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Preface

The original aim of this book was to present some results of my PhD thesis on
quantum groupoids in the setting of C *-algebras. But soon I realized that it would
be more useful to provide an introduction to the mathematical background of the
thesis than to focus on my own special results.

This book is not written by an expert and does not aim at experts; rather, it is
addressed to graduate students and non-experts from other fields. It shall provide
an introduction to quantum groups in the setting of C *-algebras and von Neumann
algebras, and enable the reader to proceed to advanced topics and research articles.
Roughly, I tried to write the book that I missed when I started to learn the theory.

Much of the material presented in this book is scattered over many research
articles and was not yet covered in introductory texts. I tried to select the most
important approaches, to present the main results of several foundational articles in
a coherent manner and from one common perspective, and to explain the context
and the interrelations of the individual approaches. Apart from the last chapter,
which summarizes some of the main results of my PhD thesis, little in this book is
original. The presentation and the choice of topics is, of course, strongly influenced
by my personal view and limited by my personal knowledge. Several omissions
had to be made in order to finish this book in finite time and space.

Naturally, it is difficult to avoid misprints and minor mistakes — I hope that only
few serious errors remained. Certainly, there are places where the presentation
could be improved, where references should be added, or where other corrections
could and should be made. I am grateful for every hint, correction, or comment
that is send to the author or the publisher. An up-to-date table of corrections can be
found at the following web address:

http://www.math.uni-muenster.de/~timmermt/quantum-groups.html

The suggestion to write this book came from my PhD supervisor Joachim Cuntz,
who also provided the contact to Manfred Karbe of the EMS Publishing House.
I would like to take this opportunity to thank Joachim Cuntz for this initiative, and
for his generous support during the last years.

I would like to thank the EMS Publishing House, in particular Manfred Karbe
and Irene Zimmermann, for the friendly cooperation, and Stefaan Vaes for com-
ments on the book and many helpful suggestions. Following his advice, I included
the examples of quantum groups presented in Chapter 6 and Section 8.4 — much to
the benefit of the reader and the book, I think.

This book was written at the SFB 478 “Mathematische Strukturen in der Mathe-
matik” in Miinster. I would like to thank the SFB, and the Deutsche Forschungsge-
meinschaft who funds this SFB, for support, and for the ideal working environment.
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Furthermore, I would like to thank the members of our research group “Funktional-
analysis, Operatoralgebren und nichtkommutative Geometrie”, in particular Alcides
Buss, Siegfried Echterhoff, and Walther Paravicini, for many interesting suggestions
and discussions.

Finally, I would like to thank my wife Kristina Timmermann for her kind support
during the last years, and my father Werner Timmermann, who carefully read the
manuscript and improved it by innumerable helpful suggestions, corrections, and
hints.

Miinster, January 2008 Thomas Timmermann
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Introduction

The aim of this book is to give an introduction to the duality of quantum groups and
to quantum groups in the setting of C *-algebras and von Neumann algebras.

Roughly, a Hopf algebra or quantum group is the natural generalization of a
group within the setting of non-commutative geometry: following the general prin-
ciple of non-commutative geometry, the underlying space of the group is replaced
by an algebra, and the group operations are replaced by additional structure maps
on this algebra.

In the setting of C *-algebras and von Neumann algebras, the term “quantum
group” refers to generalizations of locally compact groups. In other fields of mathe-
matics, the term “quantum group” is usually applied to a wide range of mathematical
objects, which are studied by quite different methods. Therefore it seems appropri-
ate to give an overview before we outline the approach adopted in this book.

Hopf algebras and quantum groups in the algebraic setting

Initially, Hopf algebras were studied in a purely algebraic setting. The firstexamples
appeared in the following situations:

Algebraic topology. In the study of the cohomology ring H*(G) of a compact
Lie group G, Hopf investigated the map A: H*(G) - H*(G) ® H*(G) induced
by the multiplication map G x G — G, and used algebraic properties of this
map to determine the structure of H*(G). More generally, if X is “a group up to
homotopy”, more precisely, a Hopf space, then H*(X) is a Hopf algebra, and this
algebraic structure can be used to show that X has the same cohomology like a
product of spheres [66].

Affine algebraic groups. A basic principle in algebraic geometry is to describe
an affine space X in terms of the algebra of regular functions 9 (X). Now, almost
by definition, algebraic group structures on X correspond bijectively with Hopf
algebra structures on @ (X). Applications of the Hopf algebra point of view are
given, for example, in [1].

Representation theory of groups. Further natural examples of Hopf algebras are
the group algebra kG of a finite group G and the universal enveloping algebra U(g)
of a Lie algebra g.

These examples fall into two classes: the first two examples of Hopf algebras
are commutative, and the last examples satisfy a cocommutativity condition that is,
in some sense, dual to commutativity. In particular, both classes are closely related
to classical groups.
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The theory of Hopf algebras received strong new impulses when new classes of
examples were constructed that were neither commutative nor cocommutative:

Deformations. One of the most influential developments in the theory of Hopf
algebras was the introduction of g-deformations of universal enveloping algebras
associated to certain Lie algebras. First examples were constructed by Faddeev and
the Leningrad school in connection with work on the quantum inverse scattering
method; later, Drinfeld and Jimbo produced a g-deformed Hopf algebra for every
semisimple complex Lie algebra [37], where the deformation is related to a certain
Poisson structure on the initial Lie algebra. These Drinfeld—Jimbo Hopf algebras
and their representation theory are very well understood, see, for example, [23],
[24], [68], [791, [80], [84], [103], [140].

Knot invariants and the Yang-Baxter equation. There exists an intriguing con-
nection between physics, low-dimensional topology, and the corepresentation the-
ory of certain Hopf algebras. The starting point is that the category of corepresenta-
tions of a Hopf algebra carries a natural tensor product, very much like the category
of representations of a group. This tensor product is symmetric only if the Hopf al-
gebra is cocommutative. But for certain Hopf algebras called braided or triangular,
there exists a braiding, which is an isomorphismcy,w : V@ W — W ® V', natural
in the corepresentations V' and W. The coherence constraints on such a braiding
can be related to planar braid diagrams and to the quantum Yang—Baxter equation
known from physics. In particular, one can construct knot invariants and solutions
of the Yang—Baxter equation out of braided Hopf algebras. Conversely, solutions
of the quantum Yang—Baxter equation give rise to bialgebras, and, in special cases,
to Hopf algebras. A very nice account of these topics can be found in [79].

Unlike the first commutative and cocommutative examples of Hopf algebras,
the new examples listed above are no longer directly related to classical groups;
therefore they are usually called quantum groups.

Algebraic quantum groups and their duality. An algebraic framework for the
study of quantum groups and their duality was developed by Van Daele [174],
[177]. In his theory, a quantum group is a non-unital Hopf algebra equipped with
an integral, which is an analogue of the Haar measure of a locally compact group,
and to every such quantum group, one can associate a dual quantum group.

Quantum groups in the setting of C *-algebras and von Neumann
algebras

A major motivation for the introduction of quantum groups in the setting of
C *-algebras and von Neumann algebras was the generalization of Pontrjagin duality
to non-abelian locally compact groups:
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Kac algebras and generalized Pontrjagin duality. For every locally compact
abelian group G, the set of characters G is a locally compact abelian group again,

and the Pontrjagin—van Kampen theorem says that G=G (see Section 1.1). For
a non-abelian locally compact group, a generalized dual can no longer be defined
in the form of a group, and one has to look for a larger category (of “quantum
groups”) that includes both locally compact groups and their generalized duals.
This problem was solved by Vainerman and Kac [167], [168], and by Enock and
Schwartz [47]: they defined the notion of a Kac algebra, which is a von Neumann
algebra equipped with similar structure maps like a HopfA algebra, and constructed

for every Kac algebra A a dual Kac algebra A, suchthat A = A. An important role
in their theory is played by the analogue of the Haar measure of a locally compact
group, which is part of the structure of a Kac algebra. A C *-algebraic counterpart
of the theory was developed by Vallin and Enock [49], [170].

The concept of a Kac algebra, however, turned out to be too restrictive to include
all interesting examples of quantum groups in the setting of C *-algebras:

Compact quantum groups. Woronowicz developed a general theory of compact
quantum groups in the setting of C *-algebras [193], [202], which contains examples
that do not satisfy all axioms of a Kac algebra. This theory is very appealing:
the definition of a compact quantum group is concise, the existence of a Haar
measure on every compact quantum group can be deduced from the axioms, and
the corepresentation theory of every such quantum group is very similar to the
representation theory of a compact group.

A new perspective on quantum groups in the setting of C *-algebras and von
Neumann algebras was introduced by Baaj and Skandalis:

Multiplicative unitaries. Examples of multiplicative unitaries were used for a
long time in the theory of quantum groups, till Baaj and Skandalis put them center-
stage, formulated an abstract definition, and gave a comprehensive treatment [7].
Roughly, a multiplicative unitary simultaneously encodes a quantum group and the
dual of that quantum group; conversely, to every “reasonable” quantum group, one
can associate a multiplicative unitary.

Finally, comprehensive theories of locally compact quantum groups were de-
veloped, which cover all known examples:

Locally compact quantum groups / weighted Hopf algebras. The theories devel-
oped by Vaes and Kustermans [91], [93], and Masuda, Nakagami, and Woronowicz
[110], seem to give a definite answer to the question “What is a locally compact
quantum group in the setting of C *-algebras/von Neumann algebras?”.
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Organization of the book

The aim of this book, as stated above, is to give an introduction to the duality of
quantum groups, and to quantum groups in the setting of C*-algebras and von
Neumann algebras.

One possible approach would be to start immediately with a study of locally
compact quantum groups, which form the most general framework. For someone
who is familiar with Hopf algebras and with the high-level analytic techniques used
in the theory of locally compact quantum groups, this is probably the best choice.
In this book, however, we shall adopt another approach, which may be better suited
for graduate students and researchers from other fields.

Contents of the book. Part I of this book provides an introduction to quantum
groups in a purely algebraic setting. After areview of Hopf algebras and their duality
(Chapter 1), we discuss the duality of algebraic quantum groups developed by Van
Daele (Chapter 2). This theory provides a very nice model for the generalizations
of Pontrjagin duality that will be considered in Part IT and yields many fundamental
formulas. Finally, we investigate algebraic compact quantum groups (Chapter 3).
This class of quantum groups can be studied not only in an algebraic, but also in a
C *-algebraic setting, and will serve us as a bridge for the passage to the setting of
C *-algebras.

In Part II, we turn to quantum groups in the setting of C *-algebras and von
Neumann algebras. First, we discuss the problems that arise in the definition of
a Hopf C *-algebra or Hopf-von Neumann algebra, consider examples related to
locally compact groups, and list the existing approaches (Chapter 4). Then, we
present Woronowicz’s theory of C *-algebraic compact quantum groups (Chapter 5),
which is particularly accessible and close to the algebraic setting, and consider
important examples (Chapters 6). Closely related to quantum groups in the setting
of C*-algebras and von Neumann algebras are multiplicative unitaries, which are
studied subsequently (Chapter 7). Part II ends with an overview of the theory of
locally compact quantum groups and some examples (Chapter 8). We focus on
motivation, which can often be found in the theory of algebraic quantum groups,
and explain the central analytic tools, but do not give any proof.

Part III of this book is devoted to selected topics. First, we discuss coactions
of quantum groups on C *-algebras, reduced crossed products, and a generalization
of the Takesaki—Takai duality theorem for group actions (Chapter 9). The crossed
product construction and the duality theorem make essential use of multiplicative
unitaries, and are due to Baaj and Skandalis. Next, we give an introduction to
measurable quantum groupoids, or, more precisely, to pseudo-multiplicative uni-
taries on Hilbert spaces (Chapter 10). In particular, we present the relative tensor
product of Hilbert spaces, which is also known as Connes’ fusion. Finally, we
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summarize some results of the author’s thesis on pseudo-multiplicative unitaries on
C*-modules and quantum groupoids in the setting of C *-algebras (Chapter 11).

Frequently used notation and important terms used in this book are listed in
separate indices, and some background is compiled in a short appendix.

Prerequisites. This book should be accessible to graduate students and researchers
from other fields of mathematics. For Part I, no special background is needed. PartII
assumes some familiarity with Hilbert spaces, C*-algebras, and von Neumann
algebras, as summarized in the appendix; at some points, we use the language of
C*-modules, which is also summarized in the appendix. Part ITI contains advanced
topics and is addressed to readers with some background in the field of C *-algebras
or von Neumann algebras.

Logical dependence of the chapters. The logical dependence of the individual
chapters of this book is sketched in the following diagram:

Parts I and 11 Part 11T

The dotted lines indicate that a chapter provides examples or motivation for the
developments in a subsequent chapter, without that an understanding of the first
chapter is needed for an understanding of the second one.

Preliminaries and notation

Let us fix some notation and terminology.

As usual, the letters N, Z, R, C denote the sets of natural, integer, real, and
complex numbers, respectively. Weput T := {z € C : |z| = 1}. The letter k will
stand for an arbitrary field.

We adopt the following convention. A sesquilinear form on a complex vector
space H isamap (-|-): H x H — H that is conjugate-linear in the first variable
and linear in the second variable. In particular, we apply this convention to inner
products on Hilbert spaces.

The domain of definition of a map ¢ is denoted by Dom(¢), and the image is
denoted by Im(¢). The identity map on a set X is denoted by idy or shortly by id.

We denote the set of all bounded linear operators from a Hilbert space H; to a
Hilbert space H, by £(H7, H>), and the subset of all compact linear operators by
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K (Hq, Hy). Furthermore, we use the ket-bra notation: for every element £ of a
Hilbert space H, we define maps

£): C —> H, A~ A&, and (&|: H - C, {— (£C).

Considering C as a Hilbert space, we have |£) € K(C, H), (¢| € K(H,C), and
1§)* = (&I
Given a subset X of a vector space V', we denote by span X C V the linear span
of X. If V is a topological vector space, we denote by span X and [X] the closed
linear span of X. We say that X C V is linearly denseinY C V ifspan X =Y.
In Part IT and III, we denote the algebraic tensor product by the symbol “©®” to
distinguish it from the minimal tensor product of C *-algebras.
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From groups to quantum groups






Chapter 1
Hopf algebras

This chapter gives a brief introduction to Hopf algebras. We focus on examples
related to groups, on the axiomatics, and on the duality of Hopf algebras. The
contents is standard and can be found in nearly every text on Hopf algebras or
quantum groups, for example, in [23], [29], [79], [80], [111], [140]; two classical
references are [1], [145].

1.1 Motivation: Pontrjagin duality

One of the motivations to study Hopf algebras is the question how the Pontrjagin
duality of locally compact abelian groups can be extended to non-abelian groups.
Let us briefly recall classical Pontrjagin duality. To each locally compact abelian
group G, one can associate a dual group G, which is locally compact and abelian
again, as follows. As a set, G consists of all characters on G, that is, of all contin-
uous group homomorphisms G — T; the group operation is given by pointwise
multiplication of characters, and the topology is the topology of uniform conver-
gence on compact subsets. The following standard examples are well-known from
Fourier analysis:

2=T, Z/nZ=Z/nZ, R=~R T~z

Evidently, each element x € G determines a character on G by evaluation at x.
Denote this character by ev,.

Theorem (Pontrjagin duality). For every locally compact abelian group G, the
map G — G given by x — evy is an isomorphism of topological groups.
This result can be proven via two different strategies:

* The classical approach [112], [122], [190] uses the structure theory of abelian
groups. First, the duality is verified for special classes of groups like the
examples listed above or all discrete and compact abelian groups. Then,
the contravariant functor G — G is shown to be compatible with direct
sums, extensions, limits, and colimits. The structure theory says that these
operations, applied to the special classes of groups considered before, yield
all locally compact abelian groups, and so the theorem follows.

* The modern approach [20], [33], [150, Chapter VII, Section 3] uses the Fourier
transformation and functional analysis in varying levels of abstraction.
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Over the last decades, much work has been spent on generalizations of Pontrjagin
duality to larger classes of groups, in particular to non-abelian locally compact
groups. For such a group, characters retain too little information — they only capture
abelian quotients of the group. A natural solution is to consider higher-dimensional
representations as well. But then, the dual of a group can no longer be equipped
with a group structure, and one has to look for a new category of “generalized
groups” that contains locally compact groups and their duals. Roughly, one can
distinguish two approaches:

“The dual of a group is its representation theory”. This approach can be com-
pared to Grothendieck’s idea to replace a space by its category of sheaves; here, one
replaces a group G by the category of all representations of G on vector spaces, the
morphisms in this category being the intertwiners of representations. Depending
on the context, additional requirements on the representations and intertwiners may
be necessary, for example, continuity. Equipped with the natural tensor product of
representations, this category becomes a symmetric monoidal or symmetric tensor
category; the tensor subcategory of all one-dimensional representations corresponds
precisely to the group of characters. One early achievement of this approach is the
Tannaka—Krein duality theorem [22], [25], [62], [151], which says that a compact
group can be reconstructed from the category of its representations. For a survey
on this approach, see [73].

“The dual of a space is its function algebra”. The idea is to encode the underlying
space of a group G by some “coordinate algebra” A of functions on G, and the
multiplication G x G — G by a comultiplication A — A ® A. This leads to the
notion of a Hopf algebra, which, in various variants, is the central topic of this book.
The dual of the group is encoded by the group algebra which can be thought of as
the coordinate algebra of the dual group. For an abelian group, this interpretation
can be made precise using the Fourier transform.

Of course, both approaches are intimately related. Roughly, the (representation
theory of the) coordinate algebra of a group encodes the underlying space of the
group, and the (representation theory of the) group algebra encodes the representa-
tion theory of the group.

For locally compact groups, the second approach has successfully been pursued
in the setting of von Neumann algebras and C *-algebras [47], [91], leading to a
generalization of Pontrjagin duality which covers all locally compact groups. This
generalization is outlined in Chapter 8.
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1.2 The concept of a Hopf algebra

1.2.1 Definition

We fix the following notation. The letter k will always stand for a field. Given an
algebra A, we denote by m: A ® A — A the multiplication map a ® b — ab, and,
if A is unital, by n: k — A the unit map A — Aly.

Definition 1.2.1. A Hopf algebra is a unital algebra A (over k), equipped with

i) aunital homomorphism A: A — A ® A, called the coproduct or comultipli-
cation, which is coassociative in the sense that the square

A—>2 A4
A\L lid@A (1.1)

commutes, that is, (A ® idg) o A = (idg ® A) o A;

ii) a homomorphism e€: A — Lk, called the counit, which makes the diagram

ARA<2— A2~ 4A®4
e®id\L H \Lid@e (1.2)
k & A ? A <? A ® k

commute, that is, (€ ® idg) o A = idg = (idg ® €) 0 A;

iii) alinear map S: A — A, called the antipode, which makes the diagram

ARA<2—A—L-Ax4
S®idl lnoe \Lid@S (1.3)

commute, thatis, m o (S ® idg) o A =noe=mo (idg ® S) o A.

We shall always use the letters A, €, and S to denote the comultiplication,
counit, and antipode of a Hopf algebra. When several Hopf algebras A, B, ... are
considered simultaneously, we index the structure maps by the respective Hopf
algebras and write Ay, €4, S4, Ap,€B,SB, . ...
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Definition 1.2.2. A morphism of Hopf algebras A and B is a unital algebra homo-
morphism F: A — B that is compatible with the structure maps in the sense that
the squares

A S
A—% 4@ 4 A—2 5K A—25 4
Fl im Fl Fl lF
BT;;)B@B’ BTB>"(’ BTB>B

commute, thatis, Ao F = (F Q@ F)oAy, ego F =¢4,and Spo F = F o Sy.

Remark 1.2.3. We shall see in Remark 1.3.23 and Proposition 1.3.17 that the
definition of a Hopf algebra and the definition of a morphism of Hopf algebras can
be weakened.

1.2.2 Examples related to groups

Let G be a group. We denote by k(G) the algebra of all k-valued functions on G,
where the addition and multiplication are defined pointwise. The structure maps
of G, that is,

the multiplication the inclusion of the unit the inversion
GxG— G, {e} — G, G — G,
(x,y) = xy, e e, x> x7h

induce the following algebra homomorphisms:

A:k(G) - k(G xG), €:k(G)— Kk, S: k(G) —» k(G),
(AN p) = fxy), e(f):= fle), (SUNX) = f(xH.

Equipped with these structure maps, k(G ) almost forms a Hopf algebra — the only
defect is that the target of the map A is k(G x G) and not k(G) ® k(G). We
can identify k(G) ® k(G) with a subspace of k(G x G), but the image of A is
not contained in this subspace unless G is finite. However, each unital subalgebra
A C k(G) that satisfies A(A) € A ® A and S(A) C A is a Hopf algebra with
respect to the restrictions of the maps A, €, and S. This can be verified by direct
calculations, or by comparing diagrams (1.1)—(1.3) with diagrams that express the
group axioms.

(1.4)

Example 1.2.4 (The function algebra of a finite group). Let G be a finite group.
Then the tensor product k(G) ® k(G) can be identified with k(G x G), and the
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algebra k(G ), equipped with the maps A, €, and S defined in (1.4), forms a Hopf
algebra.

Let us rewrite the structure maps of this Hopf algebra in terms of a canonical
basis. For each x € G, we define a function 65 € k(G) by

1, x=y,
Sx(y) = Sx,y = y

0, otherwise.

Then the family (8x)xeg is a basis of k(G), and for each x € G,

AGr) = Y 8, ®8:. €(x) =8re. S(x) =85-1.
y,zeG
yz=x
Example 1.2.5 (The algebra of representative functions of a group). Let G be a
topological group. Recall that a continuous complex-valued function f on G is
representative if and only if it satisfies the following equivalent conditions:

i) the linear span of all left- and right-translates of f, that is, of all functions of
the form f(z - x): y — f(zyx), where x, z € G, has finite dimension;

ii) the linear span of all right-translates of f, that is, of all functions of the form
f(-x): y = f(yx), where x € G, has finite dimension;

iii) the linear span of all left-translates of f, that is, of all functions of the form
f(z-): y— f(zy), where z € G, has finite dimension;

iv) there exists a continuous representation = of G on some finite-dimensional
complex vector space V and elements v € V, ¢ € V' = Homg(V, k) such
that f(x) = ¢(w(x)v) forall x € G.

Let us prove the equivalence of these conditions. Clearly, i) implies ii) and iii). If f
satisfies condition ii), then right translation defines a continuous representation 7
of G on the space V := span{ f(-x) | x € G}; in detail, 7 is given by 7 (x)g :=
g(-x)forall g € Vand x € G. Since f(x) = (7 (x)[f)(e) = e(m(x)[f) for
all x € G, the function f satisfies condition iv). A similar argument shows that
iii) implies iv). Finally, assume that f has the form described in iv), and denote
by € () the space of all functions of the form x — ¥ (w(x)w), where w € V
and ¥ € V'. Then dim€(x) < (dim V)? < oo, and for all x,z € G, the
function f(z - x) belongs to € (;) because it can be written in the form f(z - x) =
¢((z - x)v) = Y((-)w), where ¥ = ¢p(r(z)-) and w = 7 (x)v. Therefore, f
satisfies condition i).

Denote the space of all continuous representative functions on G by Rep(G).
A moment of consideration shows that this space is a unital subalgebra of C(G).
We show that A(Rep(G)) € Rep(G) ® Rep(G) and S(Rep(G)) < Rep(G), which
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implies that Rep(G), equipped with the restrictions of the maps A, €, and S defined
in formula (1.4), forms a Hopf algebra.

So, consider a function f € Rep(G) of the form f(x) = ¢(x(x)v) as in
condition iv) above. Choose a basis (w;); of V' and denote by (v;); the associated
dual basis of V’. Then w = ) ; w; ¥; (w) for each w € V, and hence

(AN, Y) = f(xy) = pGE)m(n)v) = Y Gw(x)w) - i (r(y)v)

forall x,y € G. Therefore A(f) = >, f1,;i ® f2,i, where f1; = ¢p(n(-)w;) €
Rep(G)and f2,; = v¥;(xw(-)v) € Rep(G) foralli,and A(f) € Rep(G) ®Rep(G).
Next, consider the contragredient representation 7’ of 7r, which is the representation
on V' given by 7/(x)¥ = ¥ (mw(x)~!'.) forall ¥ € V' and x € G. Denote by
evy € V" the functional given by ¥ — v (v). Then

(S(UNE) = f(xh) = p(r(x"Hv) = evy(n'(x)¢) forallx € G,

and hence S(f) € Rep(G).
Let us add two remarks:

i) For every group G and every field k, one can define a Hopf algebra
Repy (G) < k(G) of representative functions which are defined by condi-
tions i)-iv) as above, but without any continuity assumption on f or on the
representation 7.

ii) If G is compact, then Rep(G) is dense in C(G) by the Peter—Weyl-Theorem
[22, Chapter I1I], [62, Chapter 7], so that the Hopf algebra Rep(G) is suffi-
ciently large to encode the group G.

Example 1.2.6 (The coordinate algebra of a matrix group). Let G be one of the
groups SL,(k), SO, (k), or Sp, (k), where n € N. Fori,j = 1,...,n, denote
by u;; : My, (k) — k the function that maps each matrix to its (i, j)th entry. Con-
sider the unital subalgebra O(G) < k(G) generated by the restrictions of these
functions. If the characteristic of k is 0, this algebra can easily be described
in terms of generators and relations; for example, O (SL,,(k)) is isomorphic to
k[Ui1, ..., Unnl/(det —1), where det = Y _sgn(0) - Uisq1) - - - Uno(n), the sum
being taken over all permutations of the set {1, ...,n}.

The spaces A(O(G)) and S(O(G)) are contained in O(G) ® O(G) and O(G),
respectively, which implies that the algebra @ (G), equipped with the restrictions
of the maps A, €, and S defined in (1.4), forms a Hopf algebra. Indeed, in terms of
the generators u;;, the comultiplication and the counit are given by

A(u;j) = Zu,-k ®ug; and e(u;;) =4;; foralli, ],
k
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respectively, because u;;(cd) = D j uir(c)uk;(d) and u;;(1,) = §; ; for all
¢,d € My,(k). Using Cramer’s rule, one can also express S(;;) in terms of the
generators uy;, where k, [ = 1,...,n.

