φqq as an
algebra, by Lemma 7.18. □

Corollary 7.21. Let L be a finite type transfer operator for a local homeomorphism
φ : X Ñ X on a compact metric space X. For each p P r1,8s, there is an Lp-operator
algebra F ppLq such that

(1) F ppLq “ Bpι,Tp,T˚
pq is generated by a covariant representation pι,Tp,T˚

pq of L;
(2) for covariant representation pπ, T, T ˚q in an Lp-operator algebra B there is a rep-

resentation π ¸ T : F ppLq Ñ B uniquely determined by

π ¸ T pιpaqq “ πpaq, a P CpXq, π ¸ T pTpq “ T, π ¸ T pT˚
pq “ T ˚.

Every Lp-operator algebra satisfying the above two conditions is naturally isometrically
isomorphic to F ppLq. The representation ι is isometric and F ppLq – F ppGpX,φqq.

Proof. Let F ppLq be the algebra F ppGpX,φqq “ F p
r pGpX,φqq and put ι :“ idCpXq :

CpXq Ñ F ppLq, Tp :“ Tp, T˚
p :“ T˚

q . Then (1) and (2) follow from Proposition 7.19
and Theorem 7.20 respectively. If pσ, S, S˚q is a covariant representation of L in an Lp-
operator algebra such that C “ Bpσ, S, S˚q satisfies the analogue of (2). Then we have
two contractive homomorphisms ι ¸ Tp : F ppLq Ñ C and σ ¸ S : C Ñ F ppLq, which are
inverse to each other. Hence F ppLq – C. □

116



Definition 7.22. We call the algebra F ppLq together with the covariant representa-
tion pι,Tp,T˚

pq described in Corollary 7.21, the Lp-operator algebra crossed product of the
transfer operator L. Since ι is isometric, we will treat CpXq as a subalgebra of F ppLq.

Proposition 7.23. The crossed product F ppLq, p P r1,8s, is equipped with the circle
gauge action by isometric automorphisms of F ppLq, i.e. there is a group homomorphism
γ : T Ñ AutpF ppLqq such that γz ˝ ι “ ι, γzpTpq “ zTp and γzpT˚

pq “ zTp for z P T. The
following conditions are equivalent:

(1) φ is topologically free, see Definition 6.39;
(2) CpXq Ď F ppLq is maximal abelian subalgebra;
(3) CpXq Ď F ppLq has the intersection property.

Moreover, F ppLq is simple if and only if X is infinite and φ is minimal, see Definition
6.42.

Proof. For each z P T the triple pι, zTp, zTpq is a covariant representation of L in
F ppLq. Hence by universality we have a representation γz : F ppLq Ñ F ppLq such that
γz ˝ ι “ ι, γzpTpq “ zTp and γzpT˚

pq “ zTp. Moreover, we clearly have γ1 “ idF ppLq and
γz ˝γw “ γzw for z, w P T. In particular, representations γz and γz are inverse to each other,
and hence they are isometries. Thus γ : T Ñ AutpF ppLqq is a group homomorphism. The
remaining part of the assertion follows from Theorems 6.41 and 6.46. □

Corollary 7.24. For any a P CpXq the spectrum of the operator aTp P F ppLq,
p P r1,8s, in F ppLq is invariant under rotations around zero.

Proof. Let λ P σF ppLqpaTpq and z P T. Since γz : F ppLq Ñ F ppLq is an automorphism,
paTp´zλ1q “ zpazTp´λ1q “ z ¨γzpaTp´λ1q is not invertible, that is zλ P σF ppLqpaTpq. □

7.3. Riesz projectors for universal weighted composition operators

In this section we will use our groupoid tools to prove the following result about the
spectra of weighted composition operators coming from the universal representation.

Proposition 7.25. Let φ : X Ñ X be a topologically free, surjective local homeomor-
phism on a compact metrizable space. Let p P r1,8s and let Tp, T˚

p be operators that
together with CpXq generate F ppLq. For any a P CpXq, every Riesz projector P associated
to a clopen subset of the spectrum σF ppLqpaTpq belongs to CpXq and hence corresponds to
a clopen subset of X. Moreover, if the corresponding part of σF ppLqpaTpq does not con-
tain zero, then P “ πp1X0q where X0 Ď X is such that φpX0q “ X0, φ : X0 Ñ X0 is a
homeomorphism and a|X0 is non-zero at every point.

Let us start by recalling that for any Banach space E an operator b P BpEq is hyperbolic
if σpbq X T “ H where T “ tz P C : |z| “ 1u. Then the formula

P :“ 1
2πi

ż

T
pλ ´ bq´1dλ P BpEq,

defines a Riesz projector, cf. [RS90], that divides E to two parts that correspond to
parts of the spectrum of b lying in tz P C : |z| ă 1u and tz P C : |z| ą 1u. Namely,
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the spaces E1 “ PE and E2 “ kerP “ p1 ´ P qE are invariant subspaces of b and
σpb|E1q Ď tz P C : |z| ă 1u and σpb|E2q Ď tz P C : |z| ą 1u. Hence there is n0 P N and ε ą 0
such that

(7.11) }bnv1} ă p1 ´ εqn}v1} for all v1 P E1, n ą n0,

(7.12) }bnv2} ą p1 ` εqn}v2} for all v2 P E2, n ą n0.

Every v P E has a unique decomposition v “ v1 ` v2 where vi P Ei, i “ 1, 2. Since }bnv} “

}bnpv1`v2q} ě }bnv2}´}bnv1}, we see that (7.11), (7.12) imply that either limnÑ8 }bnv} “ 8

or limnÑ8 }bnv} “ 0 depending on whether v2 ‰ 0 or v2 “ 0. Accordingly,

(7.13) PE “ tv P E : lim
nÑ8

bnv “ 0u.

We start with some technical general facts concerning Riesz projectors for operators
associated to any covariant representation of L.

Lemma 7.26. Let pπ, T, T ˚q be an injective covariant representation of transfer operator
L on a Banach space E. Assume the identification A – CpXq and let a P A be such that
σpaT q XT “ H. Let P “ 1

2πi

ş

Tpλ´ aT q´1dλ and put E1 “ PE and E2 “ p1 ´P qE. Then
(1) P P A1, i.e. P commutes with elements of A “ CpXq;
(2) |a|T commutes with P ;
(3) a|E2 : E2 Ñ E2 is invertible.

Proof. (1). By (7.13), E1 “ tv P E : limnÑ8paT qnv “ 0u. For any b P A and v P E1
using the commutation relation (TR2) we get

}paT q
nbv} “ }αnpbqpaT q

nv} ď }b}}paT q
nv} ÝÑ

nÑ8
0.

Thus bE1 Ď E1 and so AE1 Ď E1. Let us consider now invertible b P A. Let v P E2 and
write bv “ v1 ` v2 where vi P Ei, i “ 1, 2. Then v “ b´1v1 ` b´1v2. Since b´1v1 P E1 and
v ´ b´1v2 P E2, we must have b´1v1 “ 0 and therefore v1 “ 0. This shows that bE2 Ď E2
for all invertible b P A. Since every element in A “ CpXq is a sum of four invertible
elements, this implies that AE2 Ď E2. Thus we have proved that operators in A respect
the decomposition E “ E1 ‘ E2, which is equivalent to P P A1.

(2). Using the Tietze theorem we may find functions ak P CpXq, k “ 1, 2, ..., such that:
|akpxq| ď 1 and akpxq “

|apxq|

apxq
when |apxq| ě 1

k
. Then limkÑ8 aka “ |a|. Since P commutes

with aT and ak P CpXq we get

p|a|T qP “ lim
kÑ8

akaTP “ P lim
kÑ8

akaT “ P p|a|T q.

(3). Using that aT : E2 Ñ E2 is surjective and a commutes with p1 ´ P q we get

E2 “ aTE2 “ aT p1 ´ P qE “ p1 ´ P qaTE “ ap1 ´ P qTE Ď aE2.

Hence a : E2 Ñ E2 is surjective. To see it is injective, it suffices to show that |a| : E2 Ñ E2
is injective, because a˚a “ |a|2. Suppose that v P E2 is such that |a|v “ 0. By the Urysohn
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lemma we may find functions ck P CpXq, k “ 2, 3, ..., such that

0 ď ck ď 1, ckpxq “

#

0, when |apxq| ď 1
k
,

1, when |apxq| ě 1
k´1 .

Let us put |a|kpxq :“ |apxq|, when |apxq| ą 1
k
, and |a|kpxq :“ 1

k
, when |apxq| ď 1

k
. Then

|a|k P CpXq are invertible elements in CpXq such that |a|kck “ |a|ck. Thus |a|kpckvq “

ckp|a|vq “ 0. This implies that ckv “ 0, for all k “ 2, 3, ... . Since the restriction of aT to
E2 is invertible there is v2 P E2 such that aTv2 “ v. From the construction of ck we have
limkÑ8 cka “ a. Accordingly, we get v “ aTv2 “ limkÑ8 ckaTv2 “ limkÑ8 ckv “ 0. □

Definition 7.27. Let A Ď B be a unital inclusion of unital Banach algebras. We say
that A is inverse closed (or full) subalgebra of B, if every element a P A which is invertible
in B is invertible in A.

The following is probably well known to experts, but we were not able to find a reference:

Lemma 7.28. Let B be a unital Banach algebra.
(1) Consider B as a subalgebra of BpEq where E :“ B and b P B acts on E by

left multiplication. Then B Ď BpEq is inverse closed. More generally, for any
idempotent p P B the subalgebra pBp Ď BppEq is inverse closed.

(2) If A Ď B is a unital maximal abelian subalgebra of B, then it is inverse closed.

Proof. (1). Let p P B be an idempotent and denote by π : pBp Ñ BppBq the ‘left
regular representation’, that is πpbqa “ b¨a for b P pBp and a P pB. Note that π is isometric,
and so we may use it to identify pBp with subalgebra of BppEq where E :“ B. Assume
that b P pBp is such that πpbq is invertible in BppEq and let T : pB Ñ pB be the inverse
of πpbq. Then we get that b ¨ T ppq “ rπpbqT sppq “ p. Hence T ppq P B is a right inverse of b
in B. But on the other hand, we have πpbqpp´T ppqbq “ b´ b ¨T ppq ¨ b “ b´pb “ b´ b “ 0,
and since πpbq is injective we get that T ppqb “ p. So T ppq is the inverse of b in pBp.

(2). Let b P B be an inverse of a P A in B. By commutativity of A, for any c P A we
get bc “ 1bc “ pcaqbc “ cbpacq “ cb1 “ cb. Hence b P A by maximal abelianness of A. □

Remark 7.29. We will consider maximal abelian subalgebras of the form A “ CpXq,
so that they are commutative C˚-algebras. Thus instead of Lemma 7.28(2) we may appeal
to the much more general fact that every unital C˚-algebra A is inverse closed when unitaly
embedded into any Banach algebra B, see [Gol99].

Proof of Proposition 7.25. By Lemma 7.28(1) we may assume that F ppLq is an
inverse closed unital subalgebra of BpEq. Let a P CpXq. By Corollary 7.24, σF ppLqpaTpq

is invariant under the rotations around zero. Hence to prove the assertion it suffices
to consider projections P and 1 ´ P , where P :“ 1

2πi

ş

tz:|z|“ru
pλ ´ aTpq

´1dλ P F ppLq

corresponds to parts of the spectrum of aTp lying in tz P C : |z| ă ru and tz P C : |z| ą ru
respectively. Moreover, by scaling, we may also assume that r “ 1. By Lemma 7.26(1),
P P πpCpXqq1. But by Proposition 7.23, CpXq is a maximal abelian subalgebra of F ppLq.
Hence P P CpXq, and so P “ 1X1 for a clopen subset of X. Note that 1 ´ P “ 1X2 where
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X “ X1 \ X2. Putting E2 :“ 1X2E we get that aTp1X2 “ a1X2Tp is invertible as an
element of BpE2q. By Lemma 7.26(3), a1X2 P 1X2F

ppLq1X2 is invertible in BpE2q as well.
Thus by Remark 7.29, a1X2 is invertible as an element of CpX2q Ď CpX1q ‘CpX2q, that is
apxq ‰ 0 for x P X2. Also this implies that 1X2Tp “ 1X2Tp1X2 is invertible in BpE2q and
therefore by Lemma 7.28(1) we get that 1X2Tp is invertible in 1X2F

ppLq1X2 . We will now
infere the properties of X2 by considering F ppGpX,φqq as a subalgebra of BpℓppGpX,φqqq

using the isometric representation Λp : F ppGpX,φqq Ñ BpℓppGpX,φqqq, cf. Proposition
7.19. By (7.8) for ξ P ℓppGpX,φqq we have 1X2 ˚ ξpx,N, zq “ rx P X2sξpx,N, zq and

1X2Tpξpx,N, zq “ rx P X2sϱpxq
1
p ξpφpxq, N ` 1, zq.