The groups SL,(k), SO, (k), and Sp, (k) are particular examples of linear
algebraic groups or affine algebraic groups. Every affine algebraic group over k
can be encoded by a Hopf algebra:

Example 1.2.7. (The coordinate ring of an affine algebraic group) Let G be an
affine algebraic group over an algebraically closed field k, that is, an affine algebraic
variety over k whose set of points is equipped with the structure of a group, such
that the group operations are morphisms of algebraic varieties (over k). Then the
coordinate ring @ (G ), which is the algebra of polynomial functions on the variety G,
is a Hopf algebra with respect to the operations given in formula (1.4), see [19],
[65], [143].

Almost by definition, the assignment G — @ (G) defines a contravariant equiv-
alence between the category of affine algebraic groups over k and the category of
commutative Hopf algebras over k that are finitely generated and reduced, see [1,
Chapter 4], [65], or [145, Chapter XV].

Let us consider two elementary examples. To simplify the discussion, we as-
sume that the characteristic of k is 0. Letn € N.

* The coordinate Hopf algebra @ (k") of the additive group k” is isomorphic
the polynomial algebra k[ X1, ..., X,], where X; corresponds to the ith co-
ordinate function x; : (¢1,...,cn) — ¢;. In terms of the generators X;, the
comultiplication, counit, and antipode are given by

AX)=Xi®l1+1X;, €X;)=0, SX;)=-X; foralli,

because (A(x;))(c,d) = xi(c +d) = ¢; +di = xi(c) + x;(d), €(x;) =
x;(0) = 0, and (S(x;))(c) = xi(—c) = —c; forall ¢, d € k".

* The multiplicative group k% := (k \ {0})" can be identified with the affine
algebraic variety {(c,d) € k"™ x k™ | ¢;d; = 1foralli}; its coordinate
Hopf algebra @ (k) is isomorphic to the algebra of Laurent polynomials
K[X1, X{', ..., Xu, X, '], where the comultiplication, counit, and antipode
are given by

AX)=X®X;, eX;)=1SX;)=X" foralli.

The Hopf algebras presented next do not consist of functions on a group:

Example 1.2.8 (The group algebra of a discrete group). Let G be a discrete group.
Recall that the group algebra kG of G is the vector space of all finitely supported
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k-valued functions on G, equipped with the convolution product (f * g)(x) :=
Zy .= J()g(z). Equivalently, kG can be defined as the universal algebra gener-
ated by a family of elements (Uy)xeg, subject to the relation U, U, = U,,, for all
v,z €G.

The group algebra kG is a Hopf algebra with respect to the maps

A: kG - kG RKkG, €:kG -k, S:kG— kG,
AUy) =Ux @ Uy, €Uy):=1, SUyx) :=U;,

where A and e are multiplicative, and S is antimultiplicative. Indeed, straightfor-
ward calculations show that for these maps, the diagrams (1.1)—(1.3) commute.

Let us assume that G is abelian and k = C. Then the Hopf algebra kG = CG
can be described in terms of the dual group G: In that case, CG is isomorphic to
the Hopf algebra Rep(G) introduced in Example 1.2.5. Let us sketch the proof.
First, we can identify G with the group

{(Zx)xeG € HXEG T | ZxZy = Zxy for allx,y € G} - 1_[ T.

xeG

By Tychonoff’s Theorem, [[,cs T is compact, and hence G is compact as well.
Since G is abelian, each of its continuous finite-dimensional representations is
equivalent to a direct sum of continuous one-dimensional representations. Such
representations correspond bijectively with characters on G, and hence, by Pontrja-
gin duality, with elements of G. Thus the algebra Rep(@) is generated by the family
of functions (evy)xeg given by evy(y) = yx(x). To show that these functions are
linearly independent, we use the Haar measure A on G: the linear independence
follows easily from the equation [z &vy evy dh = Jgevy-1, = 0forall x # y,
which can be deduced from the relation ev,(y) f@ ev, di = fé evz(y- )d/A\ =
f@ ev,dA, z € G, X € G. Thus (evx)yx is a basis of Rep(@). Now the assignment

U +— evy defines an isomorphism of Hopf algebras CG it Rep(@), because

(evxevy)(x) = evx(x) evy () = x(x)x(y) = x(xy) = evxy (),
(A(evx)) (1, §) = evx(x8) = (X0 (x) = x(x)¢(x) = evx(x) evx(0),
(Seva) () = evx(x™) = x(0) ™' = x(x71) = ev1 (),
€(evy) =evyx(e) =1 forall y,¢ € G and x,y €G.

In particular, the Hopf algebra CZ" is isomorphic to the Hopf algebra Rep(T").
Moreover, if the characteristic of k is 0, then the Hopf algebra kZ” is isomorphic

to the Hopf algebra O (k%) (see Example 1.2.7) via the map Uy — X{” .. .X,]f",
where k = (ky,...,k,) € Z".
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Example 1.2.9 (The universal enveloping algebra of a Lie algebra). Let g be a
Lie algebra over k. Recall that the universal enveloping algebra U(g) of g is
the universal unital algebra generated by elements of g, subject to the relation
xy — yx = [x,y] for all x,y € g. Equivalently, U(g) can be characterized
by the following universal property: the algebra U(g) contains g as a subspace,
and for every unital algebra A and every linear map F: g — A that satisfies
F([x,y]) = F(x)F(y) — F(y)F(x) for all x,y € g, there exists a unique unital
algebra homomorphism U(g) — A that extends F. This universal property implies
that the linear maps

A g—Ulg) ® U(g), e:g—>k, S:g—a,
AX)=x®1+1®x, €(x) :=0, S(x) := —x,

extend to unital algebra homomorphisms

A:U(g) > U@ ®U(g), €:U(g) >k, S:U(g) — U(g)™,

where U(g)°P denotes the opposite algebra of U(g), that is, the algebra obtained by
reversing the multiplication. Indeed, for all x, y € g,

AX), A =x®1+1Qx,yR1+1Q Y]
=[x, y]® 1+ 1 [x,y] = A([x, y]),

[e(x), e(»)] = 0 = e([x, y]),
[SC), S] = (=y)(=x) = (=x)(=y) = =[x, y] = S([x. y].

Routine calculations show that these maps turn U(g) into a Hopf algebra. For
further details, see [65, Chapter X VI], [56, Chapter 3], or [181, Sections 3.2, 3.4].

Let us give an almost trivial example. Consider k” as a Lie algebra with trivial
Lie bracket given by [c, d] = Oforall ¢, d € k™. A comparison with Example 1.2.7
shows that if the characteristic of k is O, then U(k") is isomorphic to the Hopf
algebra O (k™).

Example 1.2.10. Important examples of Hopf algebras which attracted much atten-
tion over the last decades are g-deformations of the coordinate Hopf algebra O (G)
of a semisimple complex Lie group G, and of the universal enveloping algebra
U(g) of a semisimple complex Lie algebra g. Comprehensive accounts of these
q-deformed Hopf algebras can be found in many books, for example, in [23], [24],
[68], [79], [80], [84], [103], [140]; see also the introduction to Chapter 6.

1.3 Axiomatics of Hopf algebras

To obtain a better understanding of the concept of a Hopf algebra, we shall take
a closer look at the different algebraic structures that appear in the definition. We
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begin with the comultiplication, which we first consider separately and then in
combination with the multiplication of the underlying algebra. Next, we turn to the
antipode and deduce a list of standard relations which are permanently used in the
theory of Hopf algebras. Finally, we characterize Hopf algebras in terms of two
natural maps which are important for generalizations of Hopf algebras in the setting
of non-unital algebras, of C *-algebras, and of von Neumann algebras.

1.3.1 Coalgebras and bialgebras

At the beginning, the theory of Hopf algebras may be difficult to learn because it
is based not only on the language of algebras and modules, but also on the less
familiar language of coalgebras and comodules. For example, a Hopf algebra is
a unital algebra and simultaneously a counital coalgebra. These structures are
compatible in a sense that is made precise by the concept of a bialgebra, and the
existence of an antipode can be characterized in terms of a convolution product
which merges the two structure maps. In the following paragraphs, we explain
these statements and the terms involved.

An algebra A can be considered as a vector space equipped with a linear map
m: AQ A — A, a ® b — ab, which is associative in the sense that the square

A AR AT 44
id®ml im (1.5)

commutes. Each element a € A gives rise to a linear map n: k — A, A — Aa,
and the element a is the unit for the multiplication if and only if the diagram

k@ A~—A—> ARk
n®idl lid@n (1.6)
ARA—G—~A~-A4®4

commutes. Reversing all arrows in this description of an algebra, we obtain the
definition of a coalgebra:

Definition 1.3.1. A coalgebra (over k) is a vector space A equipped with a linear
map A: A — A ® A called the coproduct or comultiplication that is coassociative
in the sense that (A ®id4) o A = (idg ® A) o A, or, equivalently, that diagram (1.1)
on page 5 commutes.

Let (A, A) be a coalgebra. A linear map €: A — k is a counit for (A, A) if
(e ®idg) o A = idgy = (idg ®€) o A, that is, if the diagram (1.2) on page 5
commutes. A coalgebra is called counital if it has a counit.
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A morphism of coalgebras (A, Ag) and (B, Ap) is a linear map F: A — B
that satisfies Ap o F = (F ® F) o A4. The map F is counital if A and B have
counits €4 and €p, respectively, and if eg o F = €4.

If (A, A) is a coalgebra and the comultiplication A is understood, we freely
speak of A itself as a coalgebra.

Remarks 1.3.2. i) Every coalgebra has at most one counit. Indeed, if €; and €, are
counits for a coalgebra (A4, A), then

€1 =€10(idA®62)0A:(61®€2)OA=620(€1®idA)OA:62.

ii) Given coalgebras (A, A4) and (B, Apg), we can construct the following new
coalgebras:

Coopposite coalgebra. Denoteby X: AQ A - A® Atheflipmapa ® b —
b ®a. Then (A, Ay)°P := (A, X o Ay) is a coalgebra, called the coopposite
coalgebra of (A, A4). Evidently, a linear map €: A — k is a counit for
(A, Ay) if and only if it is a counit for (A4, A4)°P. The coalgebra (A, Ay) is
called cocommutative if (A, A4)*P = (A, Ay), thatis, if Z o Ay = Ay.

Direct sum. Denote by A g4 p the compositionofthemap A4 ®Ap: AGB —
(A® A) & (B ® B) with the natural inclusion (A ® A) & (B ® B) —
(A®B)®(A® B). Then (A B, Aggp) is a coalgebra. If A and B possess
counits €4 and €p, respectively, then the map (a,b) — €4(a) + €p(b) is a
counit for (A & B, AygpB).

Tensor product. Denote by A4 p the composition of themap Ay @ Ap: A®
B — A® A® B® B with the isomorphism AQ AQ BB — AQBR AR B
givenby a1 ® ar @ by ® b > a; ® by ® ar ® b,. Then (A ® B, Aygp)
is a coalgebra. If A and B possess counits €4 and €p, respectively, then the
map a ® b +— €4(a)ep(b) is a counit for (A ® B, AygB).

For calculations in coalgebras, the following Sweedler notation or Sigma nota-
tion is very useful.

Notation 1.3.3. Let (A, A) be a coalgebraanda € A. Then A(a) € A ® A can be
written in the form A(a) = ) ; a1; ® a»,;, where ay,;,a»,; € A. To simplify the
notation, we suppress the summation index i and write

Ala) = Zal,i ®az,; =: Za(l) ® a().
i

Here, the subscripts “(1)” and “(2)” indicate the order of the factors in the tensor
product; thus, for example, X(A(a)) = Y a) ® a(1). We extend this notation to
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iterated applications of A as follows. Since A is coassociative, the elements

(ids ®A)(A@) = Y aq) ® Ala) = Y _aw) ® (a@)m ® ([a@)e)

and
(A ®ida)(A@) =Y Alag) ®ae) = Y _(am)m ® (@m)e @ aw)

are equal. We write this element as ) _ a(;) ® a(2) ® a(3). More generally, consider
the maps A®: A - A®---® A (n + 1 factors), inductively defined by

A®:=id, and ACFD .= (A™W ®idg)oA forn > 0.

By coassociativity, every map A — A ® --- ® A that is obtained by n successive
applications of A to one factor of the intermediate tensor product A ® --- ® A
coincides with A™ . We write

A(n)(a) =: Za(l) R R A(n+1)-

Examples 1.3.4. i) Let (4, Ay) and (B, Ap) be coalgebras. Then for all a € A,
b € B,

E(Aa) = Za(z) ® aqy,
Auep((a,h)) = ) (an),0) ® (4, 0) + Y _(0.ba)) ® (0, b)),
AA®B(CI ® b) = Za(l) ® b(l) ® ao) ® b(z).

ii) In Sweedler notation, the axioms for the counit and the antipode of a Hopf
algebra A take the form

Y elagag) =a =Y _awe(ae)

and
Z S(aqy)ap) = n(e(a)) = Za(l)S(a(z)) foralla € A.

A combination of these axioms yields the following useful formula:

Y Samae ®a =) S(am)m)am)e ® ae)
= n(ela)) ®ag) = Y la®elam)a) = l4a ®a.

Next, we consider algebra structures and coalgebra structures that are compatible
in a natural sense.
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Lemma 1.3.5. Let A be a vector space equipped with the structure of an algebra
and of a coalgebra. Then the following conditions are equivalent:

1) The comultiplication A: A — A ® A is an algebra homomorphism.
ii) The multiplication m: A ® A — A is a morphism of coalgebras.

iii) The following diagram commutes:

AR A

A®Al
A (1.7)
ARARAR®A

id® X®id

N

AQRARARA—=AR A.
mem

Proof. Condition iii) is equivalent to i) and ii) because the multiplication and co-
multiplication of A ® A are given by

AR A) @ AR A) 2278 yoa0a0A 2 A4
and

404225 4o a040 4 2225 U A) @ (48 4)
respectively. O

Definition 1.3.6. A bialgebra (over k) is a vector space A equipped with the struc-
ture of an algebra and a coalgebra such that diagram (1.7) commutes. We shall
usually not mention the multiplication map m explicitly and refer to the pair (A4, A)
consisting of the algebra 4 and the comultiplication A as a bialgebra.

A bialgebra is called unital if it is unital as an algebra and the comultiplication is
a unital algebra homomorphism; it is called counital if it is counital as a coalgebra
and the multiplication is a counital morphism of coalgebras.

A morphism of bialgebras (A, Ag) and (B, Ap) is alinear map F: A — B
that is a morphism of algebras and of coalgebras. It is called unital/counital if it is
unital/counital as a map of algebras/coalgebras.

Remarks 1.3.7. i) Often, bialgebras are assumed to be unital and counital. We
explicitly state these assumptions whenever we impose them.

ii) For a unital/counital bialgebra (A4, A), the compatibility conditions between
the unit and the comultiplication / between the counit and the multiplication amount
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to the commutativity of the following squares:

Qe

k— > A A® A2 ke k
;l J(A / mi lg (1.8)
k@k—> AR A A—— K.
n®n €

In particular, (A, A) is counital if and only if the counit € is multiplicative.
ii) Given bialgebras (A, Ay4) and (B, Ap), we can construct the following new
bialgebras:

Opposite and coopposite bialgebra. Reversing the multiplication, the comul-
tiplication, or both, of (A4, A4), we obtain three new bialgebras. More pre-
cisely, denoteby X: A® A — A® A the flip, and by A°P the opposite algebra
of A. Then the pairs (A, Aq)°P := (AP, Ay), (A, Ag)°P := (A, X o Ay),
(A, Ag)°PCP := (AP, 3 o Ay) are bialgebras again.

Direct sum and tensor product. The vector spaces A @ B and A ® B are bial-
gebras with respect to the usual algebra structure and the coalgebra structure
defined in Remark 1.3.2 i1).

iv) Evidently, every Hopf algebra is a unital and counital bialgebra. Furthermore,
every unital and counital bialgebra (A4, A) admits at most one antipode that turns it
into a Hopf algebra: if S; and S, are antipodes for A4, then

Si(a) =Y ela)Sila@) = Y Saaq)a@Si(a)
= Z Sa(aqy)e(a(z)) = Sa(a) foralla € A.

Remarks 1.3.2 1) and 1.3.7 iv) imply that the counit and the antipode of a Hopf
algebra are uniquely determined by the comultiplication. Therefore, we shall refer
to a pair (A, A) as a Hopf algebra if A is a Hopf algebra with comultiplication A.

1.3.2 Convolution

Let (A, A) be a coalgebra and B an algebra over k. Then the space of linear maps
Homg (A, B) carries an important convolution product, defined by

fxg:=mpo(f®g)oAy forall f,g € Homg(4, B),
that is,
(f *xg)a) := Z flaq))glaw) forall f,g € Homy(A4, B),a € A.
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The convolution product is associative because

(f * @) xh)@) =) flaw)gla@)hlag) = (f * (g * h)(@)

forall f,g,h € Homg (A, B) and a € A. Thus Homg (A, B) becomes an algebra.

Particularly interesting is the case B = k: The convolution product turns A’ =
Homg (A4, k) into an algebra. When we speak of A’ as an algebra, we always refer
to this algebra structure.

Remarks 1.3.8. i) If (4, A) is a finite-dimensional bialgebra or Hopf algebra, then
A’ can also be equipped with the structure of a bialgebra or Hopf algebra, see
Theorem 1.4.1.

ii) In general, the convolution algebra Homy (A4, B) need not be unital. But if
(A, A) has a counit €4 and B has a unit np, then the composition np o €4 is a unit
for the convolution algebra Homg (A, B). Indeed,

(1B o€a) * f)(a) =Y 1pealaq) fla@) = Y flealaq)aw) = f(a)

and similarly (f * (np o €4))(a) = f(a) forall f € Homg(A, B) and a € A.
iii) Every algebra homomorphism F: B — C induces an algebra homomor-
phism

F.: Homg(A, B) - Homg(A,C), f+— Fo f.
Indeed, for all f, g € Homg(A, B) anda € A,

(Fef) x (Fag))@) = > F(f(a) F(g(ae))
=Y F(f(ag)g(aw)) = (Fu(f * g))(a).

Likewise, if (D, Ap) is a coalgebra and G: D — A is a morphism of coalgebras,
then

G*: Homg (A, B) —» Homg(D, B), g+ goG,

is an algebra homomorphism. The assignments ((4, A), B) — Homg (A, B) and
(F,G) > Fyo0G* = G* o Fy define a bifunctor from the categories of coalgebras
and algebras to the category of algebras.

Using the convolution product, we can characterize Hopf algebras among bial-
gebras as follows:

Remark 1.3.9. Let (4, A) be a unital and counital bialgebra and S: A — A a
linear map. Then diagram (1.3) on page 5 commutes if and only if S is inverse to
the identity map id4 in the convolution algebra Homg (A4, A), that is, if S % idgy =
noe = idg *S. In particular, the bialgebra (A4, A) can be equipped with the
structure of a Hopf algebra if and only if the identity map idy4 is invertible in the
convolution algebra Homy (4, A).
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Let us turn to another important convolution product. Assume that (4, A) is a
coalgebra. Foreacha € A and f € A’, we define

fra:=(da®f)(A@) =Y amfaw)

and

ax fi=(f ®id)(AW@) =) flaw)ae).
Lemma 1.3.10. If (A, A) is a bialgebra, then the maps
A xA— A, (fia)— fxa, AxA — A, (a, f)—ax* ],
turn A into a bimodule over the algebra A'.

Proof. First, we show that the map ( f,a) — f *a turns A into a left module over
A’. Foreach h € A, put p(h) := id®h)o A: A — A. We need to show that

p(f *g) = p(f)p(g) forall f, g € A". But
p(f*g) =@{d®(f*g)oA=({d®f ®g)o(ild®A)oA
=(1dRf®go(A®id)oc A
=(1d®f)oAo(id®g) oA = p(f)p(g).

A similar argument shows that the map (a, f) +— a * f turns A into a right
module over A’. Finally, these maps turn A into a bimodule because forall f, g € A’
anda € A,

(fxa)xg=Y_ flan)apglam) = f * (@ *g). O

Remark 1.3.11. If (A4, A) is a coalgebra with counit €, then € xa = a = a * € for
alla € A;if (A, A) is a Hopf algebra, then S xa = n(e(a)) = a* S foralla € A.

1.3.3 Properties of the antipode

The antipode of a Hopf algebra satisfies several fundamental relations that are not
obvious from the definition. To some extent, the antipode of a Hopf algebra behaves
like the inversion of a group: the inversion of a group is antimultiplicative, and the
antipode of a Hopf algebra is both antimultiplicative and anticomultiplicative.

Proposition 1.3.12. The antipode of a Hopf algebra (A, A) is a unital and counital
morphism (A, A) — (A, A)°P°P of bialgebras, that is, the following conditions
hold:

i) Som=moXo(S®S), il) Son=n,
iii) AcS=(S®S)oXoA, iv) €oS§ =e.
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Equivalently, forall a,b € A,
i)' S(ab) = S(b)S(a), i) S(1y) =1y,
i) Y (S(@)1) ® (S@)@) = Y_ Sa@) ® Saw), iv) (S(a) = (a).

Proof. i) Consider A® A as a coalgebra (see Remark 1.3.2ii)) and Homg (A®Q A4, A)
as an algebra with respect to the convolution product (see Section 1.3.2). We claim:

(Som)sxm=noeom=m*x(moXo(SKS)). (1.9)

Sinceeom: A® A — kis the counitof A ® A,themapnoeom: AQA — Ais
the unit in Homg (A ® A, A) (see Remark 1.3.8 ii)). Thus, equation (1.9) implies
that m is invertible with respect to the convolution product, and that the inverse of
misSom=moXo(S®S).Letus prove (1.9). Foralla,b € A,

(Sem)xm)(a®b) =) S(m(an) ® bay)) - m(ae) ® b))
= Sawbayaxbe
=) S((ab)w))(ab)@) = n(e(ab)),
(m*(moTo(S®S)Na®b) =) maw ®bw) m(Sbe) ® Saw))
=Y ambmSb)Saw)

=Y amn(e®)Sa@) = nle(@)n(e®)).

i) We have 14 = (70 €)(14) = (mo (S ®id) 0 A)(14) = S(14)14.

iii) Consider A ® A as an algebra and Homg (A4, A ® A) as an algebra with
respect to the convolution product. We claim:

Ax(AoS)y=Aonoe=((S®S)oXoA)xA. (1.10)

Since A(14) = 14 ® 14, themap Aon: k — A ® A is the unit map of A ® A.
Therefore A o 5 o € is the unit in Homg (A4, A ® A) (see Remark 1.3.8 ii)). Thus,
equation (1.10) implies that A is invertible with respect to the convolution and that
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the inverse of Ais Ao S = (S ® §) o ¥ o A. Let us prove (1.10). For all a € A4,

(A* (Ao S))(a) =) Alau)A(S(aw))
=" AamS(ag)) = (Aonoe)a),
(5®8)oToA)xA)a) =Y (Saw) ® Saw)) - (@@ ® aw)
=) S(a@)a@ ® Slam)aw
=) la®eaw)Sam)ae)

= Z Iy® S(a(l))a(z) = (A ono 6)(&).

iv) Foralla € A,

e(S(a) = Y_e(S(aq)))e(aw))
=Y e(Sam)aw) = (€onoe)(a) = €(a). O

Remarks 1.3.13. i) In the proof above, the equations (S om) xm = noe om and
A x (AoS) = Aonoe can also be deduced from Remark 1.3.8 iii): since m is a
morphism of coalgebras and A is an algebra homomorphism,

(Som)*m=m*(S) *m*(idg) = m*(S *xidg) = m*(noe) =noeom,

Ax(AoS)=Ax(idg) * Ax(S) = Ax(idg xS) = Ax(noe) = Aonoe.

ii) Assuming some familiarity with the Sweedler notation, we can verify condi-
tions i)’ and ii)’ in Proposition 1.3.12 by direct calculations:

S(@)S(b) =Y Saw)Sbay) e(ba)elae)
=) Saw)Sbw)ebeaw)
= Y S@a)Sbm)baam)mS(ba)aw) )
=Y Sam)Sbw)baaw Sbheas)

=Y S(ag)ae)Shag) = S(ba)
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and
> S(a@) ® S(ag) = Y _(S(aw) ® Saw)AMn(e(am)))
=) (S(a@) ® Saw))Alap)Saw))
= (Sa@)a@) ® S(am)am)A(S(as)))
=) (n(e(a@)) ® S(aqy)ae)A(S(aw))

=Y (14 ® S(ag)ae)A(S () = A(S(a)).

The previous proposition implies that for every Hopf algebra, the square of the
antipode is a morphism of the Hopf algebra. But unlike the inversion of a group,
the antipode of a Hopf algebra need not be involutive, that is, S? need not be equal
to the identity — the antipode need not even bijective.

Proposition 1.3.14. For every Hopf algebra (A, A), the following conditions are
equivalent:

i) The antipode S of (A, A) is bijective.
i1) The bialgebra (A, A)°P is a Hopf algebra.
iii) The bialgebra (A, A)°P is a Hopf algebra.
If these conditions hold, then S™! is the antipode of (A, A)° and of (A, A)°°P.
The proof involves the following evident statement:

Lemma 1.3.15. Let (A, A) be a Hopf algebraand T : A — A a linear map. Then
the following conditions are equivalent:

i) The bialgebra (A, A)°P is a Hopf algebra with antipode T .
i)y moXo(T®id)oA=noe=moXo(id®T)oA.
iii) Y awp)T(aq)) = n(e(a)) =) T(awp)aq)foralla € A.
iv) mo(id®T)oX oA =noe=mo (T ®id)o X o A.
v) The bialgebra (A, A)°°P is a Hopf algebra with antipode T . O

Proof of Proposition 1.3.14. 1) = ii), iii): Suppose that S is invertible. We use
Lemma 1.3.15 to show that S~! is the antipode of (A4, A)° and of (4, A)*P. By
Proposition 1.3.12,

Y a@STNaw) =) S amSaw)) = ST (n(e(@) = n(e(a))
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and similarly Y S (a@))aa) = n(e(a)) foralla € A.
il), iii) = 1): Let (4, A)°P? or (A4, A)°°P be a Hopf algebra with antipode 7.
Then by Proposition 1.3.12 and Lemma 1.3.15,

S(T(@) = ela@)S(Taw)) = Y _amT(a@)S(T(an)))
=Y apTaw)mSTaw)e) =Y _aeeT(aw)) =a
and similarly 7'(S(a)) = a forall a € A. O

Note that for every Hopf algebra (A, A), the bialgebra (A, A)°P<°P is a Hopf
algebra with the same antipode as (A4, A).

Corollary 1.3.16. For every commutative or cocommutative Hopf algebra (A, A),
we have S? = idy.

Proof. In both cases, S™! and S are antipodes for (4, A)°® and (4, A)*P. By
Remark 1.3.7iv), S = §~L. O

Proposition 1.3.17. Let (A, Ag) and (B, Ap) be Hopf algebras and F: A — B
a unital and counital morphism of bialgebras. Then F o S4 = Sp o F, that is, F
is a morphism of Hopf algebras.

Proof. Consider the convolution algebra Homg (A4, B). By Remark 1.3.8 ii), its
unitis np o€q = npoego F = F ony o€y, and by Remark 1.3.8 iii),
(SpoF)x F =(Spxidp)o F =ngpoepoF
=Fongoeq = Fol(idg*xSq) =F % (F oSy).

Therefore F is invertible with respect to the convolution, and its inverse is Spo F' =
FoSy. O

1.3.4 Another characterization of Hopf algebras

By Remark 1.3.9, Hopf algebras can be characterized as those bialgebras for which
the identity map is invertible with respect to the convolution product. Now, we
present another characterization of Hopf algebras which is particularly well suited
for generalizations to non-unital algebras and C *-algebras. This characterization
was given by Van Daele [174], who used it for the definition of multiplier Hopf
algebras (see Chapter 2).

Let (4, A) be a unital bialgebra. Consider the linear maps

Ty :=([id®m)o (A®id): A® A —> A® A,

a®br Y am ®agb = Aa)(14 ®b).
(1.11)
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and

T:=(m®id)o(([d®A): AR A —> A® A,

a®b Y abu) ®ba) = (a® 1) Ab).
(1.12)

These maps will play a central r6le in later chapters.

Theorem 1.3.18. A unital bialgebra is a Hopf algebra if and only if the associated
maps Ty and T, are bijective.

This theorem shows that the existence of a counit and of an antipode can be
expressed solely in terms of the bialgebra structure. Before we proceed to the
proof, we consider an analogous result concerning semigroups for motivation:

Proposition 1.3.19. Let T be a semigroup. Denote by mr: I' x I' — T the
semigroup operation, and by Ar: I' — I' X I the diagonal embedding. Then T is
a group if and only if the following two maps are bijective:

@, :=(dr xmr)o(Ar xidr): 'x I > T x T, (x,y)r (x,xy),
®, ;= (mr xidr) o (idr XAr): I'x ' > T x T, (x,y) (xy,y).

Proof. If T isa group, thenthe maps Wy, W, : I'xI" — I'xI givenby ¥y (x, y) :=
(x,x71y) and Wy(x,y) := (xy~!, y) are inverse to ®; and ®,, respectively.

Conversely, assume that the maps ®; and ®, are bijective. First, we show that
I" has a unit. Fix x € I'. By assumption, the map /,: I' — I" given by y > xy is
bijective. Hence there exists an element e € I'" such that x = xe. Then zxe = zx
for all z € T, and by surjectivity of the map r: I' = I, z —> zx, we get y = ye
forall y € I'. On the other hand, xy = xey forall y € I', and using injectivity of
the map Iy, we find y = ey forall y € T". Thus e is a unit.

Finally, by surjectivity of /. and 7y, the element x has a right and a left inverse,
which necessarily coincide. Since x € I" was arbitrary, I" is a group. O

Remark 1.3.20. For a finite semigroup I', the maps ®; and ®, are bijective if
and only if they are injective, and this holds if and only if I" has the following
cancellation property: if x, y1, y» € I satisfy xy; = xy,, then y; = y,, and if
X1, X2,y € I satisfy x1y = xy, then x; = x».

Now we return to the maps 77 and 75 introduced above and take one step towards
the proof of Theorem 1.3.18:

Lemma 1.3.21. Let (A, A) be a Hopf algebra. Then the maps Ty and T, defined
in (1.11) and (1.12), respectively, are bijective.



24 Chapter 1. Hopf algebras

Proof. Consider the maps
Ri = (i[d®@m)o (id®S ®id) o (AQid): A® A —> AQ A,
a®br Y am) ® Sag)b = ((id®S)(A@)(1 ® b),
and
Ry :=(m®id)o(id®S ®id) o (d®A): A®A— AR A,
a®b Y aS(bay) ®bw) = (a® (S ®id)(A(D))).

‘We show that R; is inverse to 77, and a similar calculation shows that R, is inverse
to T»: foralla,b € A,

Ri(Ti@®b) = Ri( Y aw ® apyb)
= Za(l) ® S(a(z))a(3)b = Za(l) ® e(a(z))b =a®b

and

Ti(Ria® b)) = Ti (Y aq) ® Sa)b)
= Za(l) ® a(z)S(a(3))b = Za(l) ® E(a(z))b =a®b. O

Before we prove the reverse implication, let us collect some useful relations
between the maps 77, 7>, the multiplication m, and the comultiplication A:

(A®id)o Ty = (i[d®T1) o (AR®id): a®b > Y _aq) ® ap) ® ag)b.

Tio(id®m) = (id®m)o(T; ®id):a Q@b Q¢ — Za(l) ® aybc,
(1.13)

(d®A)o T, = (T, ®id) o ([d®A):a ®b > Y aba) ® ba) ® b).

Tyo(m®@id) = (m®id)o ([d®T2): a ®b®c > Y _abea) ® c).
The following proposition completes the proof of Theorem 1.3.18:

Proposition 1.3.22 ([174]). Let (A, A) be a unital bialgebra. Ifthe maps Ty and T,
defined in (1.11) and (1.12) are bijective, then (A, A) is a Hopf algebra.

Proof. We need to construct a counit and an antipode for (A4, A). Let us start with
the counit. The proof of the previous lemma shows that if (4, A) were a Hopf
algebra, then we could express the counit € in terms of the map 73 as follows:
€(a) =Y amSlawp) = m(Tl_l(a ® 14)) foralla € A. So, consider the map

E:A— A a— m(Tl_l(a ® 14)).
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We show that the image of E is contained in k - 14. Using the first relation in (1.13),
we find that for all a, b € A,

(A RFE)((a ® 14)ADb)) = (a ® 14) - (id @m)((id ®T1_1)(A(b) ® 14))
= (a ® 1) - (id®@m)((A @ id)(T] ' (b ® 14)))
=@® 1) -Ti(T{ (b ® 14)) = ab ® 4.

Since T3 is surjective, elements of the form (¢ ® 14)A(b) span A ® A. Therefore,
the calculation above shows that the image of E is contained in k - 14.

Define €: A — k by E(a) = €(a) - 14 for all a € A. We show that € is a
counit. Let b € A. By the calculation above, (id ®¢€)(A(b)) = b. Using the
second equation in (1.13), we find

(€ ®id)(AD)) =Y m(T{ (bay ® 14)) - bey
= m((id @m)(T;  (bay ® 14) ® bz)))
=m(T; (b ® b)) = m(b ® 14) = b.

It remains to show that € is a homomorphism. The previous results and multiplica-
tivity of A imply

Z e(a(l))e(b(l))a(z)b(z)c =abc = Z e(a(l)b(l))a(z)b(z)c for all a, b, ceA.

Because 7> is surjective, we can replace ) a1y ® by ® aybycbya’ ® b’ ® 14,
where a’, b’ € A are arbitrary. Thus we find €(a’)e(b’) = e(a’b’) foralla’, b’ € A.

Next, we construct the antipode. The proof of the previous lemma shows that
if (A, A) were a Hopf algebra, then we could express the antipode S in terms of
Ty and € as follows: S(a) = Y e(aq))S(ap)) = (e ® id)(T7 ' (a ® 14)) for all
a € A. So, consider the map

S:A— A, ar (e ®id)(T] (a ® 14)).
Leta € A. From the relation (id ®m) o (T; ® id)™! = T ! o (id ®m), we deduce
> Saayae =Y (e ®id)(T  (aq) ® 14)) - ae)
= > (e ®id)(T; (aq) ® a) = (€ ®id)(a ® 14) = e(a)14.
Since (A ® id) o 77! = (id ®T71) ™! o (A ® id) and (id ®¢) o A = id,
Y awSam) =Y aq - (€ ®id)(T;  (ap) ® 14))
= (mo(id®e ®@id) o (id®T; ")) (a) ® ap) ® 1a)

= (mo (id ® ®id) o (A ®id) o T 1) (a ® 14)
=m(T; (a ® 14)) = e(a)ly. O
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Remark 1.3.23. In the proof of Lemma 1.3.21, we did not use the fact that the
counit € is an algebra homomorphism. By Theorem 1.3.18, this assumption can be
dropped from the definition of a Hopf algebra because it is implied by the remaining
assumptions.

1.3.5 Hopf =-algebras

Hopf *x-algebras are Hopf algebras equipped with a conjugate-linear involution that
is compatible with the bialgebra structure in a natural way:

Definition 1.3.24. An involution on a complex vector space Aisamap x: A — A,
a — a*, that is conjugate-linear and involutive in the sense that

(a+b)*=a*+b*, (Aa)*=ida*, (@*)* =a foralla,be Aand) € C.

A complex vector space with a fixed involution is also called a x-vector space.

A linear map ¢p: A — B of x-vector spaces is *-linear if ¢(a*) = ¢(a)* for
alla € A.

A x-algebra is a complex algebra A equipped with an involution such that
(ab)* = b*a* for all a,b € A. A x-coalgebra is a complex coalgebra (4, A),
where A is equipped with an involution such that A(@*) = ) ag)* ® a(z)* for
alla € A. A x-bialgebra is a complex bialgebra (A, A), where A is a *-algebra
and (A, A) a x-coalgebra. A x-bialgebra that is a Hopf algebra is called a Hopf
x-algebra.

A morphism of x-algebras/x-coalgebras/x-bialgebras/Hopf x-algebras is a
x-linear morphism of the underlying algebras/coalgebras/bialgebras/Hopf algebras.
A morphism of x-algebras is also called a x-homomorphism.

An important class of Hopf x-algebras — the class of algebraic compact quantum
groups — is studied in detail in Chapter 3, and analogues of Hopf *-algebras in the
setting of C *-algebras and von Neumann algebras are discussed in Part II.

Remarks 1.3.25. i) Note the following asymmetry in the definition of x-algebras
and x-coalgebras: for a x-algebra A, the involution reverses the multiplication and
can be considered as a homomorphism A — A°P, whereas for a x-coalgebra (4, A),
the involution does not reverse the comultiplication but is a coalgebra morphism
(4,A) = (4, A).

ii) Given a *-coalgebra (A4, A) and anelementa € A, the expressions ) a*(l) ®
a*@)and Y am)* ® ag)* coincide; hence we shortly write 3 af)) ® agy).

Examples 1.3.26. i) Let G be a finite group. Then the Hopf algebra C(G) defined
in Example 1.2.4 is a Hopf *-algebra with respect to the involution f +— f* given
by f*(x) := f(x)forallx € G and f € C(G).
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ii) For a topological group G, the same formula as above turns the Hopf algebra
Rep(G) defined in Example 1.2.5 into a Hopf *-algebra; note that Rep(G) is closed
under this involution.

iii) Let G be a discrete group. Then the Hopf algebra CG defined in Exam-
ple 1.2.8 is a Hopf *-algebra with respect to the involution Uy +— U,-1, x € G.

iv) The group SU,(C) is equal to the subgroup of SL,(C) that consists of all
matrices A that satisfy A* = A7, In terms of matrix elements, the last relation

Dy

Motivated by this equation, we equip the Hopf algebra 9 (SL,(C)) defined in Ex-
ample 1.2.6 with the involution given by

3
= —U21, U21

* ,__ * *
Uil = Uz2, U12 = —U12, U2 = UI1.

It is easy to check that this involution turns ((SL,(C)) into a Hopf x-algebra.
This Hopf *-algebra corresponds to the group SU,(C) and will be denoted by
O (SU2(0)).

In a Hopf x-algebra, the behavior of the multiplication and comultiplication
with respect to the involution is prescribed by the definition. For the counit and
antipode, we obtain the following relations:

Proposition 1.3.27. The counit of a counital *-coalgebra is *-linear.

Proof. Let (A, A) be a x-coalgebra with counit €. Then the map ¢*: 4 — C given
by €*(a) = e(a*) for all a € A is a counit for A as well, since

(d®e*)(A(@*) = Y afye*(ahy) = Y (amelap))* =a*

and similarly (¢* ® id)(A(a*)) = a* forall a € A. By Remark 1.3.2 1), ¢ = €*.
O

Proposition 1.3.28. The antipode of a Hopf x-algebra is bijective and satisfies
SoxoSox=id

Proof. Let (A, A) be a Hopf x-algebra. Then the map S*: A — A given by
S*(a) = S(a*)* for all a € A is an antipode for the bialgebra (A4, A)°P, since

D _aiyS*agy) =) aiySag)”
= (S(aqyae)* = n(e@)* = n(e@*)

and likewise ) S*(aa))aa) = n(e(a*)) for all a € A. By Proposition 1.3.14,
S§* =81 O



28 Chapter 1. Hopf algebras

Corollary 1.3.29. The antipode of a Hopf *x-algebra is x-linear if and only if it is
involutive in the sense that S* = id.

Proof. By the previous proposition, the map S o * is invertible, and

x0S=Sox & (Sox)o(x0S8)=(Sox)o(Sox) & S?2=id. O

1.4 The duality of Hopf algebras

The concept of a bialgebra and of a Hopf algebra has an intrinsic symmetry that
gives rise to a duality which can be considered as an analogue of Pontrjagin duality.
In the finite-dimensional case, this duality behaves very nicely. In the infinite-
dimensional case, additional concepts and stronger assumptions are needed, and a
satisfying duality theory will only be achieved in Chapter 2.

1.4.1 The duality of finite-dimensional Hopf algebras

Let us fix some notation. Consider a vector space V. We denote by V' =
Homg (V, k) the dual space, and by ty: V' — V” the natural embedding given
by (ty (v))(f) := f(v) forallv € V, f € V’. Furthermore, we consider V' ® V'
as a subspace of (V ® V')’ via the embedding givenby (f ® g)(v®@w) = f(v)g(w)
forallv,w € Vand f, g € V’. Itis easy to see that this embedding, like the embed-
ding ty, is an isomorphism if and only if V has finite dimension. Finally, recall that
every linear map of vector spaces F: V — W induces a dual map F’: W' — V'
by composition, thatis, F'(f) = f o F forall f € W’.

Theorem 1.4.1. i) Let (A, Ay) be a coalgebra. Then the dual space A’ is an algebra
with respect to the multiplication

, (Ba)

my: A'@ A" > (A A —— A (fg)a) = (f ® g)(Aa)).

The algebra A’ is unital if and only if (A, A4) is counital, and in this case, the unit
of A’ coincides with the counit of (A, Ay).

ii) Let A be a finite-dimensional algebra. Then the dual space A’ is a coalgebra
with respect to the comultiplication

Ag: A 24 (ma) ——— (AQA) A A, (Aw(f))(a®b)= f(ab).

The coalgebra (A’, Ay) is counital if and only if A is unital, and in this case, the
counit of (A’, Ayg’) coincides with evaluation at the unit of A.

iii) Let (A, Ay) be a finite-dimensional bialgebra. Then A’, equipped with the
multiplication and comultiplication defined above, is a bialgebra. If (A, Ay) is a
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Hopf algebra, then (A, Ay) is a Hopf algebra with antipode Sy = (Sa)’. The

natural isomorphism14: A — A" of vector spaces is an isomorphism of bialgebras
or Hopf algebras, respectively.

iv) Let (A, Ay) be a Hopf x-algebra. Then A’ is a *-algebra with respect to
the involution given by f*(a) := f(S(a)*) foralla € A, f € A. If(A,A4) isa
finite-dimensional Hopf *-algebra, then (A’, Ay’) is a Hopf x-algebra again, and

the natural isomorphism 14: A = Aisan isomorphism of Hopf x-algebras.

Proof. 1)-iii) All statements follow easily from the symmetry of the commutative
diagrams that express the axioms for the structure maps involved: If we apply the
dualization functor A — A’, F +— F’, to the commutative diagrams

(1.1), (1.2), (1.5), (1.6), (1.7), (1.8), (1.3) for A
and use the isomorphism (4 ® 4)’ = A’ ® A’ in ii), iii), we find that the diagrams
(1.5), (1.6), (1.1), (1.2), (1.7), (1.8), (1.3) for A’

commute. Let us give an example. If we apply the dualization functor to the right
square of diagram (1.3), we obtain

A Ay A®A A’<ﬂ(A®A)/ A/ mal A/®A/
| | ! } / !
1A0€4 id®S = (n40€q) (d®S4) = VIA""EA/ id®S 4/

| ! | | |
/ ’ ’
A<TAA®A A’ (na) (A®A)/ A A‘>A’ A ®A,

which is the right square of diagram (1.3) for 4’.

iv) Let us show that the involution defined in iv) turns A’ into a x-algebra. We
denote by x: C — C the complex conjugation. Then f* = %o f o % o Sy forall
f € A’, and from Propositions 1.3.28 and 1.3.12, we find

(f*=%xo0(xo foxoSg)o*xoSy=f
and
(fe)" =xo(f ®g)oAgoxo0Sy
=((xogoxo0S) R (xofo*xoSq)oAs=g"f*
for all f,g € A’. Now, assume that A has finite dimension, and let /' € A’. By
definition and by Proposition 1.3.12,
Aa(f*) = f"omg=xo0 foxoSsomy
=0 fomyo((*084)® (k0 S4)).
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Inserting the relation f omy = Ay (f) = fa) @ f(2), we find

Ap(f*) =) (0 fryo*0S0) ® (ko0 fryoxoSa) =Y fiy* ® fin*.

Thus (A’, A/) is a x-coalgebra. By iii), it is also a Hopf algebra, and hence a Hopf
*-algebra.

=~

Finally, let us show that the natural isomorphism t4: A — A” of Hopf algebras
is x-linear. By definition and by Proposition 1.3.28,

@) (f) = @) (Sa (f)*) = (Sa(f)*)(a)
= (Sa(f)(Sa(@)™) = (f 0 Sg0x08S4)(a) = f(a”)
= (@)

foralla € Aand f € A'. O

The following two examples explain the relation between the duality of finite-
dimensional Hopf algebras and the Pontrjagin duality of finite abelian groups.

Example 1.4.2. Let G be a finite group and consider the associated Hopf algebra
k(G) defined in Example 1.2.4. Denote by (8x)xec the canonical basis of k(G), and
by (ex)xec the dual basis of k(G)’, determined by £x(8,) = dx,, forallx,y € G.
We compute the structure maps of the Hopf algebra k(G)’. To distinguish between
the counit, comultiplication, and antipode of k(G ) and k(G)’, we index the structure
maps of k(G)'.

* The product of two elements &, &, € k(G)’ is determined by
(ex-£y)(82) = (ex ® £y)(A(S2)) = Z ex(8x) - €y (8yr) = xy,z,

x',y'eG
x'y'=z

whence ex&, = &yy. If e € G denotes the unit, then &, is the unit of k(G)’.

* The coproduct of an element ¢, € k(G)' is determined by
(A[k(G)’(gz))(ax ® Sy) =&;(0x - Sy) = 52,x : Sz,y,

s0 Akgy (&z) = €2 ® &5.

* The counit of k(G)" acts by evaluation at the unit 1xg) = Y, 8-, whence
exGy(ez) = 1forallz € G.

* The antipode Sk gy, applied to an element &, € k(G)’, acts by

(S(Gy (ex))(8y) = ex(S(8y)) = ex(8,-1) = 85 -1,

and hence Sk(gy (6x) = 5-1.
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Comparing with the definition of the Hopf algebra kG in Example 1.2.8, we find
that the map k(G)" — kG given by &; +— U, for all x € G is an isomorphism
of Hopf algebras. If k = C, then this is also an isomorphism of Hopf *-algebras,
because ¢,* = ¢,—1 forall x € G:

ex”™(8y) = £x(8(8))) = ex(8,-1) =8y -1

Example 1.4.3. Let G be a finite abelian group. By the previous example, C(G)" =
CG. Moreover, the Fourier transform ¥ : CG — G:(G) given by (F Uy)(y) :=
y(x) for all y € G and x € G is an 1s0morph1sm of Hopf algebras: this is just

a special case of the isomorphism CG = Rep(G) explained in Example 1.2.8,
and since G is finite, Rep(G) = (E(G) Summarizing, we find that the Pontrjagin
duality of finite abelian groups and the duality of finite-dimensional Hopf algebras
fits into the following scheme:

dual PN
G H group
dual é ~
€G) Hopf algebra CG)

The duality established in Theorem 1.4.1 iii) does not easily extend to infinite-
dimensional bialgebras or Hopf algebras: For an infinite-dimensional algebra A,
the inclusion A’ ® A’ C (A ® A)' is strict. Therefore, the dual of the multiplication
map (my)': A’ — (A ® A) need not define a comultiplication on A’ — its image
may fail to be contained in the subspace A’ ® A" C (A ® A)’. This problem can be
addressed in several ways. We can

* consider dual pairings of A with other Hopf algebras;
* look for a subalgebra A° C A’ that satisfies (m4)’ (A°) C A° ® A°;

* consider non-unital Hopf algebras (/T, ﬁ), for which the image of A is con-
tained in a space of multipliers M(A ® A) that is larger than A ® A.

In the following sections, we discuss the first and second approach; the third one
involves several additional concepts and is presented in Chapter 2.

1.4.2 Dual pairings of Hopf algebras

Let (A, A4) be a finite-dimensional bialgebra. In Theorem 1.4.1, we saw that the
dual space A" of A is a bialgebra again. The relations between the structure maps



32 Chapter 1. Hopf algebras

of (A, A4) and (A’, Ayg) can be expressed conveniently in terms of the natural
pairings

(1): Ax A — K, (-1): (A® A) x (4 ® A') — K,
(alf) = f(a), (a1 ® az| f1 ® f2) := fi(a1) - fa(a2),

as follows: forall a,ay,a, € Aand f, f1, f» € A,

@l fifo) = @ma(fi ® ) = (Aa@] /i ® ) =Y (aw|f)aw)f)

and

(@1a2|f) = (ma(ar ® az)| f) = (a1 ® az|Aw (f)) = D _(a1] f1))(@2| f2))-

Furthermore, if (A, Ay4) is a Hopf algebra (or Hopf *x-algebra), then sois (4, Ay),
and in that case, the unit, counit, antipode (and involution) of (A4, A4) and (A, Ay/)
are related by similar equations. These relations motivate the following definition:

Definition 1.4.4. A dual pairing between two Hopf algebras (Hopf *x-algebras)
(A, Ay)and (B, Ap)isabilinearmap (-|-): A x B — Kk, written (a, ) — (a|b),
that satisfies

(albibz) =Y (a@lb)(ag)|ba), (a1aalb) =) _(ailbw)(azlbe),
(allp) = ea(a), (1alb) = ep(b), (Sa(@)b) = (a|Sp(b))  (1.14)

(and (alb*) = (Sa(a)*|b), (a*|b) = (a|Sp(b)*), respectively)

forall a,a1,a, € A and b, by, b, € B. The dual pairing is called perfect or non-
degenerate if for each non-zero ag € A and each non-zero by € B, there exist
a € Aand b € B such that (ag|b) # 0 and (a|bg) # 0.

Remarks 1.4.5. i) Let (- |-): Ax B — k be a dual pairing of Hopf algebras. Then
each a € A defines a linear map (a|-): B — k, b +> (a|b), and the map A — B’
given by a — (a|-) is a unital homomorphism of algebras. Similarly, we obtain a
unital homomorphism B — A’, b +> (-|b). The pairing is perfect if and only if
these homomorphisms are injective.

ii) For every finite-dimensional Hopf algebra (A, Ay4), the canonical pairing
between A and A’ is a perfect dual pairing of Hopf algebras. If (B, Ap) is another
Hopf algebra and (-|-): A x B — Lk is a perfect dual pairing, then B has finite
dimension and the homomorphisms A — B’,a + (a|-),and B — A’,b > (-|b),
are isomorphisms of Hopf algebras.

iii) Let (A, A4) and (B, Ap) be Hopf x-algebrasand (- |-): A x B — k a dual
pairing of Hopf algebras. Then (a|b*) = (Sq(a)*|b) foralla € Aand b € B
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if and only if (a*|b) = (a|Sp(b)*) foralla € A and b € B. Indeed, if the first
condition holds, then by Proposition 1.3.28,

(@*b) = (Sa(Sa(@))|b) = (Sa(a)*|SB (b)) = (a|Sp(b)*)

foralla € A, b € B, and the reverse implication follows similarly. Thus, one
of these conditions may be omitted in the definition of a dual pairing of Hopf
x-algebras.

Let us consider several examples of dual pairings.

Example 1.4.6. There exists a dual pairing O(SL,(C)) x U(sl,(C)) — C, de-
termined by (u;;|X) := u;;(X) foralli,j =1,...,n and X € sl(C). Here,
u;j: M,(C) — C denotes the (i, j)th coordinate function as in Example 1.2.6, and
the Lie algebra sl,, (C) is identified with the space of n x n-matrices with vanishing
trace. A detailed discussion of this dual pairing for n = 2 can be found in [79,
Section V.7]; a generalization is given in Example 1.4.14.