Since 1X2Tp “ 1X2Tp1X2 , this implies that φpX2q Ď X2. Since 1X2Tp : 1X2ℓ
ppGpX,φqq Ñ

1X2ℓ
ppGpX,φqq is invertible it follows that for every y P X2 the set φ´1pyq X X2 is a

singletone. Hence φ : X2 Ñ X2 is a homeomorphism.
□

7.4. Spectral radii

In this section we discuss variational formulas for spectral radius abstract weighted
shifts that we defined in the previous section. The main result is Theorem 7.43 that shows
Ruelle’s formula for general expanding maps. The basic fact is that such analysis can be
reduced to the study of spectral radius of weighted transfer operators:

Proposition 7.30. Let L “ Lϱ,φ be a transfer operator of finite type for a surjective
local homeomorphism φ : X Ñ X on a compact metric space. Let p P r1,8s and let Tp,
T˚
p be operators that together with CpXq generate F ppLq. If p ă 8, for any a P CpXq

rpaTpq “ p

b

rpL|a|pϱ,φq “ lim
nÑ8

}Ln
p|a|

pαp|a|
p
q ¨ ¨ ¨αn´1

p|a|
p
qq}

1
np
8 ,

that is the spectral radius of aTp is equal to the p-th root of the spectral radius of the
transfer operator L|a|pϱ,φ : CpXq Ñ CpXq where L|a|pϱ,φpbq “ Lp|a|pbq, b P CpXq, see (7.3).
Moreover,

rpaT8q “ rpaαq “ lim
nÑ8

}aαpaq ¨ ¨ ¨αn´1
paqq}

1
n
8,

that is the spectral radius of aT8 is equal to the the spectral radius of the weighted compo-
sition operator aα : CpXq Ñ CpXq where raαspbq “ aαpbq “ a ¨ pb ˝ φq, b P CpXq.

Proof. Let n P N and p ă 8. Since pL|a|pϱ,φqn : CpXq Ñ CpXq is a positive
map, }pL|a|pϱ,φqn} “ }pL|a|pϱ,φqnp1q}8, see for example [Kwa17, Lemma 2.1]. Note that
pL|a|pϱ,φqnp1q is equal to Lnp|a|pαp|a|pq ¨ ¨ ¨αn´1p|a|pqq and therefore

}pL|a|pϱ,φq
n
} “ }Ln

p|a|
pαp|a|

p
q ¨ ¨ ¨αn´1

p|a|
p
qq}8.

Similarly, we get }paαqn} “ }aαpaq ¨ ¨ ¨αn´1paqq}8. On the other hand, for any p P r1,8s

we have paTpq
n “ aαpaq ¨ ¨ ¨αn´1paqTn

p . To calculate its norm, we will use the regular rep-
resentation where Tp acts on ℓppGpX,φqq by convolution with Tp. Hence Tnp “ pϱnq

1
p1Γpφnq
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acts as a weighted composition operator on ℓppGpX,φqq, see (7.8). For p “ 8 and any
b P CpXq and ξ P ℓppGpX,φqq we have

rΛ8pbTn8qsξpx,N, zq “ bpφnpxqq ¨ ξpφnpxq, N ` n, zq.

Since φ is surjective, this implies that }bTn
8} “ }b}8. Hence taking b :“ aαpaq ¨ ¨ ¨αn´1paq

we get
}paT8q

n
}Bpℓ8pGpX,φqqq “ }aαpaq ¨ ¨ ¨αn´1

paqq}8 “ }paαq
n
}BpCpXqq,

which implies the second part of the assertion.
Assume then that p ă 8. Let b P CpXq and ξ P ℓppGpX,φqq. We get

}ΛppbTnp qξ}
p
p “

ÿ

kPGpX,φq

|bTnp ˚ ξpkq|
p

“
ÿ

kPGpX,φq

r|b|pT1 ˚ |ξ|
p
spkq “ }Λ1p|b|pTn1 q|ξ|

p
}1.

Taking supremum over norm one elements ξ P ℓppGpX,φqq and using that the map ℓppGpX,φqq Q

ξ ÞÑ |ξ|p P ℓ1pGpX,φqq is norm preserving and Λ1p|b|pTn1 q is positive, we get
}bTn

p}
p

“ }ΛppbTnp q}
p
BpℓppGpX,φqqq

“ }Λ1p|b|pTn1 q}Bpℓ1pGpX,φqqq.

Thus using the standard isomorphism ℓ1pGpX,φqq˚ – ℓ8pGpX,φqq we get
}bTn

p}
p

“ }Λ1p|b|pTn1 q}Bpℓ1pGpX,φqqq “ }Λ1p|b|pTn1 q
˚
}Bpℓ8pGpX,φqqq.

In view of the pairing ℓ1pGpX,φqq ˆ ℓ8pGpX,φqq Q pξ, ηq ÞÑ
ř

kPGpX,φqq
ξpkqηpkq we get

Λ1p|b|pTn1 q˚ “ Λ8pp|b|pTn1 q˚q. For ξ P ℓ8pGpX,φqq, using (7.8), we have

Λ8pp|b|pTn1 q
˚
qξpy,N, zq “

ÿ

xPφ´npyq

|bpxq|
pϱnpxqξpx,N ´ 1, zqq.

This implies that
}Λ8pp|b|pTn1 q

˚
q}Bpℓ8pGpX,φqqq “ max

yPX

ÿ

xPφ´npyq

|bpxq|
pϱnpxq “ }Ln

p|b|pq}8.

Combining these steps we get }bTn
p}p “ }Lnp|b|pq}8. Taking b :“ aαpaq ¨ ¨ ¨αn´1paq we have

|b|p “ |a|pαp|a|pq ¨ ¨ ¨αn´1p|a|pq and so
}paTpq

n
} “ }Ln

p|a|
pαp|a|

p
q ¨ ¨ ¨αn´1

p|a|
p
qq}8.

Comparing this with the first displayed formula in the proof gives the assertion. □

The variational formula for the spectral radius of a weighted automorphism aα :
CpXq Ñ CpXq was given independently by Kitover [Kit79] and Lebedev [Leb79]. But it
is known to hold for arbitrary weighted endomorphisms, see for instance [KL20, Subsection
5.1] and references cited there. In particular, we have

Theorem 7.31 (see, for instance, [KL20, Theorem 5.1]). Let α : CpXq Ñ CpXq be
a unital endomorphism and let φ : X Ñ X be the associated dual continuous surjection.
For any a P CpXq the spectral radius of the weighted endomorphism aα : CpXq Ñ CpXq

is given by

(7.14) rpaαq “ max
µPInvpX,φq

exp
ż

X

ln |a| dµ “ max
µPErgpX,φq

exp
ż

X

ln |a| dµ.
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Corollary 7.32 (cf.[Leb79]). Let α : CpXq Ñ CpXq be an automorphism and let
π : CpXq Ñ BpEq be an injective unital representaion and T P BpEq an invertible isometry
such that Tπpaq “ πpa ˝ αqT for all a P CpXq. Then for any a P CpXq we have

rpπpaqT q “ max
µPErgpX,φq

exp
ż

X

ln |a| dµ.

and if a is non-zero on X (invertible in CpXq), then

rppπpaqT q
´1

q
´1

“ min
µPErgpX,φq

exp
ż

X

ln |a| dµ.