Example 1.4.7. Let G be a compact connected Lie group with Lie algebra g. There
exists a dual pairing between the Hopf algebra of representative functions Rep(G)
and the universal enveloping algebra U(g), which can be described as follows.

First, observe that the Hopf algebra Rep(G) is contained in C*°(G). Indeed,
every continuous group homomorphism of Lie groups is automatically smooth [22,
Proposition 1.3.12], and therefore every continuous finite-dimensional representa-
tion and every representative function of G is smooth.

Next, recall that every X € g determines a left-invariant vector field on G
and hence also a first-order differential operator Dy : C*°(G) — C*°(G). The
map X — Dy extends to an injective unital algebra homomorphism D : U(g) —
Endc (C*°(G)), w — D; explicitly, the differential operator D, associated to an
elementw = X, ... X, € U(g) is given by

(Do f)(y) = (Dx, ... Dx, /)()
an
= f(y-exp(t1X1) ...exp(ta Xn)),
811 . 8t,, flyeenstn =0
see [181, Section 3.4].
Denote by e € G the unit element. Then the bilinear map

(-1:): U(g) xRep(G) = C,  («]f) := (Do f)le),

is a perfect dual pairing of Hopf algebras. Let us prove this assertion.

i) Denote by 1y and lgep the units and by €y and egep the counits of U(g)
and Rep(G), respectively. Since the embedding D : U(g) — Endc(C*°(G)) is
unital, (1y | f) = (D1, f)(e) = f(e) = erep(f) forall f € Rep(G). Moreover,
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(Dx,..x,)1rep = O for all Xy,..., X, € g, whence (®|lrep) = (Do lrep)(e)
equals ey (w) for all w € U(g).

ii) We show that (w12 | f) = > (w1] f1))(w2] f(2)) for all w1, w, € U(g) and
f € Rep(G). Since g and 1y generate U(g) as an algebra, it suffices to prove

X1 Xalf) =) (X1l fr)) - - (Xl fin) (1.15)
forall Xq,...,X, € gand f € Rep(G). By definition,
an
X1... X f) = —— flexp(t1 X1) . ..exp(tn Xn)).
oty ...0t, 1 yeestn=0

We insert the relation
O xn) = (AT xn) = Y fay (1) - fon (xn)

with x; := exp(#; X;) and find that (X ... X,|f) is equal to

o
Z f(l)(exp(tl Xl)) cee f(n) (exp(tnX,,))

=Y (Dx, f)(€) ... (Dx, fm)(e) =D _(X1| ) - - (Xul fim))-

iii) Let us show that (w|gh) = Y (w)|g)(w@)|h) forall w € U(g) and g, h €
Rep(G). The Leibniz rule implies that for every X € g,

(X|gh) = (Dx(gh))(e) = (Dxg)(e) - h(e) + g(e) - (Dxh)(e)
= (X[e)(ulh) + (lvlg)(X|h).

By definition of the comultiplicationon U(g), X @ ly +1ly ® X =Y X(1) ® X(2).
Hence the equation above can be rewritten as follows:

(X|gh) =Y (Xw|g)(Xlh) forall X €g.

Using relation (1.15) with f = gh, or the Leibniz rule for higher order derivatives
of the product gh, it is easy to see that the equation above remains valid if we
replace X € gbyanelementw = X;... X, € U(g).

iv) Forall X € gand f € Rep(G),

0
XIS = | flexp@x)™)
t=0
= o fexp(1x) = (=X|f) = (SN,
t=0
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Using Proposition 1.3.12 and equation (1.15), it is easy to deduce that (w|S(f)) =
(S(w)| f) for all w € U(g).

v)Letw € U(g), and assume that (w| f) = (Dy f)(e) = Oforall f € Rep(G).
We show that then @ = 0. Since the operator D, is left-invariant and the space
Rep(G) is closed under left translation, it follows that D, (Rep(G)) = 0. We show
that then also D, (C*°(G)) = 0, and this implies w = 0. The space C *°(G) carries
anatural locally convex topology, and D,, is continuous with respect to this topology
[32, Chapter XVII]. So, it suffices to prove that Rep(G) is dense in C*°(G). The
group G acts continuously (in a suitable sense) on C *°(G) via left translations, and
by a generalization of the Peter—Weyl theorem [22, III, Theorem 5.7], the subspace
of C*°(G) spanned by finite-dimensional G-invariant subspaces is dense. Every
such subspace is contained in Rep(G) and hence Rep(G) is dense in C*°(G).

vi) Let f # 0 be a representative function on G. We show that (w|f) # 0
for some w € U(g). Denote by V' € Rep(G) the linear span of all right translates
of f,and by 7: G — Aut(V) the representation given by 7 (x)g := g(-x) for all
x € G and g € V. Note that V has finite dimension and that  is smooth. Recall
that the Lie algebra of Aut(}') is End(V). Differentiating 7 at e € G, we obtain
a homomorphism of Lie algebras g — End(V') which extends to a unital algebra
homomorphism D : U(g) — End(V). Itis easy to check that Dn(X)g = Dxg
for every X € g and g € V. Choose some x € G such that f(x) # 0. Since G
is compact and connected, there exists an X € g such that exp(X) = x [22, IV,
Theorem 2.2]. Foreachn € N, put w, := > j_; X*/k! € U(g). Then

Jim D7t(wn) = exp(Drr(X)) = nm(exp(X)) = 7(x)

in Hom (V') (with respect to every norm topology), and therefore
Tim (@, f) = Tim (Dr(@a) f)(e) = (x(x) f)(e) = f(x) 0.

Consequently, (wy| f) # 0 for some n € N.

1.4.3 The restricted dual of a Hopf algebra

For every unital algebra A, there exists a largest subspace A° C A’ for which the
map Ay = (my)': A - (A ® A) defines a comultiplication. Elements of this
subspace can be characterized as follows:

Lemma 1.4.8. Let A be aunital algebraand | € A'. Then the following conditions
are equivalent:

D Aw(f)ed ®A,

ii) ker f contains a left ideal of A that has finite codimension,
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iii) ker f contains a right ideal of A that has finite codimension,

iv) ker f contains an ideal of A that has finite codimension.

Proof. 1) = ii): Write Ay (f) = Y ; g ® h; with g;,h; € A’, where the g; are
linearly independent and the /; are non-zero. Then J := (), ker A; is a left ideal
of A with finite codimension and contained in ker f:

e AJ C J:ifbe Aandc € J, then
0= gi(ab)hi(c) = flabc) = _ gi(a)hi(bc) foralla € A,
l. :

1

and the linear independence of the g; implies 4; (bc) = 0 for all i;

* J has finite codimension in A, because ker #; € A has codimension 1 for
each i and the intersection () ; ker h; is finite;

* f(J)=0since f(a) = f(la-a) =), gi(la)hi(a) = 0 foreacha € J.

i) = iii): The proof is similar to the proof of the implication i) = ii).

i) = iv): Let J C A be a left ideal of finite codimension that is contained in
ker f. Then the map 7: A — Homg(A/J) given by w(a)(b + J) := ab + J
is an algebra homomorphism. Since A/J and hence also Homg (A4/J) have finite
dimension, the kernel / := ker 7 has finite codimension in A. Finally, the relation
w(l) = 0implies I € J C ker f.

iii) = iv): Again, the proof is similar to the proof given above.

vi) = i): Let I C A be an ideal of finite codimension that is contained in ker f.
Denote by w: A — A/I the quotient map and by ’: (A/I) — A’ its transpose.
We show that A 4/( f) belongs to the space

(7' @a)(A/1) ® (A/])) c A ®A.
Since Ay/(f) vanisheson A ® I + I ® A, it defines an element
2€E(A®RA)/(ART +1® A) =~ ((A/])® (A/])).

Since A/ has finite dimension, ((4/1)®(A/I))’ isisomorphicto (A/I) ®(A/I)
and g can be considered as an element of (4/1) ® (A/I) . Itis easy to see that
Ay (f) = (' ® 7’)(g), and this relation completes the proof. O

Definition 1.4.9. The restricted dual of a unital algebra A is the subspace A° C
A’ consisting of all linear maps that satisfy the equivalent conditions given in
Lemma 1.4.8.

Proposition 1.4.10. i) Let A be a unital algebra. Then the space A° satisfies
Agr(A°) C A°® A°. Put Ago := Ayr|a0. Then (A°, Ayo) is a counital coalgebra,
where the counit is given by f +— f(14).
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ii) Let (A, A4) be a unital bialgebra. Then A° C A’ is a subalgebra and
(A°, Ayo)is acounital bialgebra. If (A, A4) isa Hopfalgebra, thensois (A°, Ago).

iii) For every Hopf x-algebra (A, A ), the formula *(a) := f(S(a)*) defines
an involution on A° that turns (A°, Ago) into a Hopf *-algebra.

Proof. 1) First, we show that A 4/(A°) € A°® A°. Let f € A°and write Ag/(f) =
Y i 8 ®h; with g;, h; € A’, where the h; are linearly independent. By assumption
on the #;, we can choose for every j an element a; € A such that h;(a;) = 6; ;
foralli, j. Then

gj(ab) =" gi(ab)hi(a;) = faba;) =Y gi(a)hi(ba;) foralla.b € A,

and consequently Ay/(g;) = ; g§i ®h;(-aj) € A’ @ A" and g; € A°. Therefore,
Ag(f) € A° ® A, and a similar argument shows that Ay (f) € A’ ® A°. We
conclude that Ag/(f) € A° ® A° forevery f € A°, so that Ay restricts to a map
Ago: A° — A° ® A°. This map is coassociative because the multiplication m 4 is
associative. The assertion concerning the counit is evident.

ii) Suppose that A is a unital bialgebra. Then A° C A’ is a subalgebra because

Aa(fg)=Aa0(f)Aa(g) € (A/ &® A/) (A® A/) cA ®A forall f.g € A°.

The multiplication and comultiplication on A° are compatible because the comul-
tiplication and multiplication on A are compatible.

Assume that (4, A,4) is a Hopf algebra. Denote by Sqo := (S4)'|40: A° — A’
the restriction of the transpose of S4. We claim that S40(A4°) € A°. By Proposi-
tion 1.3.12, we have for all f € A° anda,b € A

(Aar(f o Sa))(a®b) = f(Salab))
= f(S4(b)Sa(a))
= (Aa (/) (Sa(b) ® Sa(a)).

and hence
Ag(f oSy = Z(f(z) 08S4) R (fiyoSa) e A ®A.

The claim follows. Now we conclude as in Theorem 1.4.1 that (A°, Ago) is a Hopf
algebra with antipode S4o.

iii) A similar calculation as in ii) shows that for every f € A°, the functional
f* e A givenby a — f(S(a)*) belongs to A°. The compatibility of this involu-
tion with the Hopf algebra structure on A° is verified as in Theorem 1.4.1iv). O
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Dual pairings and restricted duals of Hopf algebras are related to each other as
follows:

Proposition 1.4.11. i) For every Hopf algebra (A, Ay), the pairing A x A° — k
given by (a, )+ f(a) is a dual pairing of Hopf algebras.

i) If(-]-): Ax B — kis a (perfect) dual pairing of Hopf algebras, then the
inducedmaps A — B’, a — (a|-),and B — A’, b > (- |b), restrict to (injective)
morphisms of Hopf algebras A — B° and B — A°.

Proof. Statement i) is obvious from the definitions, and statement ii) follows easily
from Remark 1.4.5 i) and Lemma 1.4.8. O

Example 1.4.12. Let G be a discrete group. We determine (kG)°.

Evidently, (kG)’ can be identified with k(G): each ¢ € (kG)’ corresponds to
the function z — ¢(U,), and each function f € k(G) corresponds to the linear
map U, — f(z). We claim that this identification induces an isomorphism

(KG)® = Repy (G)

of Hopf algebras, where Rep, (G) denotes the Hopf algebra of representative
k-valued functions on G, see the last remarks of Example 1.2.5. In fact, we only
prove that the spaces (k G)° and Repy (G ) coincide; the compatibility of the structure
maps of (kG)° and Repy (G) follows from similar calculations as in Example 1.2.8
and Example 1.4.2.

Assume that f € k(G) = (kG)’ vanishes on an ideal I C kG that has finite
codimension. Then left multiplication defines a representation = of G on the finite-
dimensional vector space V := (kG)/I, in formulas, 7w (x)(Uy + 1) 1= Uyxy + I.
Denote by ¢ € V'’ the map given by Uy + I + f(x). Then f(x) = ¢(Ux +1) =
¢(w(x)(Ue + 1)) forall x € G, so f € Repy(G).

Conversely, assume that f € Repy (G) has the form f(x) = ¢(w(x)v),
where 7 is a representation of G on some finite-dimensional vector space V' and
¢ € V', v € V. Then the functional in (kG)’ corresponding to f vanishes on the
kernel of the representation 7 : kG — Homy(V), U, +— m(x), which is an ideal
in kG of codimension less than or equal to dim Homg (V).

Remark 1.4.13. For every unital algebra A, the space A° is the largest subspace of
A’ on which Ay defines a comultiplication, as can be seen from Lemma 1.4.8 i).
Unfortunately, the space A° may be quite small — there exist groups G for which
(kG)° = Repy (G) = ke, see [1, Exercise 2.5] or [18, 2.7].

Example 1.4.14. If G is a semisimple connected simply connected affine algebraic
group over an algebraically closed field k of characteristic O and g is the Lie algebra
of G, then there exists a perfect dual pairing U(g) x O(G) — k that induces an
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isomorphism O(G) = U(g)°, see [65, Theorem 3.1]. However, U(g) % O(G)° —
for any affine algebraic group G over k,

U(g) = {¢p € O(G) | ¢(m}) = 0 for some n > 0},

where m; = {f € O(G) | f(1) = 0} [1, p.198]. A concrete example of this
pairing is given in Example 1.4.6.



Chapter 2
Multiplier Hopf algebras and their duality

A multiplier Hopf algebra is a non-unital generalization of a Hopf algebra, where the
target of the comultiplication is no longer the twofold tensor product of the underly-
ing algebra, but an enlarged multiplier algebra. A motivation for this generalization,
the pertaining definitions, and the main example are presented in Section 2.1.

A remarkable feature of multiplier Hopf algebras is that they admit a nice duality
which extends the (incomplete) duality of Hopf algebras presented in Section 1.4.
This duality is based on left- and right-invariant linear functionals called integrals,
which are analogues of the Haar measures of a group. These integrals and their
modular properties are discussed in Section 2.2, and an account of the duality theory
is given in Section 2.3.

The theory of multiplier Hopf algebras was developed by Van Daele; all results
presented in this chapter are taken from the articles [174], [177].

2.1 Definition of multiplier Hopf algebras

Our primary examples of Hopf algebras were algebras of functions on suitable
groups, where the comultiplication, counit, and antipode were defined as the trans-
poses of the group multiplication, of the inclusion of the unit, and of the group
inversion, respectively, as in equation (1.4). Recall that the functions belonging to
such a Hopf algebra had to be chosen carefully and in accordance with the flavor
of the groups, as, for example,

« arbitrary functions if the groups are finite,
* representative functions if the groups are compact, or

* polynomial functions if the groups are affine algebraic.

Now assume that G is an infinite discrete group. The discussion in Section 1.2.2
showed that the algebra k(G) of all functions on G is too large to carry the comul-
tiplication A. A natural replacement would be the subalgebra ks, (G) C k(G) of
functions with finite support. But unfortunately, the image A(kg,(G)) € k(G x G)
is not contained in the subspace kg, (G) ® kan(G) = k(G x G), so that A does
not restrict to a comultiplication on kg, (G).

To solve this problem, we extend the notion of a morphism of algebras by
allowing a morphism from an algebra A to an algebra B to take values in an
enlarged multiplier algebra M(B). In the situation above, the multiplier algebra
M (kan(G) ® kan(G)) will be equal to k(G x G).
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2.1.1 Multipliers of algebras

The concept of a multiplier Hopf algebra is based on the notion of a multiplier of
an algebra:

Definition 2.1.1. Let A be an algebra. A left/ right multiplier of A is a linear map
T: A — A that satisfies T (ab) = T(a)b/T(ab) = aT(b) for all a,b € A.
A multiplier of A is a pair (17, T,) consisting of a left multiplier 7; and a right
multiplier 7} satisfying bT;(a) = T,(b)a for all a,b € A. The set of all multi-
pliers of A is denoted by M(A). It is an algebra with respect to the multiplication
(T;, Ty) - (81, Sr) := (T; 0 S}, Sy o T), as one can easily check.

Remark 2.1.2. For every commutative algebra A, amap 7: A — A is a left
multiplier if and only if it is a right multiplier.

When working with multipliers, it is convenient to restrict to algebras and ho-
momorphisms that are non-degenerate in the following sense:

Definition 2.1.3. i) An algebra A is non-degenerate it
(a) foreverya € A,a # 0, we have Aa # 0andaA # 0, and
(b) the linear span of AA is equal to A.

ii) Let A and B be non-degenerate algebras. A homomorphism¢: A — M(B)
is non-degenerate if the linear span of ¢ (A) B and the linear span of B¢ (A) both
are equal to B.

We shall frequently use the following properties of multipliers:
Proposition 2.1.4. Let A and B be non-degenerate algebras.

i) For every element a € A, the maps b — ab and b — ba define a multiplier,
and the induced map A — M (A) embeds A as an ideal in M(A).

From now on, we consider A as an ideal of M(A) as in i).

i) aT = Ty(a) and Ta = Ty(a) foralla € Aand T = (T}, T,) € M(A).
iii) If A is unital, then Tly = T = 14T € A for each T € M(A), and
M(A) = A.

iv) Let A be a x-algebra. For every T € M(A), the formulas T*a := (a*T)*
andaT* := (Ta*)*, a € A, define a multiplier T* € M(A). The involution
T + T* turns M(A) into a x-algebra.

v) The tensor product AQ B is non-degenerate and one has a natural embedding
M(A) ® M(B) — M(AQ B).
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vi) Every non-degenerate homomorphism ¢: A — M(B) extends uniquely to
a homomorphism M(A) — M(B). If A and B are *x-algebras and ¢ is a
x-homomorphism, then the extension is a x-homomorphism again.

Proof. Statements i)—iv) are easy to check.
v) Consider an element x € A ® B. Write x = ) ; a; ® b;, where the b; are
linearly independent. Assume that x(c ® d) = Oforall c € Aand d € B. Then

(f Qid)(x(c®d)) = Zf(aic)bid =0 forallce A, de B, feA,
1

and using the fact that B is non-degenerate, we conclude that ) ; f(a;c)b; = 0 for
allc € A,d € B, f € A'. Since the b; are linearly independent, we must have
f(ajc) =0foralli andallc € A, f € A’. But A is non-degenerate, so a; = 0
for all i and hence x = 0.

A similar argument shows that x = 0if (c @ d)x = Oforallc € Aandd € B.
Finally, it is clear that (A ® B)(A ® B) is linearly dense in A ® B.

vi) Let T € M(A). Every extension ¢: M(A) — M(B) of ¢ must satisfy

D d(Mdlabi =Y ¢(Ta)b; and Y bip(a)(T) =Y bip(a;T)
i i i i 2.1
foralla; € Aand b; € B. If ), ¢(a;)b; = 0, then

¢(c) ) _¢(Tabi =y ¢(cTapbi = ¢(cT) Y dlai)b; =0 forallc € 4,

and since B and ¢ are non-degenerate, ) ; #(Ta;)b; = 0. This and a similar
argument show that (2.1) defines a multiplier ¢(7) € M (B). Itis easy to check
that the assignment T > ¢ (T') is a homomorphism and that ¢ is a *-homomorphism
if ¢ is a x-homomorphism. O

2.1.2 Multiplier bialgebras

Motivated by the discussion in the introduction to this section, we generalize the
notion of a bialgebra as follows:

Definition 2.1.5. A multiplier bialgebra is a non-degenerate algebra A equipped
with a non-degenerate homomorphism A: A — M(A ® A) such that

i) the following subsets of M(A ® A) are containedin A ® A € M(A ® A):
AAA®A4), AA)ARI]D), (A®1DAM), (1 A)A(A);
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ii) A is coassociative in the sense that the following diagram commutes:

A

M(A® A)

A
A\L lid@A

M(A®A)WM(A®A®A).

If A is a *-algebra and A a x-homomorphism, then (A4, A) is called a multiplier
x-bialgebra.

A morphism of multiplier (x-)bialgebras (4, A4) and (B, Ap) is a non-degen-
erate (x-)homomorphism F: A — M (B) that satisfies Apo F = (F ® F) o Ay,
that is, the following square commutes:

A—2F ~ Mm(B)

AAl |as

M(A® A) = M(B ® B).

Remarks 2.1.6. i) In condition i) above, the symbol 1 denotes the unitin M(A), and
the spaces A® 1 and 1 ® A are considered as subsets of M(A)QM(A) € M(ARA).

ii) In the diagrams above, the homomorphisms A ® id, id®A: A @ A —
ARAR®Aand F ® F: A® A — B ® B have been extended to the respective
multiplier algebras.

iii) Given multiplier bialgebras (A, A4) and (B, Ap), we can construct new
multiplier bialgebras (A4, Ag)P, (A, Ag)P, (A, Ay)°PcP and equip A & B and
A ® B with the structure of multiplier bialgebras in a similar way as in the case of
bialgebras, compare Remark 1.3.7 iii).

The Sweedler notation 1.3.3 can be extended to multiplier bialgebras, but then it
has to be used with much more care. Although we shall rarely use it, we explain this
notation in detail because it illustrates the difference between multiplier bialgebras
and ordinary bialgebras.

Notation 2.1.7. Let (A, A) be a multiplier bialgebra and @ € A. In general, the
multiplier A(a) € M(A ® A) can not be written as a sum ) ; a1,; ® a»,;, where
aii, az,; € M(A). Nevertheless, we write this multiplier as a formal sum

Afa) =: Za(l) ® a()-

As for ordinary bialgebras, we extend this notation to iterated applications of the co-
multiplication as follows. Since A is non-degenerate, we can define non-degenerate
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homomorphisms A®™ : A — M(A®"+1) by
A®:=idys and AT .= (A® Qidg)oA forn > 0.
For each n € N, we write the multiplier A®™ (a) € M(A®"+1) as a formal sum
A @) =Y agy & -+ & .

We think of the multiplier A® () as having 1 + 1 legs which are represented by the
symbols a1y, . .., a+1), and treat the formal sums introduced above like ordinary
sums of elementary tensors in a tensor product of algebras. Thus we write

A@)b®1) = amb®agp. (& DHA@) =) bay ®ag).
A@)(1®b) =Y aqy®apb. (1®b)A@) =Y au) ®bag

for all a,b € A. The definition of a multiplier bialgebra implies that these four
expressions belong to A ® A; thus, the formal sums above stand for finite sums of
elementary tensors in A ® A. We say that in the products in the first line above, the
first leg a1y of A(a) is covered by b, whereas in the products in the second line,
the second leg a(z) of A(a) is covered by b.

More generally, every product of A (a) = a1y ®---®a 1) withelements
of A, where at least n legs of A" (a) are covered by elements of A, belongs to
A®"*1 and is equal to a finite sum of elementary tensors in A®"+1,

A drawback of the Sweedler notation for multiplier bialgebras is that it may
be difficult to see whether certain products of formal sums ) a) ® -+ ® ap+1)
belong to an ordinary tensor product or not.

Example 2.1.8. Let (A, A) be multiplier bialgebra and a, b, c,d € A. The sum

Z bwyan) ® cap)be) ® azd @ b,

is a well-defined element of A ® A ® A: First, note that )" a) ® cap) € A ® A.
Therefore, )" a) @ cap) @ amyd =Y aq) ® Alcap)(1®d) e AQ AR A,
and hence the first two legs of ) b1y ® b(2) ® b(z) are covered by elements of A.
2.1.3 Multiplier Hopf algebras

Multiplier Hopf algebras form a special class of multiplier bialgebras:

Definition 2.1.9. A multiplier (x-)bialgebra (A, A) is a multiplier Hopf (x-)algebra
if the linear maps 71, 7>: A ® A — A ® A given by

Ti(a®b)=Aa)(1®b) and Tr(a ®b) = (a ® 1)A(b)
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are bijective. A multiplier Hopf algebra (A, A) is regular if the multiplier bialgebras
(A, A)°P and (A, A)°°P are multiplier Hopf algebras.

A morphism of multiplier Hopf (x-)algebras is simply a morphism of the un-
derlying multiplier (x-)bialgebras.

This definition is similar to the characterization of Hopf algebras among bial-
gebras given in Section 1.3.4.

Before we consider examples of multiplier Hopf algebras and additional struc-
ture maps like the counit and antipode, let us list some easy observations:

Remarks 2.1.10. i) Every Hopf algebra is a multiplier Hopf algebra by Theo-
rem 1.3.18. In particular, the notion of a regular Hopf algebra is well defined,
and by Proposition 1.3.14, a Hopf algebra is regular if and only if its antipode is
bijective. We shall see an analogue of this statement for multiplier Hopf algebras
in Proposition 2.1.12 iii).

i) If (A, A) is a multiplier Hopf algebra, then also (A4, A)°P-°°P is a multiplier
Hopf algebra, and (A, A)°P is a multiplier Hopf algebra if and only if (4, A)°P is
a multiplier Hopf algebra.

iii) Every multiplier Hopf *-algebra is regular.

Example 2.1.11. Suppose that G is a discrete group. Then M (kg, (G) ®kgn(G)) =
k(G x G), and the algebra kg, (G) equipped with the comultiplication

A: kin(G) = k(G x G) = M(Kiin(G) ® kin(G)).  (Af)(x.y) = f(xy).

is a regular multiplier Hopf algebra. Let us explain this in some more detail.

The natural embedding k(G) @ k(G) — k(G x G) identifies ks, (G) Q@ kg (G)
with kg, (G X G), and it is easy to see that M (kg, (G x G)) isisomorphic to k(G x G).
The isomorphism M (kg (G) ® kan(G)) = k(G x G) thus obtained identifies a
multiplier 7 with the function fr defined by

JT(x,y) =4 & T(6x ®3,) =A(6x ®8y) foralx,yeG.

The map A is evidently coassociative, and the maps 77 and 7, considered
in Definition 2.1.9 are bijective because they are the transposes of the bijections
®,,P,: G x G - G x G considered in Proposition 1.3.19.

If k = C, then kg, (G) is a multiplier Hopf x-algebra with respect to pointwise
conjugation of functions.

Multiplier Hopf algebras are similar to Hopf algebras in many respects. For
example, they also possess a counit and an antipode:

Proposition 2.1.12. Let (A, A) be a multiplier Hopf algebra.
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i) There exists a unique non-degenerate homomorphism € : A — Kk, called the
counit of (A4, A), such that the following diagram commutes:

A A A

M(A® A) M(A® A)
e®idl £ \Lid ®¢ 2.2)
Mk ® A) — M(A) ~ M(A ® k).

If (A, A) is a multiplier Hopf *-algebra, then € is a *x-homomorphism.

ii) There exists a unique linear map S: A — M(A), called the antipode of
(A, A), such that

mu(4)((S ®idg)(A(a)(1 ® b))) = €(a)b,

mucay((ids ®8)((a ® 1)AD))) = ae(b) foralla.b € A. 3)

Here, mpyg(4) denotes the multiplication in M(A). Moreover, S is a morphism
of multiplier Hopf algebras (A, A) — (A, A)°P<°P,

iii) A multiplier Hopf algebra (A, A) is regular if and only if the antipode S is a
linear isomorphism A 24

iv) If (A, A) is a multiplier Hopf x-algebra, then S o x o § o x = idy.

v) Let F: A — M(B) be a morphism of multiplier Hopf algebras. Then Sg o
F = F o Sy.

Proof. The construction of € and S proceeds along the same lines as in the proof
of Proposition 1.3.22 and differs mainly in more involved notation; for details, see
[174, Sections 3-5]. The remaining assertions about € and S follow similarly as
for Hopf algebras; for details, see [174, Proposition 5.2] and [177, Proposition 2.8].

O

Remark 2.1.13. In extended Sweedler notation, equation (2.3) takes the form
Y Saayapb = e@b, Y abu)S(bw) = ae(b) foralla.b € A.

Theorem 2.1.14. A multiplier bialgebra (A, A) is a regular multiplier Hopf algebra
if and only if there exist a homomorphism €: A — k and a bijective linear map
S: A — A such that diagram (2.2) commutes and equation (2.3) holds.

Proof. This follows from the previous proposition and a similar argument as in
Lemma 1.3.21, see also [177, Proposition 2.9]. o
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2.2 Integrals and their modular properties

The concept of an integral on a multiplier Hopf algebra is the natural analogue
of the Haar measure of a locally compact group and fundamental to the duality
theory of multiplier Hopf algebras presented in the next section. In contrast to
locally compact groups, which always have an invariant measure, multiplier Hopf
algebras need not possess integrals. Uniqueness, however, holds under very mild
assumptions.

This section is organized as follows. First, we introduce the concept of an
integral, give some examples, and list some easy properties that can be found in
most books on Hopf algebras, as, for example, in [1], [80], [111], [145]. Next, we
show that integrals are unique and faithful, closely following the original article
[177] of Van Daele. Like the Haar measure of a locally compact group, every
integral on a multiplier Hopf algebra enjoys several modular properties. These are
studied in the last sections; again, we follow [177].

2.2.1 The concept of an integral

To motivate the definition of left and right integrals, let us reformulate the concept
of a Haar measure in terms of Hopf algebras.

Let G be a locally compact group with left Haar measure A and let A € C(G)
be some Hopf algebra of functions on G with comultiplication, counit, and antipode
as in equation (1.4) on page 6. If the functions in A are integrable, that is, if A4 is
contained in L! (G, 1), the Haar measure A defines a linear map

p:A—->C, f |—>[Gf(y)d)t(y). 2.4

Left-invariance of A amounts to the fact that for each function f € A, the function
F on G defined by

F(x) :=/Gf(xy)d/\(y) forallx € G

satisfies F(x) = ¢(f) for all x € G. We replace the multiplication of G by the
comultiplication of A, using the relation

fxy) = (AUNE.Y) =Y fay(x) foy(y) forallx,y € G,

and obtain

F=) (f(l) /G f(z)(y)dl(y)) = (Id®¢)(A(f)).
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Thus, the invariance condition F(x) = ¢(f), x € G, takes the form

(id ®¢)(A(S) = ¢(f)1a.

Now, let (A, A) be an arbitrary multiplier Hopf algebra. Given a linear map
¢: A — kand an element a € A, we define (id ®¢)(A(a)) € M(A) by

((d®)(A@)b = (id @) (A@ (B ® 1) = 3 anb(ae)).
b((id @) (A(a))) == (id ®p)((b ® DA@)) = Y baqy(ae).
Similarly we define (¢ ® id)(A(a)) € M(A).

Definition 2.2.1. Let (A4, A) be a multiplier Hopf algebra. A linearmap¢: A — k
is

* left-invariant if (id ®¢)(A(a)) = ¢(a)lp(a) foralla € A, and
* right-invariant if (¢ ® id)(A(a)) = ¢(a)lpya) foralla € A.

If ¢ is non-zero and left- or right-invariant, we call it a left or right integral on
(A, A), respectively. A map that is a left and a right integral is briefly called an
integral.

We call (A, A) a multiplier Hopf algebra with integrals if there exist a left and
aright integral on (A4, A), and unimodular if every left integral on (A, A) is a right
integral and vice versa.

Recall that a linear map ¢p: A — k on an algebra 4 is called
o faithful if ¢ (aA) # 0 and ¢ (Aa) # 0 for every non-zero a € A,
* positive if A is a x-algebra and ¢ (a*a) > 0 forall a € A, and
* normalized if A is unital and ¢(14) = 1.
We call a positive normalized functional on a unital *x-algebra a szate.

Remarks 2.2.2. i) Let (4, A) be a multiplier Hopf algebra. It is easy to see that a
functional ¢ € A’ is left-invariant if and only if for all f € A’ anda,b € A,

(f @9 (A@B D) = f(D)p(a@), (f@¢)((b®DA)) = f(b)¢(a).

Likewise, ¢ is right-invariant if and only if forall f € A’ and a,b € A,

(¢ ® MA@ ®b)) =) f(b). (¢ & fH)(®b)A(a) = ¢(a)f(D).



2.2. Integrals and their modular properties 49

ii) For a Hopf algebra (A, A), the invariance of linear maps can be characterized
in terms of the convolution product defined in Section 1.3.2: Let ¢ € A’. Then

¢ is left-invariant <& f x ¢ = f(14)¢ forall f € A,
¢ is right-invariant < ¢ x f = f(14)¢ forall /' € A

This follows from the relations

S((d®¢)(A(@) = (f *¢)(a) and f((¢ ®id)(A(a))) = (¢ * f)(a),

which hold for all a € A.

iii) If a Hopf algebra has a left integral, then its antipode is bijective [29, Theo-
rem 5.2.3, Corollary 5.4.6], [145, Corollary 5.1.7].

iv) Let (A, A) be a multiplier Hopf *-algebra and ¢ a non-zero positive func-
tional on A.

(a) ¢ is x-linear: Since A is non-degenerate, it suffices to show that ¢(a*b) =
¢(b*a) for all a,b € A. Now the inequalities ¢ ((a + b)*(a + b)) > 0,
¢(a*a) = 0,9 (b*b) > 0 imply I¢p(a*b) + I¢p(b*a) = 0, and replacing b
by ib, we find R (a*b) — Rep(b*a) = 0.

(b) If A is unital, then there exists a real number r > 0 such that r¢ is normal-
ized: The Cauchy—Schwarz inequality implies |¢(a)|> < ¢(1)¢(a*a) for all
a € A, whence ¢(1) > 0.

(c) ¢ is faithful if and only if ¢(a*a) > O for all non-zero a € A: The Cauchy—
Schwarz inequality implies that for each a € A, the functional ¢(a-) or
¢ (-a) vanishes on A if and only if ¢ (aa™) = 0 or ¢p(a*a) = 0, respectively.

Examples 2.2.3. Let us consider the Hopf algebras introduced in Section 1.2.2:

i) Let G be a compact group with normalized Haar measure A. Then the map
¢: Rep(G) — C givenby f + [, fdA is a positive faithful normalized
integral.

ii) Let G be adiscrete group. Then the map ¢ : ke (G) — k givenby ¢p(6x) = 1
for all x € G is a faithful integral; it corresponds to integration with respect
to the counting measure on G. For k = C, this integral is positive.

iii) Let G be a discrete group. Then the map ¢: kG — k given by ¢(U,) = 1
and ¢p(Uyx) = 0 for x € G,x # e, is a faithful normalized integral. For
k = C, this integral is positive.

iv) Consider the additive group k", where n € N and k € {R,C}. The Hopf
algebra (k") does not contain any non-zero function that is integrable with
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respect to the Haar measure on k”, and therefore formula (2.4) does not define
an integral on @ (k”). In fact, the Hopf algebra O (k™) does not possess any
left or right integral. We prove this assertion for n = 1, the general case can
be treated similarly. Assume that ¢: O (k) — k is left-invariant. For every
me N,

m

m

AX™) = m—k k

=5 (P
k=0

and

log - #(X™) = (dR¢)(AX™) =) (’") X" (x5).

k=0 k

Thus ¢(X*) = 0 forall k < m and m € N, thatis, ¢ = 0. A similar
argument shows that every right-invariant functional vanishes.

Consider the multiplicative group k%, where n € N and k € {R, C}. Again,
the Haar measure on k? does not yield a left or right integral on the Hopf
algebra O (k?) because the only integrable function in O (k%) is 0.

Nevertheless, the Hopf algebra @ (k%) does possess a normalized integral ¢
for every field k, given by lggz) + 1 and Xfl ...X,]f” — 0 for all
(k1,...,kn) € Z" \ {0}. With respect to the natural isomorphism O (k) =
kZ" (see the end of Example 1.2.8), this map corresponds to the integral
described in ii). For k = C, we have an isomorphism @ (C%) = Rep(T")
(see the end of Example 1.2.8), and the map ¢ corresponds to integration over
T” with respect to the Haar measure as in 1).

The following result is fundamental:

Proposition 2.2.4. Every left integral and every right integral on a regular multi-
plier Hopf algebra is faithful.

Proof. To simplify the presentation, we restrict ourselves to the case of a Hopf
algebra; see [177, Proposition 3.4] for the general case. So, let ¢ be a left integral
on a regular Hopf algebra (4, A) and a € A. Assume that ¢(Aa) = 0. Then

0 = cp(ba) = ([d ®¢)((c ® DA()A(a)) forallc,b € A.

Sincethe map 72: A® A - AR A, c ®d — (c ® 1)A(d), is surjective,
we can replace (¢ ® 1)A(b) by an arbitrary element d ® e € A ® A, and find

0 =) daqyp(ear)) foralld,e € A. Weputd = ly4, apply A, and get

0= Za(l) ® ap)yp(ea)) foralle € A.
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Write )" aq) ® ap) ® agy = »_; a1, ® dz; ® as,;, choosing the elements a ;
linearly independent. Then O = a; ;¢ (eas,;) forall e € A and all i. Replacing e
by fS(az,;) foreachi, where f € A is fixed but arbitrary, and summing again, we
obtain

0= a,i$(fS(az)as;) = Y am¢(felaw)) = ap(f) forall f € A.

This shows a = 0. A modification of this argument shows that ¢ (aA) = 0 implies
a = 0. The proof of the assertion concerning right integrals is similar. O

Corollary 2.2.5. Every left or right integral ¢ on a multiplier Hopf %-algebra
(A, A) satisfies p(a*a) > Oforalla € A, a # 0.

Proof. Combine Proposition 2.2.4 with Remark 2.2.2 iv) (c). O

Before we consider the question of uniqueness and existence of left and right
integrals, let us clarify the relation between these two notions. Recall that for
a locally compact group, the inversion of the group interchanges the left with the
right Haar measure, and that for a compact group, the left and the right Haar measure
coincide. Similar results hold for multiplier Hopf algebras:

Proposition 2.2.6. i) Let (A, A) be a regular multiplier Hopf algebra with a
left/right integral ¢. Then ¢ o S and ¢ o S~ are right/left integrals on (A, A).

ii) On every Hopf algebra, there exists at most one normalized left/right inte-
gral ¢, and this ¢ is simultaneously a right/left integral and satisfies ¢ = ¢po S =
poSL

Proof. i) Let ¢ be a left integral on (A4, A). By Proposition 2.1.12 iii), the antipode
S is a linear isomorphism of A, whence ¢ o S is non-zero. Furthermore,

S((¢ oS ®id)(Aa)(1 ® b)) = (¢ ®id)((S ® S)(A(a)(1 ® b)))
= (id®9)((S(b) ® 1)A(S(a))) = S(b)¢p(S(a))
forall a,b € A. An application of S™! shows (¢ o S ® id)(A(a)) = ¢(S(a)), so
¢ o S is right-invariant. The proofs of the other assertions are similar.
ii) Let (A, A) be a Hopf algebra with a normalized left integral ¢. By Re-

mark 2.2.2 iii) and Proposition 2.1.12 iii), (4, A) is regular, so Y := ¢ o S isa
right integral. For every normalized left integral ¢ we have ¢ Y because

$(@) = ¥ (14p(@) = (¥ ® §)(A@) = p(Y(@)14) = ¥(a), ac A

The proofs of the other assertions are similar. O
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For left and for right integrals on multiplier Hopf *-algebras, it is natural to de-
mand positivity. Unfortunately, the correspondence between left and right integrals
established above need not preserve positivity. Nevertheless, the following result
holds:

Proposition 2.2.7 ([94, Theorem 9.9]). A multiplier Hopf x-algebra has a positive
left integral if and only if it has a positive right integral.

Comments on the proof. This result seems to be accessible only via operator theory
and a fair amount of work; therefore we do not include the proof. Roughly, one
proceeds as follows. Given a multiplier Hopf *x-algebra (A, A) with positive left
integral ¢, one constructs a GNS-representation (H, A, i) for (A, ¢) and considers
the unbounded conjugate-linear map G on H given by A(a) — A(S(a)*). Let
G = IM"/? be the polar decomposition of G. Then [ is an antiunitary involutive
map and one can show that for each a € A, the operator /7 (a*)I is contained in
7 (A). Therefore, one can define a map R: A — A, called the unitary antipode of
(A, A), by the formula 7 (R(a)) = Inw(a*)I. Finally, the map ¢ o R turns out to
be a positive right-invariant functional on (4, A).

Definition 2.2.8. An algebraic quantum group is a multiplier Hopf *-algebra with
a positive left integral and a positive right integral.

2.2.2 Existence and uniqueness

The existence of integrals on multiplier Hopf algebras can be shown under special
assumptions only, for example

* every finite-dimensional Hopf algebra has a left integral and a right integral
[177, Proposition 5.1];

» a Hopf algebra has a normalized integral if and only if it is cosemisimple,
which, roughly, means that the dual algebra A’ is semisimple [29, Exer-
cise 5.5.9], [80, Section 11.2], [145, Chapter XIV].

A comprehensive characterization of all Hopf algebras that possess left integrals can
be found in [29, Section 5.3]. Hopf *-algebras with positive integrals, also called
algebraic compact quantum groups, are studied in Chapter 3, and further examples
of such Hopf x-algebras are given in Chapter 6.

In contrast to existence, uniqueness of integrals already holds for all regular mul-
tiplier Hopf algebras. This class includes all multiplier Hopf *-algebras and all Hopf
algebras that have a left integral, see Remark 2.2.2 iii) and Proposition 2.1.12 iii).
The first main step towards the proof of uniqueness is the following result which
will be of individual interest later on.
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Proposition 2.2.9. Let (A, A) be a regular multiplier Hopf algebra with a left
integral ¢ and a right integral . Then

Wia)lacAy={¢(-a)|ac A} and {Y(a-)|ac Ai={¢(a-)]|a € A}.
In particular, these spaces do not depend on the choice of ¢ and V.

Proof. We show that for each a € A there exists some ¢ € A such that ¢(-a) =
¥ (-c); the rest of the proof is similar and uses the regularity of (A, A). So, let
a € A and choose b € A such that ¥ (b) = 1. We apply Remark 2.2.2 i) to ¢ and
f =, and find

d(xa) =y (b)p(xa) = (¥ @ ¢)(A(xa)(b® 1)) forall x € A.

Sincethemap7T7: AQA —> AR A, c®d — A(c)(1 ® d), is surjective, we can
write A(a)(b ® 1) = Y, A(c;)(1 ® d;) with ¢;,d; € A. Using Remark 2.2.2 i)
again, but this time for ¢ and f := ¢, we find

$(xa) =Y (¥ ® $)(AX)A(c)(1 ® dy))
=Y ¢ (xc)di) =Y Y(xcip(d:))

forall x € A. Thus ¢(-a) = ¥ (-c), where ¢ := Y ; c;¢p(d;). O

Theorem 2.2.10. Let (A, A) be a regular multiplier Hopf algebra with integrals.
Then the space of all left-invariant functionals and the space of all right-invariant
Sfunctionals on A both have dimension 1.

Proof. Let ¢ and ¢, be two left integrals and ¥ a right integral on (A4, A). Choose
a,b € A such that Y(ab) = 1. Let x € A. Since the map 75: A @ A —
A® A, c®y — (c ® 1)A(y), is surjective, we can choose ¢;, y; € A such that
>i(ci ® DA(yi) = (1 ® x)A(a). Then

$1(x) = ¥ (ab)p1(x) = (¥ ® p1)((1 ® x)A(a)A(D))

= ®¢)( Y 8 DAGIAB) @5
=Y Y(c)1(yib).

By Proposition 2.2.9, there exists some d € A such that ¢1(-b) = ¢2(-d). Re-
versing the transformations in (2.5), we obtain

$1(x) =Y Y(ci)a(yid) = ¥(ad)ga(x) forall x € A. O

1
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Remark 2.2.11. Let (4, A) be a multiplier Hopf *-algebra with a positive left
integral ¢p. Then there exists a number z € C with |z| = 1 such that the right
integral z¢ o § is positive. This follows immediately from Propositions 2.2.6, 2.2.7
and Theorem 2.2.10.

2.2.3 The modular element of an integral

Anintegral on a multiplier Hopf algebra has similar modular properties like the Haar
measure of a locally compact group: every left integral ¢ is related to the associated
right integral ¢ o S via a modular multiplier which is an analogue of the modular
function of a locally compact group. Let us recall this modular function. Consider
a locally compact group G with left Haar measure A and denote by i : G — G
the inversion x > x~!. Then the image A~! := i, (1) of the left Haar measure
under i is a right-invariant measure, and there exists a strictly positive continuous
function g on G — called the modular function of G — such that

f FO)AY) = / FO 6 dAG) = / F@S6()dAN ) (26)
G G G

for all positive measurable functions f on G. The function §¢ is a homomorphism
from G to the multiplicative group of positive real numbers, that is,

§6(xy) =86 (x)86(»), Sgle) =1, 8g(x~ 1) =8g(x)"! forallx,y e G;
2.7)

here, e € G denotes the unit as usual.

Let us translate equation (2.6) into the language of integrals on Hopf algebras.
Suppose that A € L'(G) is a multiplier Hopf algebra with structure maps as in
equation (1.4) on page 6 and that ¢ is the left integral on (A, A) given by integration
with respect to A as in equation (2.4) on page 47. Then equation (2.6) takes the
form

¢(f)=(poS)(fdg) forall f € A.

Here, we assume for the moment that §g belongs to M(A). The relations in (2.7)
are equivalent to the relations A(8g) = 8¢ ® 8g. €(8g) = 1, and S(8g) = 85"

Every multiplier Hopf algebra with integrals has a modular element § that be-
haves very much like 6. There is, however, one small change:

The conventional choice of § corresponds to 5(_;1 instead of §G.

The first step towards the construction of § is the following lemma, which is
also of individual interest:
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Lemma 2.2.12. Let (A, A) be a regular multiplier Hopf algebra with a left inte-
gral ¢ and a right integral . Then for all a, b, x € A,

(W ® S)((x ® DA(a)) = (¥ ® id)(A(x)(a ® 1))

and
(S ®P)ADB)(1®x)) = (Id®)((1 ® b)A(x)).
In Sweedler notation, these formulas can be rewritten as follows:
Y wxa)Slae) = Y ¥ (xaa)xe).
D Sbaydbeyx) = Y xyp(bxe)).

Proof. We only prove the first equation, the second one follows similarly. To
simplify notation, we assume that (A4, A) is a Hopf algebra; for the general case,
see [177, Proof of Proposition 3.11]. Let x,a € A. Since y is right-invariant,

> ¥xan)S(ae) =Y v(xman)x@aeSaa)
=Y Y (xmaa)ieele) = Y v(xma)xe. O

Proposition 2.2.13. Let (A, A) be a regular multiplier Hopf algebra with a left
integral ¢.

i) There exists an invertible multiplier § € M (A) such that

(¢ ®id)(A(a)) = ¢(a)§ foralla € A. (2.8)
ii) The extensions of A, €, and S to M(A) act on § as follows:
AB)=8®6, e =1, S@) =661 2.9)

iii) ¢(S(a)) = ¢(ad) forall a € A.

Proof. To simplify notation, we assume that (4, A) is a Hopf algebra; the general
case is treated similarly, see [177, Propositions 3.8-3.10].

i) It suffices to show that the map (¢ ® id) o A factorizes through ¢. It fol-
lows from Remark 2.2.2 ii) that for every w € A’, the convolution product ¢ *
is left-invariant, and by Theorem 2.2.10, this product vanishes on ker ¢y. Now
(¢ ® id)(A(ker ¢)) = O results from the equation

o((¢ ®id)(A(ker ¢))) = (¢ * w)(kerp) =0 forallw € A'.
ii) We apply A and € to the equation ¢(a)§ = Y ¢(a(1))a(z) and obtain
A(@(@)8) =Y dlag)ae) ®az = Y plaw)d ® ap) =8 & ¢p(a)s,
e(p(@)d) =Y _ ¢plaqyelae) = ¢(a)
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for all a € A. Consequently, A(§) = § ® § and €(§) = 1. Furthermore,
S(6) =m((S ®id)(A(6))) = €(§)14 = 14

and similarly §S(8) = 14; in particular, § is invertible.
iii) By right-invariance of ¢ o S and by the second equation in Lemma 2.2.12,

$(S@)P®B) = 3 d(S@a))dlamb) = 3 $(b)dlabe) = d(b)p(as)
foralla,b € A. O

Remarks 2.2.14. Let (4, A) and ¢, § be as above.

i) If ¥ is a right integral on (A4, A), then (id ®V)(A(a)) = Y (a)s™! for all
a € A. This follows easily from equations (2.8), (2.9) and the fact that ¥ is
a multiple of ¢ o S.

ii) ¢(S2%(a)) = ¢(S(a)8) = ¢p(S(81a)) = (8§~ 'ad) foralla € A.

2.2.4 The modular automorphism of an integral

In general, an integral ¢ on a multiplier Hopf algebra (A, A) need not be tracial
in the sense that ¢(ab) = ¢(ba) for all a,b € A. However, there exists some
control on the non-commutativity of A with respect to ¢, namely, there exists an
automorphism o of A that satisfies ¢(ab) = ¢(bo(a)) for all a,b € A. This
modular automorphism is an analogue of the modular automorphism of a weight
on a von Neumann algebra, see Section 8.1.3.

The construction of this modular automorphism proceeds in several steps.

Lemma 2.2.15. For every Hopf algebra (A, A), themaps R, T: AQ A — AR A
givenby T(a ® b) := Za(l) ® bSZ(a(z)) and R(a ® b) := Za(l) & bS(a(z))
are inverse to each other.

Proof. By Proposition 1.3.12,
T(Ra®b)) =Y T(aq) ®bS(aw)) = Y _au) ® bS(ae)S*(ae)
= Za(l) ® bS(S(a(z))a(g,)) = Za(l) ® be(a(z)) =a®b
and similarly R(T(a ® b)) = a @ bforalla,b € A. O

Proposition 2.2.16. Let ¢ be a left integral on a regular multiplier Hopf algebra
(A, A). Then the subspaces {¢(-a) |a € Ay and {¢p(b-) | b € A} of A’ coincide.
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Proof. To simplify notation, we assume that (4, A) is a Hopf algebra; the general
case is proved similarly, see [177, Proposition 3.11]. We show that foreverya € A,
there exists ab € A such that ¢(-a) = ¢ (b -), the converse follows from a similar
argument. Let i be a right integral on (A4, A). By Proposition 2.2.9, there exists
an a’ € A such that ¢(-a) = ¥(-a’). Two applications of Lemma 2.2.12 show
thatforallc,d, x € A,

D W (xea)dS(ce)) = D Y (xae)p(dxe) = Y ¥ (Sdmy)c)p(da)x).

Since the map R defined in the previous lemma is surjective, the composition
(id®¢)o R: A® A — Ais surjective as well. Hence we can write a’ in the form

a = Z(id ®P)(R(c;i ® d;i)) = Zci(l)qﬁ(d,-S(c,-(z))) for some c;, d; € A.

The equation above, applied to ¢ := ¢; and d := d; for each i individually, shows

that b := )", ¥ (S(di1))c)d;z) satisfies ¥ (-a’) = ¢(b-). O

Let ¢ be a left integral on a regular multiplier Hopf algebra (A, A). Since the
map ¢ o S? is left-invariant, there exists a unique scalar r € k suchthatpoS? = t¢,
see Theorem 2.2.10. This element t figures in the next theorem:

Theorem 2.2.17. Let (A, A) be a regular multiplier Hopf algebra with a left inte-
gral ¢. Then there exists an automorphism o of A such that

P(ax) = ¢p(xo(a)) foralla,x € A.
Furthermore,
poo=¢, Aooc=(5’®0c)oA, o) =16

Proof. By Proposition 2.2.16, there exists for every a € A an element o(a) € A
such that ¢ (ax) = ¢(xo(a)) for all x € A, and this element is unique because ¢
is faithful (Proposition 2.2.4). The assignment 6: A — A, a — o(a), is injec-
tive because ¢ is faithful, surjective by Proposition 2.2.16, and a homomorphism
because

¢(xo(ab)) = ¢p(abx) = ¢p(bxo(a)) = ¢(xo(a)o(b)) foralla,b,x € A.