Proof. For each n ě 1 we have

}pπpaqT q
n
} “ }πp

n´1
ź

k“0
αkpaqqT n} “ }πp

n´1
ź

k“0
αkpaqq} “ }

n´1
ź

k“0
αkpaq}8 “ }paαq

n
}.

Hence rpπpaqT q “ rpaαq. In view of (7.14), this gives the first part of the assertion.
Note that T´1πpaq “ πpα´1paqqT´1 and since ErgpX,φq “ ErgpX,φ´1q and for any µ P

ErgpX,φq we have
ş

X
ln |a ˝ p| dµ “

ş

X
ln |a| dµ by φ-invariance of µ we get

rpπpaqT q “ rpπpaqT´1
q “ max

µPErgpX,φq
exp

ż

X

ln |a| dµ.

If in addition a is invertible, then πpaqT is invertible and pπpaqT q´1 “ T´1πpa´1q “

πpα´1pa´1qqT´1. Hence

rppπpaqT q
´1

q “ rpπpα´1
pa´1

qqT´1
q “ max

µPErgpX,φq
exp

ż

X

ln |a´1
| dµ

“ max
µPErgpX,φq

exp
ż

X

´ ln |a| dµ “

ˆ

min
µPErgpX,φq

exp
ż

X

ln |a| dµ

˙´1

.

This proves the second part of the assertion. □

Spectral radius of general weighted transfer operator was investigated in [ABL11],
where it was described using the notion of t-entropy. Here we recall a definition simplified
in [BL17]. For a continuous surjective map φ : X Ñ X we denote by InvpX,φq the
simplex of regular probability measures that are φ-invariant in the sense that µ ˝φ´1 “ µ
for µ P InvpX,φq. The extreme points of this simplex form the set ErgpX,φq of ergodic
measures. Hence µ P ErgpX,φq if µ P InvpX,φq and for φ-invariant Borel sets A Ď X we
have µpAq P t0, 1u.

Definition 7.33 ([ABL11], [BL17]). Let L : CpXq Ñ CpXq be a unital transfer
operator for a continuous surjective map φ : X Ñ X. The t-entropy of L is the functional
τL : InvpX,φq Ñ R Y t´8u whose value at µ P InvpX,φq is defined by the formula:

(7.15) τLpµq :“ inf
nPN

1
n

inf
DpXq

ÿ

gPD

µpgq ln µpLngq

µpgq
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where DpXq is the set of all partitions of unity in the algebra CpXq. If we have µpgq “ 0
for a certain function g, then we set the corresponding summand in (7.15) to be zero. If
there exists g P DpXq such that Lng ” 0 and µpgq ą 0, then we set τLpµq “ ´8.

Theorem 7.34 ([ABL11, Theorem 11.2]). Let L : CpXq Ñ CpXq be a unital transfer
operator for a continuous surjective map φ : X Ñ X. For b P CpXq` consider the transfer
operator Lb : CpXq Ñ CpXq given by Lbpaq “ Lpbaq, a P CpXq. Then

ln rpLbq “ max
µPInvpX,φq

ˆ
ż

X

ln |b| dµ ` τLpµq

˙

where τLpµq is t-entropy for L (we adapt the convention that ln 0 “ ´8). In particular,
ln rpLq “ maxµPInvpX,φq τLpµq.

Remark 7.35. If φ : X Ñ X is a homeomorphism, then L : CpXq Ñ CpXq is the
composition operator with φ´1, an automorphism of CpXq, and τLpµq “ 0 for every µ P

InvpX,φq, by [ABL11, Proposition 8.3]. In particular, then the above result implies that
for every a P CpXq the spectral radius of the weighted automorphism aL : CpXq Ñ CpXq

is given by

ln rpaLq “ max
µPInvpX,φq

ż

X

ln |a| dµ “ max
µPErgpX,φq

ż

X

ln |a| dµ,

which is consistent with (7.14).

Corollary 7.36. Let L be a transfer operator of finite type for a surjective local
homeomorphism φ : X Ñ X on a compact metric space. For any p P r1,8s and a P CpXq

we have

ln rpaTpq “ max
µPInvpX,φq

ˆ
ż

X

ln |a| dµ `
τLpµq

p

˙

,

where τL is the t-entropy for L. If φ is injective, then ln rpaTpq “ maxµPErgpX,φq

ş

X
ln |a| dµ.

Proof. For p “ 8 combine Proposition 7.30 and Theorem 7.31. For p ă 8 combine
Proposition 7.30 and Theorem 7.34 with b “ |a|p. □

One of the fundamental principles of thermodynamical formalism and a part of the
celebrated Ruelle’s Perron-Frobenius Theorem is that for expanding open maps the spectral
exponent ln rpLϱ,φq coincides with topological pressure P pln ϱ, φq. A number of results in
this direction are known, cf. [Rue89], [LM98], [FJ01], [PU10]. However, none of these
sources considers a general case. Usually it is assumed that φ is topologically mixing,
ϱ : X Ñ p0,8q is Hölder continuous and strictly positive, and the space X is a finite
dimensional manifold or a shift space. In [BK21] the author and his advisor proved that

ln rpLc,φq “ P pln c, φq

for an arbitrary open expanding map φ : X Ñ X on a compact metric space and an
arbitrary continuous c : X Ñ r0,8q. We will now briefly discuss this result.
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Definition 7.37. A continuous map φ : X Ñ X on a compact metric space pX, dq is
(locally) expanding if there are ε ą 0 and θ ą 1 such that

dpx, yq ă ε ùñ dpφpxq, φpyqq ě θ ¨ dpx, yq.

Remark 7.38. Being expanding does not depend on the choice of a metric (compatible
with the topology). By [Red82], φ : X Ñ X is expanding if and only if φ : X Ñ X is
positively expansive, i.e. for some metric d there is δ ą 0 such that for any two points
x ‰ y we have dpφnpxq, φnpyqq ą δ for some n P N. In particular, every expanding map is
locally injective and so it is a local homeomorphism if and only if it is open.

Remark 7.39. By Schwartzman’s theorem, see [KR69], a homeomorphism φ : X Ñ X
is expanding (positively expansive) if and only if X is finite. Thus being expanding is a
notion designed for irreversible dynamics. A right notion for homeomorphisms is ‘two-
sided expansiveness’: a homeomorphism φ : X Ñ X is expansive if there is δ ą 0 such
that for any two points x ‰ y we have dpφnpxq, φnpyqq ą δ for some n P Z. The literature
is abundant in the results concerning expansive homeomorphisms, but it is well known
that (one-sided) versions of such facts hold for expanding (positively expansive) maps, cf.
[Wal82, Remark on page 145], [KR69, page 58]. A counterpart of [Wal82, Theorem
5.24], [KR69, Corollary 3.3] states that

any expansive map φ : X Ñ X is a factor of a one-sided subshift.
Namely, if φ : X Ñ X is expansive, then there is n ě 1 and a closed subset Z of the
product space t1, ..., nuN with σpZq “ Z, where σ : t1, ..., nuN Ñ t1, ..., nuN is the one-sided
shift

σpω1ω2 ¨ ¨ ¨ q “ pω2ω3 ¨ ¨ ¨ q,

and there is a continuous surjective map π : Z Ñ X such that the diagram
Z Z

X X

σ

π π

φ

commutes. Moreover, if X is zero dimensional and φ is open, then π above can be chosen
to be injecitve, so expanding maps on zero-dimensional spaces are equivalent to one-sided
subshifts pZ, σq.

Let φ : X Ñ X be a continuous map on a compact metric space X and let b P CpX,Rq

be a continuous real valued function. The topological pressure of pX,φq with potential
b is usually defined using n-Bowen’s metrics dnpx, yq “ max

i“0,...,n
dpφipxq, φipyqq and either

separated on spanning sets using the following formulas

P pφ, bq “ lim
εÑ0

lim sup
nÑ8

sup
EĎX is

ε-separated in dn

1
n

ln
ÿ

yPE

exp
˜

n´1
ÿ

i“0
bpφipyqq

¸

“ lim
εÑ0

lim sup
nÑ8

inf
EĎX is

pdn,εq-spanning

1
n

ln
ÿ

yPE

exp
˜

n´1
ÿ

i“0
bpφipyqq

¸

,
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see, for instance, [Wal82, 9.3]. It is crucial that P pφ, bq can be also expressed in terms of
the following variational principle:

(7.16) P pφ, bq “ sup
µPInvpX,φq

ˆ
ż

X

b dµ ` hφpµq

˙

,

where hφpµq is the Kolmogorov-Sinai entropy of a measure µ P InvpX,φq, see [Wal82],
[PU10]. Since we want to consider b “ ln c where c : X Ñ r0,8q is allowed to have
zero values, we need to generalize the definition of topological pressure to the case where
b : X Ñ R Y t´8u is allowed to attain the value ´8:

Definition 7.40. For a continuous map b : X Ñ R Y t´8u we define the topological
pressure of pX,φq with potential b as the value P pφ, bq P R Y t˘8u given by (7.16).

Remark 7.41. Recall that a point x P X is non-wandering if for every open neigh-
borhood V of x we have V X φnpV q ‰ H for some n P N. The set Ωpφq of all non-
wandering points is a closed, forward φ-invariant subset of X and suppµ Ď Ωpφq for every
µ P InvpX,φq. Thus we have

P pφ, bq “ P pφ|Ωpφq, b|Ωppqq

and so when calculating topological pressure we may always assume that X “ Ωpφq.

Remark 7.42. If φ is expanding, then the entropy map InvpX,φq Q µ Ñ hφpµq P r0,8q

is upper semi-continuous, see [PU10, Theorem 3.5.6]. Also the map InvpX,φq Q µ Ñ
ş

X
b dµ is always upper semi-continuous, cf. the proof of [Rue89, Lemma 1.4]. Therefore

the supremum supµPInvpX,φq

`ş

X
b dµ ` hφpµq

˘

is in fact a maximum. In addition, using
ergodic decomposition we have

P pφ, bq “ max
µPInvpX,φq

ˆ
ż

X

b dµ ` hφpµq

˙

“ max
µPErgpX,φq

ˆ
ż

X

b dµ ` hφpµq

˙

P R Y t´8u,

cf. [PU10, Corollary 3.4.3] or [Wal82, 9.10.1]. A measure µ P InvpX,φq in which the
above maximum is attained is called an equilibrium state for φ and b. If b P CpX,Rq is
Hölder continuous and φ is open and topologically transitive, i.e. for any non-empty open
sets U, V Ď X we have φnpUq X V ‰ H for some n P N, then there is a unique equilibrium
measure µφ,b for φ and b. This measure is the unique Gibbs measure for φ and b, and for
any y P X we have

P pφ, bq “

ˆ
ż

X

b dµ ` hφpµq

˙

“ lim
nÑ8

1
n

ln
ÿ

xPφ´1pyq

exp
˜

n´1
ÿ

i“0
bpφipyqq

¸

,

cf. [BK21, Theorem 2.3], see [PU10, Theorem 5.3.2].

Theorem 7.43 ([BK21, Theorem 4.6]). Suppose that φ : X Ñ X is an expanding
open map on a metrizable compact space X. For any continuous c : X Ñ r0,8q we have

ln rpLc,φq “ max
µPInvpX,φq

ˆ
ż

X

ln c dµ ` hφpµq

˙

“ max
µPErgpX,φq

ˆ
ż

X

ln c dµ ` hφpµq

˙

,
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that is the spectral exponent of the transfer operator Lc,φ, given by (7.3), is equal to the
topological pressure P pφ, ln cq of pX,φq with potential ln c.

Remark 7.44. If φ is not necessarily expansive local homeomorphism than we always
have ln rpLcq ď P pφ, ln cq but this inequality might be strict and the difference might be
arbitrarily large, see [BK21, Lemma 4.5 and a comment below].

Remark 7.45. Let φ be open expanding. The set of non-wandering points Ωpφq is
equal to the closure of the set of periodic points, see [PU10, Proposition 4.3.6], and
φ : Ωpφq Ñ Ωpφq has spectral decomposition, that is Ωpφq “

ŮN
j“1 Xj is a union of finitely

many φ-invariant disjoint clopen sets Xj, j “ 1, ..., N , such that for each j, the map
φ|Xj : Xj Ñ Xj is topologically transitive, see [PU10, Theorem 4.3.8 and Corollary 4.2.4].
By [BK21, Corollary 4.7], cf. Remark 7.42, if c is such that c|Ωpφq ą 0 and ln c|Ωpφq is
Hölder continuous, then for each pair of restrictions φ|Xj and ln c|Xj there is the unique
Gibbs measure µj and we have

ln rpLc,φq “ max
j“1,...,N

ż

Xj

ln c dµj ` hpµjq “ max
j“1,...,N

lim
nÑ8

1
n

ln
ÿ

xPφ´npyjq

n´1
ź

i“0
cpφipxqq

where yj P Xj are arbitrary points, for j “ 1, ..., N . In particular, if φ : Ωpφq Ñ Ωpφq is
topologically transitive, then there is the unique measure µ P InvpX,φq, the Gibbs measure
for φ|Ωpφq and ln c|Ωpφq, such that for all y P Ωpφq we have

ln rpLc,φq “

ż

X

ln c dµ ` hφpµq “ lim
nÑ8

1
n

ln
ÿ

xPφ´npyq

n´1
ź

i“0
cpφipxqq.