Dropping x in the relation above, we obtain ¢(o(c)) = ¢(c) for all ¢ €
span A% = A.
Let us prove that A o0 = (S? ® o) o A. Since functionals of the form

w = ¢(b-), where b € A, separate the elements of A (Proposition 2.2.4), it is
enough to show that for all such functionals @ and for all a € 4,

(id ®w)(A(0(@))) = (id ®w)((S* ® 0)(A(a))),
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that is,
(id ®¢)((1 ® b)A(0(a))) = (i[d @) ((1 @ b)((S? ® 0)(A(a)))).
Two applications of Lemma 2.2.12 show that the left-hand side is equal to
(S ®P)ADB)(1®0(a) =(S®P)(1®a)A((D))
= ($? ® ¢)(A(@)(1 ® b)) = (id ®$)((1 ® b)((S* ® 0)(A(a)))).
Finally, by definition of t and by Remark 2.2.14 ii),

tp(a) = $(S*(a)) = p(87'ad) = p(ado(57"))
forall a € A. Therefore, §0(§71') = r and 7718 = o/(). O

Remarks 2.2.18. i) For every right integral ¥ on a regular multiplier Hopf algebra
(A, A), there exists a modular automorphism o’ of A such that ¥ (ax) = ¥ (xo’(a))
for all a, x € A, and this o’ satisfies

o0'=85"1oo oS =60(-)§' and Aoc' = (' ® S ?)oA.

This follows easily from the fact that ¥ is a multiple of ¢ 0 S = ¢ (- §).
i) For a multiplier Hopf *-algebra, the modular automorphism of a left or right
integral need not be a *-homomorphism.

2.3 Duality

Let (A, A) be a regular multiplier Hopf algebra with integrals. Then one can
associate to (A4, A) a dual regular multiplier Hopf algebra (A4, A) with integrals and

show that the bidual (2, A)is naturally isomorphic to (A4, A). This duality extends
to algebraic quantum groups and constitutes an algebraic analogue of Pontrjagin
duality, compare also with the discussion in Example 1.4.3. These results and
constructions are due to Van Daele; we follow his article [177].

2.3.1 The duality of regular multiplier Hopf algebras

Let (A, A) be a regular multiplier Hopf algebra with a left integral ¢» and a right
integral ¥. Put

A:={¢p(-a)|ac A} C A
By Theorem 2.2.17 and Proposition 2.2.9,

A={p@-)|aecAy={y(a)|aec A ={y(-a)|ac 4}
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In particular, A does not depend on the choice of ¢; of course, this follows from
Theorem 2.2.10 as well.

We equip A with a multiplication and a comultiplication that are dual to the
comultiplication and multiplication, respectively, of (4, A). Let us begin with the
multiplication. Given elements w; = ¢(-a;) and w, = ¢(-az) of A, we can
define a linear map wjw,: A — k by the formula

(0102)(x) = (01 ® W2)(A(x)) = (¢ ® P)(A(x)(a1 ® a2)). (2.10)

Lemma 2.3.1. Equation (2.10) defines an associative and non-degenerate multi-
plication on A.

Proof. Let w1 = ¢(-a1) and w; = ¢(-az) as above. We have to show that
the map w;w, belongs to A. Since (A, A) is regular, we can write a; ® a, =
> i A(ci)(d; ® 1) with suitably chosen ¢;, d; € A. Then

(@102)(x) = Y (¢ ® P)(A(xc))(d; ® 1) = Y ¢(xc)d(di) = p(xb)

~

for all x € A, where b = ), ¢c;¢(d;). Hence wjw, € A. Moreover, using

regularity of (A4, A), we see that AA spans A.
Associativity of the multiplication follows easily from coassociativity of A. Let
us show that the multiplication is non-degenerate. If w;w, = 0 for all w,, then

0= (w1w2)(h) = (¢ ® ¢)(A(b)(a; ® ay)) forall b,a, € A.

Sincethemap T1: AQ A —> A® A, b ® a, — A(b)(1 ® az), is surjective, we
can replace A(b)(1 ® a,) by arbitrary elements c @ d € A ® A. Then we obtain
¢(car)p(d) = 0 for all ¢,d € A, and by Proposition 2.2.4, also a; = 0 and
w1 = 0. O

Next, we turn to the comultiplication A:Ad—>M (/f ® /T). The obvious formula
(A(w))(x ® y) = w(xy) only defines a map A: A —> (A® A), and it is not
immediately clear that the image of this map can be identified with a subspace of
M (/T ® //1\) Therefore we take another approach:

Lemma 2.3.2. There exists a homomorphism A:Ad—>M (/f ® fT) such that
i) (w1 ® 1)&(0)2) cA® Aand ﬁ(a)z)(l Qwy) € A® f’l\for all wy, ws € A,
ii) forall x,y € A,

(@1 ® DA@@))(x ® y) = (01 ® W) (AX)(1 ® ), 2.11)
(A@2)(1 ® 01)(x ® y) = (w2 ® w1)((x & DA(Y)). (2.12)
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Before we give the proof, let us briefly comment on equation (2.11) and (2.12).
If the linear map € € A’ belonged to A, then it would be the unit, and inserting €
for wq in (2.11) and (2.12) would yield

(€ ® W) (A(x)(1 ® y))
(@2 ® €)((x ® DA(y))

Proof. The proof uses the same techniques as the proofs given in the previous
section; therefore we only indicate the main steps. One shows that:

(A(@))(x ® y) = = wa(xy).

e for all wy,w, € /T equations (2.11) and (2.12) define elements of A® /’1\ ;

. for each w, € A the assignments w; ® 1 +— (a)1 ® I)A(a)z) and 1 ® w1 —~
A(a)z)(l ® w1) extend to a right multiplier A(a)z)r and a left multiplier
A(a)z) ;on A A;

. ﬁ(a)z) » and ﬁ(a)z)l form a multiplier ﬁ(a)z) eM (/’1\ ® ff) because
(@1 ® 1) - (A1 ®w3)) = (01 ® DA@2),) - (1 ® w3)
for all w;, w3 € /f;
* the map AiAd—>M (/f ® /T) thus obtained is an algebra homomorphism.

The proofs of the individual steps are lengthy but do not require any substantial new
idea. For the first step, see the proof of Proposition 2.3.5; for further details, see
[177, Section 4]. O

Proposition 2.3.3. The pair (A A) is a regular multiplier Hopf algebra. Its an-
tipode S and counit ¢ are given by (S (w))(a) = w(S(a)) and

€@(-a) =¢a) =€), €W(-a)=y()=¢eWY@-))
forall a € A.

Proof. Again, the proof uses the same techniques as the proofs of the preceding
results; for details, see [177, Section 4]. O

Remark 2.3.4. If (A, A) is a Hopf algebra, then the counit € on the dual multiplier
Hopf algebra (A, A) is given by é(w) = w(ly) for all @ € A. This follows
immediately from Proposition 2.3.3.

Next, we identify integrals on the multiplier Hopf algebra (/’1\ , ﬁ) We reserve
the symbol ¢ for left-invariant and the symbol v for right-invariant functionals.

Proposition 2.3.5. The maps 1@: A — Kk and qg: Ak given by
V() :=e(a) foro = ¢(-a), $():=e(a) forw =Y (a-)

are a right and a left integral on (fT , 8) respectively.
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Proof. We only prove left-invariance of $, right-invariance of \ﬁ follows similarly.
Consider elements w1 = Y/(a;+) and w = Y (az-) of A. First, we compute the
product (w1 ® 1)A(w;). Forall x,y € A,

(@1 ® DA@))(x ® y) = (¥ ® ¥)((a1 ® a2) A(x)(1 ® )).

Since (A4, A) is regular, we can write a1 @ ax = Y _;(1 ® ¢;)A(b;) with suitably
chosen b;, ¢; € A. Then

(@1 ® DA@)E @) =D (¥ @ ¥)(1® c)Abix)(1® )
= > Y b)Y (e y).

Hence (w1 ® l)ﬁ(wz) =) V(b ) ®yY(ci-), and by definition of ¢,

(id @) (@1 ® DA(@2)) = Y ¥ (bi - )e(ci).

Inserting the relation

Y bie(ci) = Y _(1[d®@e)((1 ® ¢))Ab)) = (id ®€)(a1 ® az) = are(ag)),

we find (id RP) (w1 ® l)A(a)z)) = Y(ar-)e(az) = w1¢(a)2) Consequently,
(id ®¢ )(A(wy)) = 1 M) -¢(wy). Since w, € A was arbitrary, ¢ is left-invariant.
(|

Summarizing, we obtain the following duality result:

Theorem 2.3.6. If (A, A) is a regular multiplier Hopf algebra with integrals, then
the dual (A, A) is a regular multiplier Hopf algebra with integrals. O

Example 2.3.7. Let G be a discrete group and consider the multiplier Hopf algebra
kan(G). Recall that the counting measure on G yields an integral ¢ on kg, (G)
(Example 2.2.3 ii)). Similar calculations as in Example 1.4.2 show that the dual

algebra kg, (G) is unital and that the linear map
kin(G) — kG, ¢(-6x) > Uy,

is an isomorphism of Hopf algebras. The dual integral qAﬁ = @ is given by
U(p(-8x)) = €(8y) = 8x,e for all x € G and corresponds to the integral on
kG defined in Example 2.2.3 iii).

Likewise, kG = ksn(G) as multiplier Hopf algebras, and again, one can easily
verify that the integral on kg, (G) corresponds to the dual integral on KG defined
in Proposition 2.3.5.
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The pattern observed in the previous example is typical: The bidual (2 , &) of
a regular multiplier Hopf algebra (A, A) with integrals is naturally isomorphic to
(A, A). The main step towards the proof of this assertion is the following lemma.

]_A,emma 2.3.8. Let w1, wy € //1\, where wy = ¢(-ay) for some a; € A. Then
V(wiw2) = 01(S(a2)).

Proof. To simplify notation, we assume that (4, A) is a Hopf algebra; the general
case is proved similarly, see [177, Lemma 4.11]. Let w1 = ¢(-ay) € A, where
a1 € A, and choose c¢;, d; € A such that

a1 ®ay =Y Ac)di®) =Y > cindi @ciy.  (2.13)
i i

By the proof of Lemma 2.3.1, wjw, = ¢(-b), where b := Y. ¢;¢(d;), and by the
definition of ¥ (Proposition 2.3.5),
V(wiwy) = €(b) = Y e(c)d(di) = Y p(e(ci)dy).

1 1

Now we insert the relation n(e(c;)) = > S~ (ci(2))ci(1y (see Proposition 1.3.14)
in the right-hand side, use equation (2.13), and obtain

V(@) =YY (S ei)eimydi) = ¢S~ (az)ar) = o1(S (a2)). O

Theorem 2.3.9. Let (A:\A) be a regular multiplier Hopf algebra with intfgmls.
Then the map t: A — (A) given by (1(a))(w) := w(a) foralla € A, w € A takes
vc}\lufs in A and defines an isomorphism of multiplier Hopf algebras (A, A) =
(4, D).

Proof. First, we show that the map ¢ is injective. Assume that ¢(a) = O for some

a € A. Then ¢(ab) = (t(a))(¢(-b)) = 0 for all b € A, and since ¢ is faithful
(Proposition 2.2.4), a = 0.

Next, we show that the image of ¢ is A Every element of A is of the form
V(- ), where w € A. Furthermore, since the antipode S is bijective, every w € A
can be written in the form w = ¢ (- S(a)) for some a € A. If w is written in that
form, then /(- w) = t(a): by the previous lemma,

¥ (@10) = 01(S7(S(2))) = w1 (@) = (@) (@) forallw; € A.

Thus the map ¢ restricts to an isomorphism of vector spaces 4 == A Straight-
forward but lengthy calculations show that this isomorphism is compatible with the

multiplication and comultiplication on A and A, see [177, Theorem 4.12]. O
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2.3.2 The duality of algebraic quantum groups

The duality of regular multiplier Hopf algebras with integrals extends to a duality
of algebraic quantum groups as follows.

Lemma 2.3.10. Let (A, A) be a multiplier Hopf x-algebra. Then the formula
w*(a) = w(S(a)*), where a € A and w € A, defines an involution on A that
turns (A, A) into a multiplier Hopf *-algebra.

Proof. This follows from similar calculations as in the proof of Theorem 1.4.1. O
The following result is an analogue of the Plancherel/Parseval identity:

Theorem 2.3.11. Let (A, A) be a multiplier Hopf *-algebra with a positive left
integral ¢, and denote by \ the right integral on (A, A) defined in Proposition 2.3.5.
Then

V(p(-a1)*¢(-az)) = ¢p(alaz) forallay,a; € A. (2.14)

In particular, w is positive. Likewise, if Y is a positive right integral on (A, A),
then the left integral qb on (A A) defined in Proposition 2.3.5 is positive.

Proof. We only prove equation (2.14). Given a;,a, € A, we apply Lemma 2.3.8
tow; = ¢(-a1)* and w, = ¢(-ay), insert the definition of w], and find

J@(an*$(-a2) = Y(@fw) = 0 (5" (a2))
= 01(S(S7H(a2))*) = wi(a3) = ¢(azar) = p(ajaz). O
Remark 2.3.12. The classical Parseval/Plancherel identity has the form

/ T (0dx = / FHWF(dy forall f.g € LX(G),

where G is alocally compact abelian group, G its dual group, ¥ : L2(G) — LZ(G)
the Fourier transformation, and the integrals are taken with respect to Haar measures
with appropriate scaling.

Summarizing, we obtain the following duality theorem for algebraic quantum
groups:

Theorem 2.3.13. Let (A, A) be an algebraic quantum group.
i) The dual (/’1\ , ﬁ) is an algebraic quantum group.
ii) The map 1: A — (/’1\)’ given by (t(a))(w) := w(a) foralla € A, w € A
takes values in A and defines an isomorphism of algebraic quantum groups

(A, A) = (4, A).
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Proof. 1) This follows directly from Theorem 2.3.6, Lemma 2.3.10, and Theo-
rem 2.3.11.

ii) The map ¢ is an isomorphism of multiplier Hopf algebras by Theorem 2.3.9,
and x-linear by a similar calculation as in the proof of Theorem 1.4.1. |



Chapter 3
Algebraic compact quantum groups

Algebraic compact quantum groups form a class of quantum groups that is partic-
ularly well understood. They can be approached from several directions:

First, their theory can be formulated either in terms of Hopf x-algebras or in
terms of C*-bialgebras. One can pass back and forth between these two levels,
which provide two descriptions of the same underlying objects. In this chapter, we
focus on the algebraic setting. In Chapter 5, we switch to the setting of C *-algebras
and explain in detail the close relation between algebraic and C *-algebraic compact
quantum groups.

Second, algebraic compact quantum groups can be characterized either by the
existence of a positive integral or in terms of their corepresentation theory. Co-
representations of Hopf algebras are analogues of group representations, and from
a categorical perspective, the corepresentation theory of compact quantum groups
is very similar to the representation theory of compact groups. If a positive integral
exists, then it can be used to prove many properties of the corepresentations in a
similar way as the Haar measure is used in the theory of group representations.
Conversely, if the corepresentations of a Hopf *-algebra satisfy certain natural
properties, then the existence of a positive integral can be deduced.

Our starting point is the following definition:

Definition. An algebraic compact quantum group or compact algebraic quantum
group is a unital algebraic quantum group, that is, a Hopf *-algebra with a positive
integral. The unique normalized positive integral on an algebraic compact quantum
group is called its Haar state and denoted by h.

A morphism of algebraic compact quantum groups is simply a morphism of the
underlying Hopf *-algebras (see Definition 1.3.24).

Remark. Uniqueness of a normalized positive integral follows from iv) (b) in Re-
mark 2.2.2 and Proposition 2.2.6.

In the literature, algebraic compact quantum groups are sometimes also called
compact quantum group algebras or simply compact quantum groups. In an early
article [40], Effros and Ruan called them discrete quantum groups, but this terminol-
ogy has become standard for the dual of a compact quantum group, see Section 3.3.

Examples. We already met the following examples of algebraic compact quantum
groups:
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* the Hopf x-algebra C(G) of functions on a finite group G (see Examples 1.2.4,
1.3.26 1), 2.2.3 1));

» more generally, the Hopf *-algebra Rep(G) of representative functions on a
compact group G (see Examples 1.2.5, 1.3.26 ii), 2.2.3 1));

* the group algebra CG of a discrete group G (see Examples 1.2.8, 1.3.26 iii),
2.2.3 iii)).

A detailed discussion of further important examples can be found in Chapter 6.

Our study of algebraic compact quantum groups proceeds as follows. First, we
introduce the concept of a corepresentation and reformulate it in several equivalent
ways (Section 3.1). Then, we develop the theory of corepresentations (Section 3.2)
and characterize algebraic compact quantum groups in terms of their corepresen-
tations. Finally, we dicuss the duals of compact quantum groups, namely, discrete
algebraic quantum groups (Section 3.3).

Much of the theory developed in this chapter carries over to ordinary Hopf
algebras with normalized integrals — these are precisely the cosemisimple Hopf
algebras [29], [80], [145]. However, our primary interest lies on Hopf x-algebras
and their C *-algebraic variants. Most of the results presented in the first two
sections can also be found in [80, Section 11]. The original reference are the two
articles [193] and [202] by Woronowicz, but also the article [40] by Effros and
Ruan.

3.1 Corepresentations of Hopf %-algebras

The concept of an algebra, dualized, leads to the concept of a coalgebra. Similarly,
the notion of a module over an algebra, dualized, leads to the notion of a comodule
over a coalgebra. We focus on particular comodules over Hopf *x-algebras, called
corepresentations, that are relevant for our discussion of algebraic compact quantum
groups in the next section. Most of the following definitions, constructions, and
results apply in wider generality.

3.1.1 Definition and examples

Throughout this section, let (4, A) be a Hopf *-algebra. In the next definition, we
use the following construction: Given a vector space V' equipped with a Hermitian
inner product (- |-}y, we define an A-valued sesquilinear inner producton V ® A
by the formula

(v@alw®b)y := (v|lw)ya*b forallv,w €V, a,b € A.
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Definition 3.1.1. A corepresentation of a Hopf x-algebra (4, A) on a complex
vector space V isalinearmap §: V — V ® A that satisfies

(8 ®ids) 08 = (idy ®A) 08 and (idy ®e) o8 = idy .

Let § and § be corepresentations of (A4, A) on vector spaces V' and v, respec-
tively. We call

* asubspace W C V invariant with respect to § if §(W) C W ® A;

* § irreducible if V contains no non-trivial invariant subspace;

o § unitary if (§(v)|6(w))q = (v|w)y - 14 forall v, w € V;

e alinearmap7:V — V an intertwiner from 8 t0 § if § o T = (T ® id4) o §;
e §and§ equivalent, written § ~ § ,if § and § admit an invertible intertwiner;

e €(8) := span{(f ®id)(5(v)) | v € V, f € V'} C A the space of matrix
elements of §.

We denote the space of all intertwiners from & to § by Hom($, S).

Remark 3.1.2. If § and § are equivalent corepresentations, then €(§) = ‘6(3),
and ¢ is irreducible if and only if § is irreducible. The proof is straightforward.

We extend the Sweedler notation (see Notation 1.3.3) to corepresentations as
follows:

Notation 3.1.3. Let § be a corepresentation on a vector space V. Given v € V,
we can write §(v) = ) ; vo,; ® vi,;, Where vo; € V and v;; € A. To simplify
notation, we suppress the summation index i and write

S(v) = Zvo,i ® vy, =: Z V(o) ® V().
i

Define §™: V — V ® A®" for eachn € N by
§@ :=idy and 8"tV .= (™ ®idy)o8 forn > 0.
Note that 8+ = (idy @ A®™) o § for all n € N. We write
8§ (v) =: ZU(O) R V) ® -+ ® V).

Example 3.1.4. Let § be a corepresentation on a Hermitian vector space V' and
denote by (-|-)4 the A-valued inner product on V ® A defined above. Then

BW)I8(w))a = 2 (v |we))v - vy wy) forallv,w € V.
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The following example shows how group representations can be expressed in
terms of corepresentations.

Example 3.1.5. Let G be acompact group and consider the Hopf x-algebra Rep(G)
of representative functions on G (see Examples 1.2.5, 1.3.26 ii)). For every finite-
dimensional vector space V', continuous representations of G on V correspond
bijectively with corepresentations of Rep(G) on V:

Let = be a continuous representation of G on V. Then for every v € V, the
function §(v): G — V given by x — m(x)v belongs to C(G; V). We identify
C(G; V) with V ® C(G) and regard §(v) as an element of V ® C(G). Then 6(v)
is contained in the subspace V ® Rep(G) C V ® C(G) and the map v — §(v)
is a corepresentation. Let us prove the first claim. Choose a basis (v;); of V, and
denote by (¢;); the dual basis of V’. Then §(v) = }_; v; ® f; forsome f; € C(G),
and

Zf,-(x)vi = (idy ® evy)(§(v)) = n(x)v = Zqﬁi(n(x)v)vi forall x € G,

were evy: C(G) — C denotes the evaluation at x € G as usual. Thus §(v) is
contained in V' ® Rep(G). The map §: v — §(v) is a corepresentation since for
all x, y € G, the composition

(idy @evy ®evy) o (8 ®idg) o8 = (idy ®evyx) oo (idy ®evy) 0§
= (x)7(y)
is equal to

(idy ® evy ®evy) o (idy ®A) 0§ = (idy ®(evy ®evy)A)od
= (idy ®evyy) 06 = m(xy).

Conversely, let § be a corepresentation of Rep(G) on V. Thenthemapn: G —
Hom(V) givenby 7 (x)v := (id ® evy)(§(v)) is arepresentation of G — this follows
from the two equations displayed above and the relation 7(e) = (idy Q@ eve)od =
(idy ®¢€) o § = idy, where e denotes the unit of G.

The matrix elements of a representation 7 appear in the associated corepresen-
tation § as follows: If we identify Hom(V') with M,,(C) via the basis (v;); and
consider 7: G — Hom(V) as an element of C(G; M, (C)) = M,(C(G)), then
§(vj) =) ;v; ® f;j foralli, j if and only if 7 corresponds to the matrix ( f;;);,;.

Finally, if V' is Hermitian, then 7 is unitary if and only if § is unitary: for all
v,w € V, the element (§(v)|6(w))repc) € Rep(G) corresponds to the function
X B (m(x)v|m(x)w).

Example 3.1.6. The comultiplication A is a corepresentation of the Hopf *-algebra
(A, A) onthe vector space A. This corepresentation is called the regular corepresen-
tationof (A, A). If (A, A) has a positive integral /, then the regular corepresentation
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can be equipped with a unitary structure as follows: The map (a, b) — h(a*b) de-
fines a Hermitian inner product on A because 4 is positive and faithful, and for all
a,be A,

(A@)[AD))a = (d @h)(A(@™)A(b)) = h(a™b)14 = (alb)14

because £ is left-invariant.

The space of matrix elements € (A) of the regular corepresentation A is equal
to A because every element a € A can be written as a = (¢ ® id)(A(a)).

Every non-zero corepresentation § on some vector space V' admits a non-zero
intertwiner to the regular corepresentation. Indeed, for every f € V', the map
Tr: V. — Agiven by Tr(v) := (f ® id)(d(v)) is an intertwiner from § to A
because the following diagram commutes:

Ty

//—\
V V®A A

§ ‘ f®id
sl id(\T)A ‘/A
fRid®id Ao A

Ved—2 yvedxd

Tr®id

Note that Ty # 0 for some f € V' because §(V') # 0.

3.1.2 Reformulation of the concept of a corepresentation

In Example 3.1.5, we observed a correspondence between corepresentations of a
Hopf x-algebra Rep(G) and representations of the group G. In general, corepre-
sentations of a Hopf *-algebra (A, A) can be described in many equivalent ways, in
particular, also in terms of representations of the dual *-algebra A". These different
descriptions are the topic of this subsection.

Let us fix some notation. Recall that A’ is a *-algebra with respect to the
operations

(f9)a) = (f ® §)(Aa)), [*(a) = f(S(a)*).

where f,g € A’anda € A (Theorem 1.4.1). Denoteby Z: AQA — AQ® A the flip
a®b — b®a. Givena vector space V and anelement X € Hom(V)® A, we define
X2, X131 € Hom(V)® A® Aby X2 = X®1and X[33) := (id ®2)(X[12]).
In statement i) of the following proposition, we use the bilinear map

Hom(V) @ A)x (V@A) > VA (f®a)(v®b):= f(v)Q ab.
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If we embed A in Hom(A) via left multiplication, we obtain an embedding
Hom(V) ® A — Hom(V ® A), and the map above corresponds to the evalua-
tion map Hom(V @ A) x (V® A) - V ® A.

Proposition 3.1.7. Let V be a vector space with basis (v;); andlet§: V — V ® A
be a linear map. Define

e amap w: A’ — Hom(V) by n(f)v := (idy ® f)(§(v));

* afamily a = (a;;);,; of elements of A by §(v;) = Y, v; ® a;;; note that for
each j, there exist only finitely many i such that a;; # 0;

* if V has finite dimension, an element X € Hom(V)® A by X := Zi,j ei; ®
a;jj, where e;; € Hom(V') denotes the map v +— v; - §; .

In the following statements, conditions involving X are to be taken into account
only if V has finite dimension. Qualifiers like “for all i, j 7 are omitted, and the
sums formed in (a3), (b3), (d3), (e3), and (e4) are finite.