Corollary 7.46. Let L be a transfer operator of finite type for a surjective open
expansive map φ : X Ñ X on a compact metric space. For any p P r1,8s and a P CpXq

we have
ln rpaTpq “ max

µPErgpX,φq

ż

X

ln |aϱ
1
p | dµ `

hφpµq

p
,

where ϱ is the cocycle associated to L, cf. (7.3). If in addition p ă 8, a|Ωpφq ‰ 0 and
ln |aϱ

1
p | is Hölder continuous on Ωpφq, then for each system pXj, φq where Ωpφq “

ŮN
j“1 Xj

is the spectral decomposition for pΩpφq, φq, there is the Gibbs measure µj and then

ln rpaTpq “ max
j“1,...,N

ż

X

ln |aϱ
1
p | dµj `

hφpµjq

p
.

In particular, if φ : Ωpφq Ñ Ωpφq is topologically transitive, then the Gibbs measure µ for
φ|Ωpφq with potential lnp|a|pϱq|Ωpφq is the unique measure in InvpX,φq for which ln rpaTpq “
ş

X
ln |aϱ

1
p | dµ `

hφpµq

p
.

Proof. For p “ 8 the assertion follows from Proposition 7.30 and Theorem 7.31. Let
then p ă 8. By Proposition 7.30 we have rpaTpq “ p

a

rpL|a|pϱ,φq. Hence by Theorem 7.43,

ln rpaTpq “ 1{p ln rpL|a|pϱ, φq “ max
µPErgpX,φq

ż

X

ln |aϱ
1
p | dµ `

hφpµq

p
.
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The second part follows from Remark 7.45. □

Theorem 7.34 allows us to establish the following relationship between the t-entropy
and the Kolmogorov-Sinai entropy, which in turn allows us to view variational formulas in
Corollary 7.46 as a special case of those in Corollary 7.36.

Corollary 7.47. Let L : CpXq Ñ CpXq be a unital transfer operator for a unital
injective endomorphism whose dual map φ : X Ñ X is expanding and open. Then for each
µ P InvpX,φq the t-entropy τLpµq of L is given by

τLpµq “

ż

X

ln ϱ dµ ` hφpµq,

where ϱ is the cocycle associated to L and hφpµq is the Kolmogorov-Sinai entropy of µ. In
particular, for every µ P InvpX,φq we have

hφpµq “ inf
bPCpX,Rq

ln rpLebq ´

ż

X

lnpebϱq dµ,

where Leb : CpXq Ñ CpXq is the weighted transfer operator Lebpaq :“ Lpebaq, a P CpXq.

Proof. By [ABL11, Proposition 2.2], the functional λ : CpX,Rq Q b ÞÑ ln rpLebq “

ln rpLb ln ϱ,φq P R Y t´8u is convex and continuous. Hence its Legendre transform λ˚ :
CpX,Rq˚ Ñ R Y t`8u, given by λpµ˚q “ supbPCpX,Rq µpbq ´ λpbq, is a unique convex and
lower semicontinuous functional on CpXq˚ such that

λpbq “ sup
µPCpXq˚

µpbq ´ λ˚
pbq, b P CpX,Rq,

cf. [ABL11, Proposition 3.1]. The authors of [ABL11] write S “ ´λ˚ and call it
dual entropy map for L. By [ABL11, Proposition 4.2], the effective domain of λ˚ is
contained in InvpX,φq. Hence λ˚ is determined by its values on InvpX,φq. The map
InvpX,φq Q µ Ñ

ş

X
ln ϱ dµ ` hφpµq is upper semicontinuous and affine, cf. [Wal82,

Theorem 8.1]. By Theorem 7.43 we have

λpbq “ max
µPCpXq˚

µpbq `

ż

X

ln ϱ dµ ` hφpµq.

Hence Spµq “ ´λ˚pµq “
ş

X
ln ϱ dµ` hφpµq. On the other hand, we have τL “ ´λ˚|InvpX,φq

by [ABL11, Theorem 5.6]. This gives the assertion. □

7.5. The spectrum

Combining previous results we describe the spectrum of the universal weighted com-
position operators aTp, a P CpXq, in the crossed product algebra F ppLq associated with a
transfer operator L and p P r1,8s .

Theorem 7.48. Let φ : X Ñ X be a local homeomorphism on a compact metrizable
space X and let L be a transfer operator of finite type for φ, so that so that Lpaqpyq “
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ř

xPφ´1pyq
ϱpxqapxq, where ϱ ą 0. Assume that φ is topologically free. For every p P r1,8s

and every a P CpXq we have

σF ppLqpaTpq “ tz P C : |z| ď r0u Y
ď

rPR

tz P C : r´ ď |z| ď r`u

where 0 ď r0 ă r´ ď r` for r P R, and Riesz projectors induce a decomposition X “

X0 \
Ů

rPRXr into disjoint closed sets where for each r P R, φ|Xr : Xr Ñ Xr is a homeo-
morphism, a : Xr Ñ Czt0u does not vanish and

(7.17) r´ “ min
µPErgpXr,φq

exp
ż

Xr

ln |aϱ
1
p | dµ, r` “ max

µPErgpXr,φq
exp

ż

Xr

ln |aϱ
1
p | dµ.

If X0 is non-empty and forward φ-invariant, then

(7.18) r0 “ max
µPInvpX0,φq

exp
ˆ
ż

X0

ln |a| dµ `
τL|CpX0q

pµq

p

˙

.

In particular, if X does not contain a non-empty clopen forward φ-invariant set on which
the weight a is non-zero and φ is a homeomorphism, then

σF ppLqpaTpq “

"

z P C : |z| ď max
µPInvpX,φq

exp
ˆ
ż

X

ln |a| dµ `
τLpµq

p

˙*

.