D) a(f)=0dQf)X)forall f € A and5(v) = X(v ® 14) forallv e V.
ii) The following conditions are equivalent:

(al) (§®ida)od = (idy ®A)0d;  (a3) Alaij) = D x dik ® ak;;
(a2) m is an algebra homomorphism; (a4) (id ®A)(X) = X[121X[13]-

Assume that (al)—(a4) hold.

iii) The following conditions are equivalent:

(bl) & is injective; (bS) X is invertible;
(b2) 7 is non-degenerate: (b6) X! = ({d®S)(X);
if m(A)v =0, then v = 0; (1) (idy ®€) 0§ = idy:

(b3) a is invertible: there is b;; € A such (€2) 7(e) = idy:
that 3 bixaxj = 8i,j = Yy aikbj: (©3) elar) =8 ;-
ij) = 0ijs

(b4) as (b3), but with b;; = S(a;;); (c4) (id ®e€)(X) =idy .

Assume that (b1)—(c4) hold, so that § is a corepresentation.

iv) Let § be a _corepresentation on a vector space V with basis (Vx)r and let
T:V — V be a linear map. Define a family of complex numbers (tx;)i,
by Tvj =) Uktyj forall j, and 7w, a = (Gx;)k,1, X similarly as 7w, a, X.
Then the following conditions are equivalent:
(1) T intertwines § and §;  (d3) Yoitkiaij = Y drityy;

(d2) T intertwines w and 7;  (d4) (T ® 14)X = X(T ® 1y).
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v) If V is Hermitian and (v;); orthonormal, then the following conditions are

equivalent:
(el) § is unitary; (e4) D g ari*axj =6ij;
(e2) = is a x-homomorphism; (€5) S(aij) =aji*;

(63) Zk ak,-*akj =8i,j=2k a,-kajk*; (66) X*X =idy ®ly = XX*.

vi) Let W CV be a subspace and e € Hom(V') an idempotent such that eV =W .
Then the following conditions are equivalent:

(f1) s(W)C W ® A; (f4) en(f)e = n(f)eforall f € A';
(f2) w(AYW C W (f5) (e ® DX(e® 1)=X(e ® 1).
(f3) (e ®idg)oboe=3o0e;

vii) €(8) =span{a;; | i, j} = {(@®id)(X) | ® € Hom(V)'} = span{w(7(f)) |
w € Hom(V)', f € A’}.

Proof. In the following calculations, all sums taken over infinite index sets have
only finitely many non-zero summands.
i)Forall f € A" and all j,

7(f)v; = (@) = Y viflay) and (d@F)X) =Y ey flay).
i i,j

The first assertion follows, and the second one follows from the relation

Xv; ®@1y) = Zvi ®a;j = 8(v;) forall j.

1

We now give the main steps of the proofs of the assertions ii)—vi).
(al) & (a2): Forall f,g € A’ andv €V,

(v =n(fehv & (2(f) ®&(8(v)) = (i[d®fg)(§(v))
< ([df @ Rid)(E(v)) = ([d®f ® ¢)((id®A)(E(v))).

(al) < (a3): Compare coefficients in

(d ®A)(E(v)) = > v ® Alay)).

(®id)Ev)) =Y 8(u) @ ar; = Y vi ® an ® ax;.
k i,k



72 Chapter 3. Algebraic compact quantum groups
(a3) < (a4): Compare coefficients in

(d®A)(X) =Y e;j ® Aai).

i,j
X1 X3 = Z eixelj ajx ®ay = Z eij ajr ® ag;.
i,j.k,l i,j.k

(cl) & (c2): Evident from the definition.

(c1) & (c3): Consider the coefficients in (idy ®€)(8(v;)) = Y _; vie(ai;).
(c2) & (c4): Immediate from 1).

(bl) & (b2): Foreveryv € V,

0=3681) & 0=>G{d®f)((W)) =n(f)v forall f € A

(b2) < (c2): This follows from the fact that € is the unit of A’.
(b3) = (bl): Consider an element v = ) ; A;v; € V. If 0 = §(v), then

0=38() =Y Adv) =D vk ® Aiaki,
i k,i

so Y ; Aiag; = 0 for all k, and by invertibility of (a;;);,; also A; = 0 for all i.
(b4) = (b3): Trivial.
(c3) & (b4): The axioms for the antipode and (a3) imply

Y airS(ax)) = €(aij) = Y S(aix)ax;.
3 3

(b3) < (b5) and (b4) < (b6): Evidently, (b;;);,; is inverse to (a;;);,; if and
onlyif ¥ := ), ;e;; ® bj; is inverse to X:

XY = Z ejj ®a,~kbkj and YX = Z ejj ®b,~kakj.
i,7,k i,j,k

(d1) < (d2): Condition (d1) holds if and only if for all /' € A’ andv € V,
(idy ® £)(§(Tv)) = (idy & £)(T ® ida)($(v))) = T((idy ® )(S(v))).

Here, the left- and right-hand side are equal to 7 ( f)Tv and T 7w ( f)v, respectively.
(d1) & (d3): Compare coefficients in

§(T(y) =D _8@)u; =Y i ®dnty
I k.l

(T @id)B() =Y Tvi ®ay = Y b ® lkiaij.
i ki
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(d2) < (d4): By i), we have for all f € A’

AF(NOT =Tr(f) ¢ (d@)X(T & 10) = (d®/)(T & L4)X).
(el) < (e4): This follows from the calculation
(8(vi)|d(vj))a = Z(vl|vk yaitag; = Zakz ag;.
k,l
(e2) < (e5): By definition of the involution on A’, we have for all ' € A’
(ile(HHvi)y = (x(fF)vilv)v
& Y (vilve)w flary) = Y @) vilvy)v
k 1
< flaij) = f*(aji)
& flaij) = f(S(a;i)").

(e3) = (e4): Trivial. (e4) = (e3): This follows from the invertibility of a,
see (b3).

(e3) & (e5): By (b4), the family a* = ((a;;)*);,; is inverse to a if and only if
S(a;j) = (aj;)* foralli, j.

(e3) < (e6): This follows from a similar calculation as in (b3) < (b5).

(f1) & (f2): (W) C W ® A if and only if for all f € A’,

Ad®f)(6(W)) € W, thatis, n(f)W < W.

(f1) < (£3) and (f2) < (f4): Evident.

(f4) < (f5): Immediate from i).

vii) These relations follow easily from the definition. O

The preceding proposition motivates the following definitions:
Definition 3.1.8. Let / be some index set. A family (a;;);,jes of elements of A4 is

called a corepresentation matrix if {i € I | a;; # 0} is finite for each j and

A(aij):ZaiktX)akj and e(a;j):&,j foralli,j € I.
k

Leta = (a;;);,; and @ = (dx;)x, be corepresentation matrices. We call
s the matrix a unitary if ) ; aj.ax; = 6; j foralli, j € I;

* a family (fx;)x,; of complex numbers an intertwiner from a to a if the set
{k | tx; # O} is finite for each i and ), tx;a;; = D axity; forall k, j;

* a and a equivalent, written a >~ a, if they admit an invertible intertwiner;
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* €(a) = span{a;; | i, j € I} the space of matrix elements of a.
We denote the space of all intertwiners from a to a by Hom(a, a).

Definition 3.1.9. Let V' be a finite-dimensional vector space. An operator X €
Hom(V) ® A is called a corepresentation operator if

(d®A)(X) = X[12]X[13] and (id®e)(X) =idy .

Let X and X be corepresentation operators on finite-dimensional vector spaces V
and V, respectively. We call

* asubspace W C V invariant if X(e @ 14) = (e ® 14)X(e ® 14) for every
idempotent e € Hom(V, W);

* X irreducible if V' contains no non-trivial invariant subspace;

* X unitary if V is Hermitian and XX* = idy Q14 = X*X;

* alinearmap 7: V — V an intertwiner from X to X if (T ® 14X =
X(T ® 14);

e Xand X equivalent, written X ~ X , if they admit an invertible intertwiner;

e €(X) = {(w®id)(X) | € Hom(V')'} the space of matrix elements of X .

We denote the space of all intertwiners from X to X by Hom(X, X ).
Let us summarize the main results of Proposition 3.1.7:

i) Forevery vector space V' with a fixed basis (v;);ey, we have a bijective corre-
spondence between corepresentations § on V' and corepresentation matrices
(aij)i,jer, prescribed by the relation

§(vj) = Zvi ®a;; forall j €.

1

ii) For every finite-dimensional vector space V', we have a bijective correspon-
dence between corepresentations ¢ and corepresentation operators X on V,
prescribed by the relation

X(w®ly) =68kw) forallveV.

iii) These correspondences preserve unitarity, intertwiners, spaces of matrix ele-
ments, and in case ii) also invariant subspaces and irreducibility.

From now on, we freely identify corepresentations, corepresentation matrices, and
corepresentation operators by means of the bijective correspondences i) and ii).
We call a corepresentation matrix irreducible if it corresponds to an irreducible
corepresentation.
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Remarks 3.1.10. i) Let X be a corepresentation operator on a finite-dimensional
Hermitian vector space V. If we identify elements of A with left multiplication
operators in Hom(A) and consider X as an element of Hom(}V ® A), we can
express the space of matrix elements €(X) in terms of maps of the form

wWy1: A>TV RA,aw®a, (WRK1:VRA—>A u®ar (vlu)a,

where v, w € V, as follows: €(X) = span{({v| ® DX(Jw) ® 1) | v,w € V}.

ii) If € is the space of matrix elements of some corepresentation, then A(€) C
€ ® €; if the corepresentation is unitary, then S(€) = €*. This follows from i)
and Proposition 3.1.7 (a3), (e9).

iii) If § is a corepresentation on some vector space V and w: A’ — Hom(V) is
the associated representation defined in Proposition 3.1.7, then

kerm ={f € A'| f(a) =0foralla € €(§)}.

Indeed, 7 (f) = O if and only if forall v € V and ¢ € V',

0=9(Hv) = (@& W) = f(($ ®id)s()).

iv) Let V and W be finite-dimensional vector spaces. If X € Hom(V) ® A
is a corepresentation operator and 7 € Hom(V, W) is invertible, then the element
(T ® DX(T ® 1)~! € Hom(W) ® A is a corepresentation operator as well.

3.1.3 Construction of new corepresentations

Corepresentations admit several standard constructions —direct sum, tensor product,
and conjugation — which turn the category of corepresentations of a Hopf x-algebra
into a monoidal category [79], [104]. We explain these constructions and describe
them in terms of corepresentations, corepresentation matrices, and corepresentation
operators. For most of the statements, the proofs are straightforward and therefore
will be omitted.

Direct sum. Let (6,), be a family of corepresentations on vector spaces (Vg )q-
Then the map

FH . : @V%@(Va@;A)g(@Va)@A

is a corepresentation again, called the direct sum of (84)y. This is the unique core-
presentation on @, Ve for which the inclusion tg: Vg — @, Ve is an intertwiner
for each 8.
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The direct sum construction is functorial: for every second family of corepre-
sentations (84 ), there exists a map

l_[Hom(Sa,ga) — Hom(EH Sas EEISQ), (To)e HH Ty := @Ta.

If each §,, is unitary, then HH, 8, is unitary with respect to the canonical Her-
mitian structure on @, V, (note that we take algebraic direct sums).
Clearly,

t’(@ a’a) =3 €.

For each «, denote by 7y : A” — Hom(V,) the representation associated to & .
Then the representation 7 : A” — Hom(Ep,, V) associated to [, d, is given by

7(f)(Va)e = (Ta(f)va)e forall f € A’ and (Va)a € @ Va.

For each «, let I, be some index set and u® = (u?;)i,jela an I, x Iy-co-
representation matrix. Put / := [ [, I, (disjoint union). Then the / x [-matrix
o ;s
HE‘M“ = (ujj)ijer, Whereu;; := wij I € I,a’
= 0 otherwise,
is a corepresentation matrix, called the direct sum of (u%),. If each u® is the
corepresentation matrix corresponding to 8, and some basis (ef*); of Vy,, then F,, u®
is the corepresentation matrix corresponding to H, 8, and the basis (ef);e; of
D, Ve
Assume that €, V, has finite dimension and that (X4 ) is a family of corepre-
sentation operators on the spaces (V). Then there exists a unique corepresentation
operator

HHXaeHom(@Va)@)A
a o

such that for each g, the inclusion tg: Vg < €, V is an intertwiner from Xg to
HH, X«. This operator FH,, X, is the image of the family (X, ), under the canonical
map

[[Hom(V) ® 4) = (]‘[ Hom(Va)) ® A < Hom ( D Va) ® A.

If each X, is the corepresentation operator corresponding to 8, then 5, Xy, is the
corepresentation operator corresponding to F,, 4.
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Tensor product. Let §y and Sy be corepresentations on vector spaces V and W,
respectively. Then the map

Sy Réw: VWi (VRW)R® A, v®w0—>Zv(0)®w(o)®v(1)w(1),

is a corepresentation again, called the tensor product of 5y and Sy .
The tensor product construction is functorial: for every second pair of corepre-
sentations &j; and &5, there exists a map

Hom(dy, d7) x Hom(dw, §i) — Hom(dy X dw, Sy X 6y5),
S, T)—»SKRT =ST.

If 8y and 8y are unitary, then §yy X Sy is unitary with respect to the canonical
Hermitian structure on V ® W. Indeed, forall v, v € V and w,w € W,

(v R w) (v ® w)| (v B dw)( ® ),
= > (v50)v (W) [ Doy wwiyy vl Ty Ba)
= ([v)v(ww)wls = (v ® W[V ® W)vew)-

Clearly,
€y K dw) = span €(6y)E(Sw).

Let I and J be two index sets and v = (v;;)i,jer and w = (Wk 1)k 1es tWO
corepresentation matrices. Then the (I x J) x (I x J)-matrix

v & w = (vij W) i k). (D)

is a corepresentation matrix again. If v, w are the corepresentation matrices cor-
responding to §y, Sy and some bases (e;)ier, (fx)res of V, W, respectively,
then v X w is the corepresentation matrix corresponding to §y X §y and the basis
(e ® fi)ix of Vo W.

Assume that V' and W have finite dimension and that X and Y are corepresen-
tation operators on V' and W, respectively. Then the operator

X RY := X[131Y]231 € Hom(V) ® Hom(W) ® A € Hom(V @ W) ® A

is a corepresentation operator again. Here we have Y;3) = idy ®Y and X|;3) =
(X ®idg)(idw ®X), where ¥: Hom(W) ® Hom(V) — Hom(V) ® Hom(W)
denotes the flip. If X and Y are the corepresentation operators corresponding to §y
and 8y, then X X Y is the corepresentation operator corresponding to 8y X Sy .
The tensor product is associative in a natural sense. If the Hopf x-algebra
(A, A) is commutative, then the tensor product is commutative — in that case, the
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natural isomorphism V ® W = W ® V intertwines §y X 8y and §y X 8y, and
Sy M éw >~ Sw W dy. If (A, A) is not commutative, this relation need not hold.
However, there exist interesting examples of non-commutative Hopf *-algebras for
which the bifunctors

(3v,5w) = 5V X 5W and (Sv,(gw) (d 5W X 5V

are naturally equivalent. A natural equivalence between these bifunctors is called a
braiding if it satisfies some additional coherence conditions, and Hopf *-algebras
that possess a braiding are called braided. An interesting discussion of braided
Hopf *-algebras and their relation to knot invariants is given in [79].

The tensor product is distributive: for each pair of families of corepresentations
(0a)o and (8g) g, there exists a natural isomorphism

(Es.)= (@3/3) ~ Bg(&x R 55).

o,

Conjugation. Let §; be a corepresentation on a vector space V. Denote by V/
the conjugate vector space of V' and by v + v the canonical conjugate-linear
isomorphism. Then the map

Sy Vo>VeA T ) @),

is a corepresentation again, called the conjugate of §y .
For every corepresentation §y on a vector space W, there exists a conjugate-
linear map

Hom(y, éw) — Hom(g, W), T—T,

where Tv = Tv foreach T € Hom(V, W) and v € V. Moreover, a subspace
70 - V is invariant for E if and only if Vy C V is invariant for §y ; in particular,
8y is irreducible if and only if §y is irreducible.

If §y is unitary, then 8y need not be unitary with respect to the natural Hermitian
structure on V.

Evidently,

C@y) =€6y)".
Let I be an index set and v = (v;;);,jer a corepresentation matrix. Then
v = (v )i jer

is a corepresentation matrix again. If v corresponds to S_V and some basis (e;);
of V, then ¥ corresponds to 8y and the basis (g;); of V. If v is unitary, then
U = (S(vj;))i,jer by Proposition 3.1.7 v).
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If V has finite dimension and X is a corepresentation operator on V/, then the
image of X under the conjugate-linear map

Hom(V)® A > Hom(V)® A, T®a+—T @a*,

is a corepresentation operator again, which we denote by X . If X corresponds to
Sy, then X corresponds to E, as one can easily check.

Conjugation is compatible with direct sums and tensor products in the following
sense: For every family of corepresentations (84 ), and for each pair of corepresen-
tations 8y, 8y, there exist natural isomorphisms

(EHé) ~ [ EEh) =Sy mE

The following result is called Frobenius reciprocity:

Proposition 3.1.11. Ler 8y, 8y, 8w be corepresentations on spaces U, V, W,
where 8y is unitary and finite-dimensional. Then the natural isomorphisms

¢v: Hom(U ® V, W) = Hom(V,U ® W),

Yy Hom(V ® U, W) — Hom(V, W ® U)
restrict to isomorphisms

Hom(% X 8y, Sw) = Hom(dy, §y X éw),

Hom(8y X 8y, 8w) — Hom(Sy, $w X 3y).

Proof. We only prove the assertion concerning ¢y ; for ¥y, the proof is similar.
Let u, v, w be the corepresentation matrices corresponding to 87, 8y, 8y and bases
(e)is (fi)x, (gr)r of U, V, W, respectively, where (e;); is orthonormal. With
respect to the bases (¢; ® fi)(i.k)» (&r)r> (fidks (€ ® &)y F U @V, W, V,
U ® W, respectively, the map ¢y is given by

(tr i )G do) = (Tr(i k) Gor) k-

Now (t,(i.k))r,i.k) € Hom(u M v, w) € (ti.x)),r)k € Hom(v, u X w) because

Z Wrsls(j,0) equals Ztr(i,k)(ﬁ X v)(,-,k)(j,[) = Ztr(i,k)u;kjvkl forallr, j, !/
s

ik ik
if and only if
Z Uij Wrsls(jl) = Z(u X w)(i,r)(j,s)ts(j,l) equals er(i,k)vkl forall r,i,1.
s, S,J k

O



80
3.2

Chapter 3. Algebraic compact quantum groups

Corepresentation theory and structure theory

The corepresentations of an algebraic compact quantum group enjoy the following
nice properties:

1.

Every corepresentation is equivalent to a direct sum of irreducible finite-
dimensional unitary corepresentations (Theorem 3.2.1).

Two irreducible corepresentations either admit no non-zero intertwiner or
they are equivalent and the space of intertwiners has dimension one (Propo-
sition 3.2.2).

. The quantum group is spanned by the matrix elements of irreducible corepre-

sentations and these matrix elements satisfy certain orthogonality relations
with respect to the Haar state (Proposition 3.2.6 and 3.2.9).

. The modular properties of the Haar state can be described in terms of a

one-parameter family of characters on the quantum group which can be con-
structed out of certain intertwiners of irreducible corepresentations (Theo-
rem 3.2.19).

. Those Hopf x-algebras that are algebraic compact quantum groups can be

characterized in terms of corepresentations (Theorem 3.2.12).

All of these results are proved in the following sections. For later applications, we
state some results in a slightly wider generality.

3.2.1 Decomposition into irreducible corepresentations

In this subsection, we show that the category of corepresentations of an algebraic
compact quantum group can be described in terms of its irreducible corepresenta-
tions. Throughout this subsection, (A4, A) is a Hopf *-algebra.

The main step is the following theorem:

Theorem 3.2.1. Let § be a corepresentation of (A, A) on a vector space V.

i) If (A, A) is an algebraic compact quantum group, then § is equivalent to a

unitary corepresentation.

il) If 6 is unitary and W C 'V is an invariant subspace, then the orthogonal

complement W+ C V is invariant again.

iii) Every element v € V is contained in some finite-dimensional invariant sub-

space of V. In particular, V has finite dimension if § is irreducible.

iv) If for every finite-dimensional invariant subspace W C 'V, the restriction

8|w is equivalent to a unitary corepresentation, in particular, if (A, A) is an
algebraic compact quantum group, then § is equivalent to a direct sum of
finite-dimensional irreducible unitary corepresentations.
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Proof. i) Choose some Hermitian inner product (|-} on V. Since the Haar state &
of (A4, A) is positive and faithful, the formula (a, ) > h(a*b) defines a Hermitian
inner product on A. By a standard argument, the formula (v ® a|lw ® b) =
(v|w)y h(a*b) defines a Hermitian inner product on V' ® A. Because § is injective,
we can define a second Hermitian inner product (- |- )73, on V by the formula

(v|w)y == () [8(w)) = Z(U(o)|w(o))v 'h(UZ})w(l)) forallv,w e V.

The associated A-valued inner product (-|-)/, on V ® A is given by

B@ISWNL = Y (v lw@)yviwa) = Y 0w A we)ve we,

for all v, w € V. Using the fact that / is right-invariant, we find

BB = 3 (@ lwo)v Ay w)la = (vlw) L.
Therefore, § is unitary with respect to the inner product (-|-)/,.

ii) By Proposition 3.1.7 vi), W C V is invariant for § if and only if it is invariant
for the associated *-representation 7: A’ — Hom(V). Now the claim follows
from a standard argument.

iii) Denote by 7: A — Hom(V') the representation associated to § in Propo-
sition 3.1.7. Since 7 (¢) = idy, the subspace 7w (A )v C V contains v. Evidently,
7(A’)v isinvariant for 7, so by Proposition 3.1.7 vi) also for 6. If §(v) = ), v; Qa;,
where v; € V and a; € A, then w(A’)v is contained in the linear span of the v;.
Therefore, 7 (A’)v has finite dimension.

iv) This follows from ii) and iii) by an application the Lemma of Zorn. O

The next step is an analogue of the Lemma of Schur [22, Chapter I, Lemma 2.1],
[62, Chapter VII, Theorem 27.9] for intertwiners of corepresentations:

Proposition 3.2.2. Let §y and Sy be corepresentations on vector spaces V and W,
respectively.

i) For every T € Hom(d8y, 8w ), the subspacesker T C V andImT C W are
invariant.

il) Assume that 8y and Sw are irreducible. Then either dim Hom(8y, w) = 1
and 8[/ ~ 5w, or Hom(SV, (Sw) = 0.

Proof. i) Let T € Hom(Sy, dw) and denote by my and sy the representations
of A’ associated to 8y and Sy, respectively. Then mw (A)T = Try(A') by
Proposition 3.1.7 iv), whence 7 (A)ImT C Im T and wy (A" ) ker T C ker T.
Now the claim follows from Proposition 3.1.7 vi).
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ii) By 1), every non-zero intertwiner from 8y to Sy is bijective. If S and T are
non-zero intertwiners, then det(S — AT'), considered as a polynomial in A, must
vanish at some A¢ € C. Since S — AT is not bijective, we musthave S —A¢7T = 0.
Note that the determinant det(S — AT') is well defined because the dimension of V
and W is finite by Theorem 3.2.1 iii). O

Proposition 3.2.3. Tio irreducible unitary corepresentations are equivalent if and
only if they admit a unitary intertwiner.

Proof. Let § be an irreducible corepresentation on a vector space V. We only need
to show that up to multiplication by a constant factor, there exists only one Hermitian
inner product on V' with respect to which § is unitary. Given such an inner product
(-|-)v, denote by F: V ® V — C the linear map given by o ® w — (v|w)y,
andby 7: C > C® A,1 — 1 ® ly, the trivial corepresentation. Then for all
v,welV,

(ww)ylg = Fo@w)ly = t(F(v @ w))
and
B =D F(U) ® wey) ® viywa) = (F ®id)(§ B85 ® w)).

Consequently, § is unitary with respect to (-|-)y if and only if F' € Hom(§ X
8, 7). But by Frobenius reciprocity (Proposition 3.1.11), dim Hom(§ X §,7) =
dim Hom(4, §) = 1, and the claim follows. O

Using the preceding results, we can describe the category of corepresentations
of an algebraic compact quantum group as follows:

Corollary 3.2.4. Let (A, A) be an algebraic compact quantum group and (g )ger
a maximal family of pairwise inequivalent irreducible corepresentations of (A, A).

i) Every corepresentation of (A, A) is equivalent to a direct sum HHy, 8, , where
(o )k is some family of elements of 1.

i) Let (o )i and (B;); be families of elements of 1. Then

Hom(%ﬂSak,BﬁlSﬁl);HHom(Sak,E!HSﬁl);n @ C. O

st
ag=p

This corollary shows that the corepresentation category of an algebraic com-
pact quantum group, regarded as an ordinary category, has a very simple struc-
ture. The interesting and non-trivial information is contained in the monoidal
structure of this category, that is, in the tensor product. Note that the conjuga-
tion of corepresentations can be reconstructed from the monoidal structure: If §y
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and Sy are irreducible finite-dimensional corepresentations, then §y ~ 8y if and
only if dim Hom(z, §y X 8y) # 0, where t denotes the trivial corepresentation.
This follows from Frobenius reciprocity (Proposition 3.1.11) and Schur’s Lemma
(Proposition 3.2.2 ii)).