Proof. That σpaTpq is invariant under rotations over zero follows from Corollary
7.24. Hence σpaTpq consists of a disk tz P C : |z| ď r0u and possibly a number of annuli
Ů

rPRtz P C : r´ ď |z| ď r`u.
For simplicity suppose first that the disk is non-empty and that σF ppLqpaTpq has exactly

two components, so that σF ppLqpaTpq “ tz P C : |z| ď r0u Y tz P C : r´ ď |z| ď r`u

where 0 ď r ă r´ ď r`. By Proposition 7.25, we have a decomposition X “ X0 \ Xr

into clopen sets where 1X0 ,1Xr are Riesz projectors for the corresponding parts of the
spectrum of aTp, Xr is forward φ-invariant, φ : Xr Ñ Xr is a homeomorphism and
a|Xr is invertible in CpXrq. Putting GpXr, φq :“ tpx,N, zq P GpX,φq : x P Xru we
have 1Xrℓ

ppGpX,φqq “ ℓppGpXr, φqq. Denoting by T the composition operator with the
bijection GpXr, φq Q px,N, zq ÞÑ pφpxq, N ` 1, zq P GpXr, φq is a bijection we get an
invertible isometry on ℓppGpXr, φqq. Putting πpaqξpx,N, zq :“ apxqξpx,N, zq for a P CpXq

and ξ P ℓppGpXr, φqq we get an isometric unital representation π : CpXq Ñ BpℓppGpXr, φqqq

such that Tπpaq “ πpαpaqqT for a P CpXq. Moreover, by (7.8) we have

1XraTp|ℓppGpXr,φqq “ πpaϱ
1
p qT

for py,N, zq P GpXr, φq and ξ P ℓppGpXr, φqq. Hence formulas (7.17) follow from Corol-
lary 7.32. Now note that X0 is necessarily backward φ-invariant. Hence if it is also
forward φ-invariant it is φ-invariant. Then both L and α restrict to CpX0q and we have
1X0ℓ

ppGpX,φqq “ ℓppGpX0, φ|X0qq. Thus the formula (7.18) hold by Corollary 7.36 applied
to the system restricted to X0.

Now let us consider the general case. Let |σF ppLqpaTpq| :“ t|z| : z P σF ppLqpaTpqu “

r0, r0s Y
Ť

rPRrr´, r`s. For each r P R we may find sequences tr´
n u8

n“1, tr`
n u8

n“1 lying
outside |σF ppLqpaTpq| such that r´

n Õ r´ and r`
n Œ r`. Let Pr´

n ,r
`
n

be the Riesz projector
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corresponding to the part of spectrum of aTp lying in tz P C : r´
n ă |z| ă r`

n u. As above,
using Proposition 7.25, we see that Pr´

n ,r
`
n

“ 1X
r´
n ,r

`
n

P CpXq for a certain non-empty
clopen φ-invariant set Xr´

n ,r
`
n

such that φ : Xr´
n ,r

`
n

Ñ Xr´
n ,r

`
n

is a homeomorphism and
a|X

r´
n ,r

`
n

‰ 0. We put
Xr :“

č

nPN
Xr´

n ,r
`
n
.

This is a non-empty closed and φ-invariant set, which does not depend on the choice of
the sequences tr´

n u8
n“1, tr`

n u8
n“1. Moreover, φ : Xr Ñ Xr is a homeomorphism. As above

we see that r˘
n are given by the variants of formulas (7.17) where Xr is replaced with Xrn .

Hence for each n P N there are measures µ´
n , µ

`
n P ErgpXr´

n ,r
`
n
, φq such that

r´
n ă exp

ż

X
r´
n ,r

`
n

ln |apxq| dµ´
n ď r´ ď r` ď exp

ż

X
r´
n ,r

`
n

ln |apxq| dµ`
n ă r`

n .

Taking µ´
0 , µ`

0 P InvpX,φq to be weak˚ limit points of the sequences tµ´
n unPN, tµ`

n unPN, we
see that supports of µ´

0 and µ`
0 are contained in Xr “

Ş

nPNXr´
n ,r

`
n

, and

r´ “ exp
ż

Xr

ln |apxq| dµ´
0 “ min

µPInvpXr,φq
exp

ż

Xr

ln |a| dµ “ min
µPErgpXr,φq

exp
ż

Xr

ln |a| dµ,

r` “ exp
ż

Xr

ln |apxq| dµ`
0 “ max

µPInvpXr,φq
exp

ż

Xr

ln |a| dµ “ max
µPErgpXr,φq

exp
ż

Xr

ln |a| dµ.

Similarly, we define X0 “
Ş

nPNX0,rn where trnu8
n“1 is a sequence lying outside |σpaTpq|

such that rn Œ r0 and 1X0,rn P CpXq is the Riesz projector corresponding to the part of
σpaTpq lying in tz P C : |z| ă rnu, n P N. Then X0 is closed non-empty and backward φ-
invariant. Clearly, the sets Xr, r P RY t0u, form a decomposition of X. Moreover, if X0 is
(forward) φ-invariant, then all sets Xr are φ-invariant. Then, as in the previous paragraph,
we conclude that each rn is given by (7.18) where X0 is replaced with X0,rn . Choose
µn P InvpX0,rn , φq that maximizes maxµPInvpX0,rn ,φq exp

´

ş

X0,rn
ln |a| dµ `

τLpµq

p

¯

. Then

r0 ď exp
˜

ż

X0,rn

ln |a| dµn `
τLpµnq

p

¸

ă rn.

Let µ0 P InvpX0,rn , φq be a weak˚ limit point of tµnunPN. Then the support of µ0 is
contained in X0 “

Ş

nPNX0,rn . This and the above inequalities imply (7.18). □

We now apply the above theorem to expanding maps.

Lemma 7.49. An expanding map φ : X Ñ X on a compact metrizable space X is
topologically free if and only if X has no isolated points that are periodic.

Proof. If there is a periodic isolated point, then its orbit is a clopen set showing that
φ : X Ñ X is not topologically free. Conversely, suppose that φ is not topologically free.
Then there is a non-empty open set U Ď X such that every point x P U is of period n ą 0
(i.e. φnpxq “ x and φkpxq ‰ x for k “ 1, ..., n ´ 1). Take any non-empty open set V such
that V Ď U . Then K “

Ťn´1
k“0 φ

kpV q is forward φ-invariant and φ : K Ñ K is an expansive
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homeomorphism. Hence K is finite by Schwartzman’s theorem. Thus V is open and finite,
and therefore it consists of isolated points. □

Corollary 7.50. Let φ : X Ñ X be an expanding map and X has no isolated points.
Let L be a transfer operator of finite type for φ and ϱ the associated cocycle. For every
p P r1,8s and every a P CpXq we have

σF ppLqpaTpq “

"

z P C : |z| ď max
µPErgpX,φq

exp
ˆ
ż

X

lnp|aϱ
1
p |q dµ `

hφpµq

p

˙*

.

Proof. By Lemma 7.49, Schwartzman’s theorem and the last part of Theorem 7.48,
σF ppLqpaTpq is a disk. The formula for rpaTpq is given in Corollary 7.46. □

Importance of the above spectra calculation lies in that for any covariant representation
pπ, T, T ˚q of L in a unital Lp-operator algebra B we have

σBpπpaqT q Ď σF ppLqpaTpq

because we have a unital homomorphism π¸T : F ppLq Ñ B that maps aTp to πpaqT . Thus
σF ppLqpaTpq serves as an upper bound for such spectra. Moreover, we have the following
two conjectures that we want now to discuss:

Conjecture 7.51. Let L be a transfer operator of finite type for a topologically free
local homeomorphism φ : X Ñ X on a compact metric space. Let pπ, T, T ˚q be a unital
injective covariant representation of L in a unital Lp-operator algebra B, p P r1,8s. Then
the representation π ¸ T : F ppLq Ñ B is injective by Proposition 7.23. We conjecture that

(1) the representation π ¸ T : F ppLq Ñ B is in fact isometric;
(2) for any a P CpXq the spectrum of πpaqT in B coincides with the spectrum of aTp:

σBpπpaqT q “ σF ppLqpaTpq.

Hence the spectrum of aTp does not depend on the choice of an Lp-operator algebra
containing F ppLq as a unital subalgebra.

We give three important results that support the above conjectures. Firstly, they are
valid for p “ 2:

Theorem 7.52. Conjectures 7.51 are true for p “ 2, in which case Theorem 7.48 recov-
ers [BK21, Theorem 7.2]: If L is a transfer operator of finite type for a topologically free
φ : X Ñ X on a compact metric space, then for every a P CpXq there is a decomposition

X “ X0 \
ğ

rPR

Xr

into disjoint closed sets where for each r P R, φ|Xr : Xr Ñ Xr is a homeomorphism
and a : Xr Ñ Czt0u does not vanish, such that for any injective unital representation
π : CpXq Ñ BpHq on a Hilbert space H and any isometry T P BpHq satisfying

TπpaqT ˚
“ πpLpaqq, Tπpaq “ πpa ˝ φqT, πpCpXqTH “ H
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we have
σpπpaqT q “ tz P C : |z| ď r0u Y

ď

rPR

tz P C : r´ ď |z| ď r`u

where r˘ are given by (7.17) and r0, if X0 is invariant, is given by (7.18).

Proof. The unital L2-algebra B may be embedded as a unital subalgebra into a
unital C˚-algebra C. Then we may view pπ, T, T ˚q as a representation in C. By Corollary
7.21 F 2pLq – F 2pGpX,φqq is the groupoid C˚-algebra, cf. Theorem 5.33(3). Thus the
associated representation π ¸ T : F 2pLq Ñ C is an injective unital ˚-homomorphism
between two C˚-algebras. Hence it is isometric and σF ppLqpaTpq “ σCpπpaqT q. Since
σBpπpaqT q has to lie between these two it is in fact equal to σF ppLqpaTpq. This shows that
Conjectures 7.51 are true. The second part now follows from Theorem 7.48 by Remarks
7.11, 7.16 and Proposition 7.14. □

Conjecture 7.51(2) is true provided Conjecture 7.51(1) is valid:

Proposition 7.53. Retain the assumptions of Conjecture 7.51. Let a P CpXq and
assume that there is no non-empty clopen forward φ-invariant subset X0 Ď X such that
φ|X0 : X0 Ñ X0 is a homeomorphism and a : X0 Ñ Czt0u. Then conjecture (1) in 7.51
implies (2). More specifically for any isometric unital embedding F ppLq ãÑ B into a unital
Lp-operator algebra we have

σBpaTpq “ σF ppLqpaTpq “

"

z P C : |z| ď max
µPInvpX,φq

exp
ˆ
ż

X

ln |a| dµ `
τLpµq

p

˙*

.

Proof. By Theorem 7.48, σF ppLqpaTpq is the disk described in the assertion. By the
general spectral theory σBpaTpq Ď σF ppLqpaTpq and BσF ppLqpaTpq Ď BσBpaTpq. Hence
either σBpaTpq “ σF ppLqpaTpq or σBpaTpq is a circle. The latter would imply that aTp is
invertible and then by Lemma 7.26(3), a is invertible and so Tp is an invertible isometry in
B. But then T ˚ “ T´1 and (TR1) implies that L is an automorphism, which contradicts
our assumption that φ is not a homeomorphism. □

Finally we use Theorem 6.49 to prove Conjecture 7.51 when φ : X Ñ X is a shift
of finite type coming from a cofinal graph. In view of Remark it seems likely that this
is a strong predictor that this theorem holds for every open expanding map on a zero
dimensional space (or at least all shift of finite type).

Theorem 7.54. Let φ : X Ñ X be the shift map on the path space of a finite cofinal
directed graph Q without sources. Let L be a transfer operator of finite type for φ and ϱ
the associated cocycle, and let p P r1,8s. For any unital injective covariant representation
pπ, T, T ˚q of L in a unital Lp-operator algebra B we have a natural isometric isomorphisms

F p
pLq – BpπpCpXqq, T, T ˚

q – F p
pQq,

this algebra is simple and for and every a P CpXq we have

σBpπpaqT q “

"

z P C : |z| ď max
µPErgpX,φq

exp
ˆ
ż

X

lnp|aϱ
1
p |q dµ `

hφpµq

p

˙*

.
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Proof. The first part of the assertion follows from Theorem 6.49. The second follows
from Proposition 7.53 and Corollary 7.50. □

The above theorem generalizes the main result of [Bar24], where the full shift on a
finite alphabet was considered. We illustrate it on a concrete example:

Example 7.55. Consider the shift map φpµ1, µ2, ...q :“ pµ2, µ3, ...q on the Cantor space
Σ :“ t1, ..., nuN, n ą 1, and let µ be the Bernoulli measure - the product measure on
Σ of uniform distributions on t1, ..., nu. Let p P r1,8s. Then the composition operator
Tξ “ ξ˝φ is an isometry on the space E “ LpµpΣq, which has a contractive left inverse given
by pT ˚ξqpyq “ 1

n

ř

xPφ´1pyq
ξpxq. Let A – CpΣq be the algebra of multiplication operators

by continuous functions: paξqpxq “ apxqξpxq, a P CpΣq, ξ P E. It follows from Theorem
7.54 that the Banach algebra generated by A, T and T ˚ is isomorphic to the Lp-Cuntz
algebra Op

n introduced in [Phi12]:
BpA, T, T ˚

q – Op
n,

and for any a P A we have

σpaT q “

"

z P C : |z| ď max
µPErgpΣ,φq

exp
ˆ
ż

Σ
ln |a|

p
?
n
dµ `

hφpµq

p

˙*

.
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