3.2.2 Schur’s orthogonality relations

The matrix elements of irreducible corepresentations satisfy an analogue of Schur’s
orthogonality relations known from the representation theory of compact groups
[22, Chapter II, Theorem 4.5, 4.6], [62, Chapter VII, Theorem 27.19]. To prove
these relations, we shall use the following lemma:

Lemma 3.2.5. Let (A, A) be a Hopf *-algebra with a normalized integral h, let
8y and 8w be corepresentations on finite-dimensional vector spaces V and W,
respectively, and let R € Hom(V, W). Denote by X and Y the corepresentation
operators corresponding to 8y and Sy, respectively, and define S, T € Hom(V, W)
by

S:=@{dnY YR 1X) and T := ({d®h)(Y(RQ )X ).
Then S,T € Hom(8y,éw). If R € Hom(8y,dw), then S =T = R.
Proof. Since Y and X are corepresentation operators, the composition

Y1'Sehx ="' Gdeon¥ (R X)X
= (id ®h ® id) (Y1312 (R ® 1 ® 1) X[12]X[13))
can be rewritten in the form
([d®h @id)(([dRA) Y H - (R®1®1)-(idR®A)(X)).
By right-invariance of /4, this composition is equal to
MNY Y RINDX)R1=S5® 1.

Thus (S®1)X = Y(S®1). Asimilarcalculation showsthat (T®1)X = Y(T®1);
here, one has to use left-invariance of 4. Proposition 3.1.7 iv) implies S, 7T €

Hom(8y, 8w ). If R € Hom(8y, $w),thenY "' (R®1)X = R®1 = Y(R®1)X !
by Proposition 3.1.7 iv), and hence S = R =T. O

Combining Schur’s Lemma 3.2.2 with Lemma 3.2.5, we obtain the following
orthogonality relations:
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Proposition 3.2.6. Let (A, A) be a Hopf *-algebra with a normalized integral h,
and let 8y and Sw be inequivalent irreducible corepresentations of (A, A) on vector
spaces V and W, respectively. Then for all a € €8y ) and b € €(§w),

h(S(b)a) = 0 = h(bS(a)). 3.1)

If 8y and Sw are unitary, then h(b*a) = 0 = h(ba*) for all a € €(§y) and
b € €(5w).

Proof. By Theorem 3.2.1 iii), V and W have finite dimension. Let X and Y
be the corepresentation operators associated to §y and Sy, respectively, and let
a=({(n®id)X(n) ®id) € €(X)andb = ({(¢'| ®1d)Y(|§) ®id) € €(Y), where
n,n €V and§& €& € W (see Remark 3.1.10 1)). Then by Proposition 3.1.7 iii),

h(S(b)a) = (£'|Sn), where S = (id @)Y ' (|§)(n'| ® id)X),
h(bS(a)) = (§'|Tn), where T = (id @h)(Y(|€)('| @ id)X ),
and by Proposition 3.2.2 and Lemma 3.2.5, S, T € Hom(8y, §w) = {0}. Thus we

have proved (3.1). The second assertion follows from (3.1) and Remark 3.1.10 ii).
O

Corollary 3.2.7. Let (A, A) be a Hopf *-algebra with a normalized integral h.
Then h(€(8)) = 0 for every non-trivial irreducible corepresentation §. |

Combining the preceding results with the fact that every integral is faithful
(Proposition 2.2.4), we find:

Corollary 3.2.8. Let (A, A) be a Hopf *-algebra with a normalized integral h.
Then for each pair of corepresentations Sy and Sy,

Hom(8y, w) = 0 & h(€(8y)S(C@w))) =0
& h(S(€(By))EBw)) =0 & Hom(w.8y) =0. O

The next result describes expressions of the form A(b*a), where b and a are
matrix elements of the same irreducible corepresentation:

Proposition 3.2.9. Let (A, A) be a Hopf *-algebra with a normalized integral h,
andleta € M, (A) be anirreducible unitary corepresentation matrix, wheren € N,
such that the conjugate a is equivalent to a unitary corepresentation matrix.

i) Thematrixa® := (aj;)i,; € My(A)isinvertible anditsinversea™ := (a')™!
is a corepresentation matrix.

ii) There exists a unique intertwiner F e Hom(a,a™) such that Tt F =
Tr(F~Y) > 0, and this F is invertible and positive definite.
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iii) Foralli, j, k,I,

S; ~
h(S(ajags) = hiai* axr) = ﬁ;’_l)(r‘)m

* 8',k
h(aijS(ak)) = h(aijar™) = ﬁFjl.

iv) The elements (a;;);,; are linearly independent.

Proof. 1) By assumption, there exists an invertible 7 € M, (C) such that b :=
TaT~!is unitary. Then a’ = a* = T*b*(T~!)* is invertible and

al=@) ' =TT = T*Ta(T*T)"". (3.2)

Remark 3.1.10 iv) implies that " is a corepresentation matrix.

ii) Uniqueness of F follows from the fact that 4 is irreducible (see Section 3.1.3)
and from Proposition 3.2.2 ii). We prove existence. Let T be as in i). Since T
is invertible, T*T is positive definite. Choose A such that F := AT*T satisfies
TTF=TrF!>0. By equation (3.2), F ¢ Hom(a,a™).

iii) First, note that 7 (S(a;;)ar;) = h(a;;* ag) and h(a;; S(ax)) = h(a;jar™)
by Proposition 3.1.7 v).

Denote by (e;); the standard basis of C”, and by Y := Zi,j lei){e;| ® a;; and
Y = > i lei){ej| ® a;;* the corepresentation operators associated to a and a,

respectively. Note that the operator (Y *)™! corresponds to the matrix a . Straight-
forward calculations show that

(ejlSiker), where Sy := (id @h)(Y*(le;){ex| ® 1Y),

h(ai* agy) = ! )
(IO =) 1 Type), where Ty 1= (d @h)(F (e)er] © DT?).

(3.3)

By Lemma 3.2.5, S;x € Hom(a,a) and T;; € Hom(a™!,a), and by Proposi-
tion 3.2.2 and ii), S;x = A;xid and Tj; = uﬂﬁ_l for some A, uj; € C. Hence
1t (F i = (eil Tiex) = h(ai;* axr) = (ej|Siker) = Airbj
for all i, j,k,l. This equation shows that ;;; = O for j # / and that u := p;;

does not depend on j. We can read off u = 1/ Tr(F ') from the equation
nuTe(FY) = (ei|Tjei) = (ej|Siies) =D TrS;i =(Tr@h)(Y*Y) =n.
ij ij i

Thus, we have proved the first equation in assertion iii). The proof of the second
one is similar.
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iv) Assume that 0 =}, ; ax;Ag; for some Ag; € C. Then forall 7, j,

1 -
0= ha; a1 = —=— Y (F Vixhi;.
kXI: (aij™ axr) Ak TED Zk:( )ikAkj

Since F~!is invertible, we must have A ;7 = 0for all k,j. O

Remark 3.2.10. If (A4, A) is an algebraic compact quantum group and a € M, (A)
is a corepresentation matrix, then a is equivalent to a unitary corepresentation matrix
by Theorem 3.2.1 i) and Proposition 3.1.7 v).

For later use, we note the following result:

Proposition 3.2.11. Let § be an irreducible corepresentation of a Hopf *-algebra
(A, A). Then the corepresentation Ale(s) is equivalent to § B for some n € N.

Proof. Denote by V the underlying vector space of § and let ( f;); be a basis of V.
Thenthemaps 7; : V — Agivenbyv — (f; ®id)(8(v)) intertwine § and the regular
corepresentation A (see Example 3.1.6), and ) ; Im T; = €(6). If T} is not 0, then
it is injective and its image is invariant by Proposition 3.2.2. Hence, Al 7; is
equivalent to 8, in particular, it is irreducible. Since Im7; N (}_;; Im 7}) is an
invariant subspace of A|yy, 7;, the intersection is either equal to 0 or to Im 7;. Now
an easy inductive argument shows that € () is equal to the direct sum B¢ ; Im 7}
for some subset of indices J. O

3.2.3 Characterization of compact quantum groups

Algebraic compact quantum groups can be characterized in terms of their corepre-
sentations as follows:

Theorem 3.2.12. The following conditions on a Hopf *-algebra (A, A) are equiv-
alent:

i) (A, A) has a positive integral.

ii) Every finite-dimensional corepresentation of (A, A) is equivalent to a unitary
corepresentation.

iii) A is spanned by the matrix elements of its irreducible finite-dimensional
unitary corepresentations.

iv) As an algebra, A is generated by the matrix elements of all finite-dimensional
corepresentations that are equivalent to unitary corepresentations.

v) Let (u%*)y be a maximal family of pairwise inequivalent irreducible unitary
corepresentation matrices, where u* = (u;?j-)i, j- Then (u?;-)a,i, j is a basis
of A.
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Proof. 1) = ii): This is Theorem 3.2.1 i).

ii) = iii): By Theorem 3.2.1 iv), there exists a family (64 ), of finite-dimensional
irreducible unitary corepresentations such that A ~ H, 84, and A = €(A) =
>0 €(Ga).

iii) = iv): Obvious.

iv) = iii): Let us call a corepresentation unitarizable if it is equivalent to a
unitary corepresentation. If §y and §y are unitarizable finite-dimensional corepre-
sentations, then also 6y B 8y and 8y X §y are unitarizable, and €(8y) + € (Sw) =
C(§y B éw) and €(8y)€(Bw) < €(§y X §w). Hence, the algebra generated by
the matrix elements of finite-dimensional unitarizable corepresentations is equal
to the vector space spanned by the matrix elements of such corepresentations. By
Theorem 3.2.1 iv), every such corepresentation is equivalent to a direct sum of
irreducible unitary corepresentations.

iii) = v): Let the family (u*)y be given. From Proposition 3.2.11 and Propo-
sition 3.2.2, one easily deduces € (u*) N Zﬂﬁx €wP) = 0forall .

We show that (4, A) has a normalized integral 4. Observe that the unit 14
is the matrix element of the trivial corepresentation C - C ® A4, A — A ® 14.
Therefore we can define alinearmap 2: A — Cby 14 — landuf; > 0if u® does
not correspond to the trivial corepresentation. Since A(u7;) € span{uy; ® uy,, |
k,l,m,n} for every o, the map / is a normalized integral.

Finally, we show that for each «, the irreducible corepresentation matrix u® =
(uf;*)i,j is equivalent to a unitary one, and then the claim follows from Proposi-
tion 3.2.9 iv). By Corollary 3.2.8 and Proposition 3.2.2, it suffices to show that
h(S(€u%)€uP)) # 0 for some B. But this follows from the assumption that
A=) 8 € (uP) and the fact that A is faithful (Proposition 2.2.4).

v) = i): The proof of the implication iii) = v) shows that (4, A) has a nor-
malized integral & and that for each o, the corepresentation matrix u® is equiv-
alent to a unitary one. We prove that / is positive. For each «, denote by
F, € Hom(u®, (u®)™") the intertwiner constructed in Proposition 3.2.9. Consider

anelementa = ), ; ; Afuf; € A. By Proposition 3.2.6 and 3.2.9,

* e *, BN B _ U a5
h(a®a) = Z Aij h(u?/ ukl)lkl = Z Tr(ﬁ_l)kij Fa l)ikkzj.

a,i,j,B.k,l a,i,j,k

Since each I::a is positive definite, so is each ﬁ‘; . Hence h(a*a) > 0. O

3.2.4 Characters of corepresentations

Let (A, A) be an algebraic compact quantum group with Haar state 4. An important
tool in the study of corepresentations of (A4, A) are the associated characters:
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Definition 3.2.13. The character of a corepresentation matrix a € M, (A) is the
element y(a) := Y/, aii € A.

Recall that the equivalence classes of finite-dimensional corepresentations of
(A, A) form a semiring with respect to the direct sum and the tensor product (see
Section 3.1.3). Frequently, it is more convenient to work with rings instead of
semirings. Forming the characters of corepresentations, we can embed the semiring
of (equivalence classes of) finite-dimensional corepresentations into a subring of A:

Proposition 3.2.14. Leta € M,,(A) and b € M, (A) be corepresentation matrices
of (A, A). Then

x(a®BDb) = y(a) + x(b), x(a®b)= y(a)yd),
1@ = x(a@)* = S(x(@@)), e(x(a) =m,
m=nand a>~b = x(a) = xb).

Proof. All assertions follow easily from the definitions, so we only prove y(a) =
x(@?* = S(x(a)) and €(y(a)) = m. We may assume that a is unitary, and then

e(x(@) = 3\l  e(ai;) = mand S(x(a)) = 371, S(aii) = /L af; = x(@)
by Proposition 3.1.7 iii), v). O
The following results show that the map a — y(a) is an embedding:

Proposition 3.2.15. If a, b are irreducible corepresentation matrices, then

" " 1, a~b,
h(x(a)” x(b)) = h(x(a)x(b)") = :

0, otherwise.
Proof. This follows directly from Proposition 3.2.6 and 3.2.9. O

Corollary 3.2.16. Let a be a corepresentation matrix of (A, A), and let (u%)y be
a maximal family of pairwise inequivalent irreducible corepresentation matrices of
(A, A). For each o, put ny := h(x(u*)* x(a)). Then
a = FHM® . x@) =Y nax(®).
o «

dimHom(a,a) = an = h(x(a@)* y(a)).

In particular, for every other corepresentation matrix b of (A, A), we have a ~ b
if and only if y(a) = x(b). O
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3.2.5 Modular properties of the Haar state

Let (A, A) be an algebraic compact quantum group. The modular properties of the
Haar state of (A, A) can conveniently be expressed in terms of a one-parameter
family ( f;),ec of characters. These characters are related to certain intertwiners
which are constructed in the following proposition.

Given a matrix ¢ = (cj;)i,; € M, (A), we put S(c) := (S(cij))i, ;-

Proposition 3.2.17. Let a € M,(A) be an irreducible unitary corepresentation
matrix, where n € N. Then S?(a) is an irreducible corepresentation matrix and
there exists a unique invertible intertwiner F € Hom(a, S 2(a)) such that Tr F =
Tr F~! > 0. This F is positive definite, and the intertwiner F € Hom(a,a ) of
Proposition 3.2.9 is equal to F = F'. In particular, Tr F = Tr F.

Proof. By Theorem 3.2.1 i), there exists an invertible matrix 7 € M, (C) such that
b := TaT™! is unitary. By Proposition 3.1.7 v),

a=S@) and TaT'=b=S8b) =T""'Sa)'T" =T7"'S*a)T".

Here, T™! := (T")~! = (T~')". As in Proposition 3.2.9 i), ii), we conclude that
S2(a) is an irreducible corepresentation matrix and that F is unique and equal to
AT'T = AT*T for some A > 0. The proof of Proposition 3.2.9 i), ii) shows
that _ F = )L T*T for some A > 0,s0 F = FA/A. Since Tr F = Tr F~! and
TrF =TrF! , we must have X /A = 1. Finally, Tr F = Tr F=TF because F
is positive. O

Now we turn to the one-parameter family ( f;),ec. We will need the following
concept from function theory: An entire (that is, holomorphic on C) function g is
of exponential growth on the right half-plane if there exist C > 0 and d € R such
that |g(z)| < Ce?Re® for all z € C with Re(z) > 0.

Lemma 3.2.18. If g1 and g, are entire functions of exponential growth on the right
half-plane such that g1(n) = go(n) foralln € N, then g1 = g».

Proof. This is a generalization of Carlson’s Theorem [64, Theorem 11.3.3], see
[192, p. 228]. O

Theorem 3.2.19. Let (A, A) be an algebraic compact quantum group. Then there
exists a family (f7)zec of characters on A such that for all z,z’ € C and all
a,b € A, the following conditions are satisfied:

i) The function z"" — f,»(a) is entire and of exponential growth on the right
half-plane.

i) fo=eand f; % for = fryz.
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iii) f;(14) = 1. fz(S(a)) = f-z(a), and f;(a*) = f—z(a).
iv) $2(a) = foq *a * fi.
v) h(ab) = h(b(fi *a * f1)) foralla,b € A.
The family ( f;)zec is uniquely determined by the conditions 1), ii), V).

Proof. We define the family ( f;) as follows. Let (4%), be a family of irreducible
unitary corepresentation matrices as in Theorem 3.2.12 v). For each o, denote by
F, € Hom(u®, S?(u%)) the intertwiner constructed in Proposition 3.2.17 and put
Sfeui) = (Fy)ij forallz € Candalli, j.

We prove the assertions in the order i), ii), iv), v), vi), iii), where “vi)” denotes
the claim that each f; is a character and that the family ( f;) is uniquely determined
by condition v).

i) This is an immediate consequence of the definition of the family ( /7).

ii) By construction, fo(u7;) = &;,; = €(uj;) and

(fz * f2)(u;) = (f2 ® f2)(AWF))) = Zfz(uﬁk)fz’(”z;)
k
=Y (FDiu(F ey = (FZ)ij = foro ().
k
iv) The relation S?(u%) = Fou®F, ! implies

S2f) =Y (Fa)yufy (Fy Dy = (/i ®1d @ f) (AP ) = foy % uf * fi.
k.l

v) By Proposition 3.2.6, we may assume a € €(u*)andb € €(u®)* forsome .
Using Proposition 3.2.9 iii) and the relation F = F’ (Proposition 3.2.17), we find

h((uig)™ (f1 *ufy * f1)) = Zh((ukl) (Fo)imtmn (Fa)nj)

= Z(F ),m o (Fa Dk (Fa)n
8 o o ok
= o Fa(F Q)lj = h(u”ukl ).

vi) First, we show that f; is a character for each z. By v), the modular auto-
morphism o of & (Proposition 2.2.17) is given by a — f1 % a * f1. Assertion ii)

implies f>(a) = (f1*e* f1)(a) = e(fi*ax* f1)foralla € A, thatis, f» = €o0.
Thus f5 is a character. Since the convolution of characters is a character again,
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for = f2 % -+ % f> (k times) is a character for all k € IN. Now an application of
Lemma 3.2.18 shows that f; is a character for each z € C.

Next, we prove that the family ( f;), is uniquely determined by conditions i),
ii), v). By Proposition 2.2.17, condition v) uniquely determines the automorphism
a — f1 xa * fi, and therefore also the character f,. Next, f; is uniquely
determined for all k € N by condition ii), and Lemma 3.2.18 implies that the
family ( f7) is uniquely determined by the family ( fox)ren-

iii) By construction, f;(14) = 1 for each z € C, and by ii) and vi),

f(S@) =) f:(Sawy) - fola)
=Y f(Sam)) - fo(a@) f-z(a)
=Y f:(Sawyaw) f-z(a@) = f:(14) f-z(a).
Finally, by Proposition 3.1.7 v),
Lo(@)*) = L(S@S)) = f2u$) = (FyP)ji = (Fh)iy = [z ). O

For each z € C, define p; ,,: A - Abya +— f; *xa x f;. The preceding
theorem implies:

Corollary 3.2.20. For all z,z’ € C, the map p; . is an algebra automorphism
of A, and for all w,w’ € C,

po,0 = id, Pz,z’ © Pww’ = Pz+w,z’+w’>

hopzz =h, Pz,z7 ©*% = %00 7 7,

Pzzr 08 =80p 7, Ao pzz = (pw,z ® pz,—w) © A,
S'=pi-108. O

3.3 Discrete algebraic quantum groups

A classical result says that the Pontrjagin dual of a compact abelian group is discrete
and that the Pontrjagin dual of a discrete abelian group is compact. Similarly, the
dual of an algebraic compact quantum group is a discrete algebraic quantum group
and vice versa. Like the compact ones, discrete algebraic quantum groups can be
characterized in several equivalent ways. They were studied by Van Daele in [176]
and [177, Section 5], and by Effros and Ruan in [40]; beware that Effros and Ruan
use non-standard terminology.
We take the following definition as our starting point:

Definition 3.3.1. An algebraic quantum group is discrete if, as a *x-algebra, it is
isomorphic to an algebraic direct sum of matrix algebras, where a matrix algebra
means a *-algebra of the form M, (C) for somen € N.
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Theorem 3.3.2. Let (A, A) be an algebraic quantum group and (/’1\, &) its dual
(see Section 2.3). Then the following conditions are equivalent:

i) (A, A) is compact.
ii) There exists an element h € A such that wh = €(w)h = ho forall w € A.
ii) (ff, 3) is discrete.

Proof. i) = ii): Denote by & the Haar state of (4, A). Since A isunital, 7 = h(-14)
belongs to A, and by Remark 2.2.2 ii) and Remark 2.3.4,

wh=wxh=0w(ly)h=wh=h+w=ho forallw e A.

ii) = i): Let i € A be such that wh = é(w)h = ho forallw € A. We show
that £ is a left integral on (A4, A). Let ¢ be some left integral on A4, leta € A, and
put 7 := (id ®h)(A(a)) € M(A). Thenforallb € A,

¢(Th) = (¢ ® )(Aa)(b ® 1)) = ($(-b)h)(a) = é(¢(-b))h(a) = d(b)h(a).

Since ¢ is faithful (Proposition 2.2.4), T = 1p7(4)h(a). The claim follows.

By definition of /f, we can write i = h(-e1) = h(ez -) with some eq, e; € A.
Then h(ezab) = h(ab) = h(abe;) forall a,b € A, and since A is faithful (Propo-
sition 2.2.4), it follows that e;a = a and b = beq foralla,b € A. Thus e; = e;
is a unit of A.

iii) = ii): Assume that 4 = D, M,, (C) as x-algebras, where (;); is some
family of natural numbers. Since the counit €: A — C is a non-zero homomor-
phism and each summand M,,; (C) is a simple algebra, there exists precisely one
index iy such that € corresponds to the projection (x;); — X;,, and n;, = 1. Now
the element /1 € A that corresponds to the family (x;); givenby x;, = land x; = 0
for i # ig obviously satisfies wh = é(w)h = how forall w € A

i) = iii): By Theorem 3.2.12, there exists a family of irreducible unitary matrix
corepresentations u* of (A, A) such that (u a,i,j is a basis of A. For each «,
denote by F, € Hom(u®, (u®)™") the intertwiner constructed in Proposition 3.2.9
and put

= (Tr Fa) Y (Fa)ixh((uf;)*-) € A foralli, j.
k

Since each Fy, is invertible, the family (w}; )a ;,j forms a basis of A By Proposi-
tion 3.2.9 iii),

Wl (ub) = Sap Sk -8jy foralla, B, i, jk.l.
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From this eggation and .thfa relations A(uf;) = DUl ® uzj and S(uf;)* = u;
(see Proposition 3.1.7), it is easy to deduce that
o

and (a)f‘j *=w forallae,B,i,j kI

a
il i

a B _ ) .
Wi = 84584 - ©;

Thus A is isomorphic to an algebraic direct sum of matrix algebras. |

Remark 3.3.3. The preceding result can be strengthened as follows. Call a mul-
tiplier Hopf x-algebra (A, A) discrete if, as a x-algebra, it is isomorphic to an al-
gebraic direct sum of matrix algebras. Van Daele [176] showed that every discrete
multiplier Hopf *-algebra has a positive left integral and a positive right integral,
and therefore is a discrete algebraic quantum group.
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Chapter 4
First definitions and examples

In Part I of this book, we regarded Hopf algebras as purely algebraic objects. This
point of view is adequate for the study of quantum analogues of discrete, compact,
or affine algebraic groups. In PartII, we want to study quantum analogues of general
locally compact groups; therefore we need to consider topological variants of Hopf
algebras. More precisely, the topological aspects of locally compact groups and of
their quantum analogues will be covered by a theory based on C *-algebras, and the
measurable aspects will be covered by a theory based on von Neumann algebras.
Throughout Part IT of this book, we shall focus on the setting of C *-algebras.

To find a definition of a Hopf C *-algebra or Hopf—-von Neumann algebra that
assumes few axioms but covers many examples is not an easy task. Some of the
related difficulties and the main existing approaches are summarized in Chapter 4.
The classical examples of Hopf C*-algebras and Hopf~von Neumann algebras
associated to locally compact groups are also discussed in this chapter.

Particularly accessible and well understood is the theory of C *-algebraic com-
pact quantum groups developed by Woronowicz [193], [202]. Much of the core-
presentation theory of algebraic compact quantum groups carries over to the C*-
algebraic setting, and the two classes of quantum groups are closely related. These
topics form the contents of Chapter 5 .

General locally compact quantum groups were introduced and studied by Vaes
and Kustermans [88], [91], [158], and by Masuda, Nakagami, and Woronowicz
[110]. The theories developed by these two groups are very satisfying in terms
of the results that can be proved and the examples that are covered; however, the
details of the theories are highly intricate. We outline the approach of Vaes and
Kustermans in Chapter 8, but focus on motivation and give no proofs.

Fundamental to almost all approaches to Hopf algebras and generalized Pontr-
jagin duality in the setting of C *-algebras or von Neumann algebras is the concept
of a multiplicative unitary. Examples of such unitaries were used in various proofs
and constructions for a long time till Baaj and Skandalis put them center-stage, for-
mulated an abstract definition, and gave a comprehensive treatment [7]. We discuss
multiplicative unitaries in Chapter 7; they will reappear in Chapters 8, 9, 10, and 11.

4.1 C*-bialgebras and von Neumann bialgebras

Notation. A short summary on C*-algebras and von Neumann algebras as well
as standard references can be found in the appendix. We shall use the following
notation.
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Given a C *-algebra A, we denote by M(A) the multiplier algebra of A4; this is a
C*-algebra again. If ¢ : A — M(B) is a x-homomorphism of C *-algebras that is
non-degenerate in the sense that span ¢ (4) B = B, we denote the unique extension
to a *-homomorphism M(A) — M(B) by ¢ again. Given C*-algebras A;, A,
we denote by A7 ® A, the minimal tensor product of 4; and A,.

Given a von Neumann algebra M, we denote by M. its predual which is the
space of all normal linear functionals on M. The von Neumann-algebraic tensor
product of von Neumann algebras M; and M, will be denoted by M ® M,.

From now on, we denote the purely algebraic tensor product of vector spaces
by “©®” instead of “®”.

C *-bialgebras and von Neumann bialgebras. The concept of a comultiplication
or a bialgebra carries over to the setting of C *-algebras and von Neumann algebras
easily:

Definition 4.1.1. A C*-bialgebra is a C*-algebra A equipped with a non-degen-
erate x-homomorphism A: A — M(A ® A) called the comultiplication such that

i) A is coassociative in the sense that (A ® idg) o A = (idg ®A) o A,
ii) A(A)(1 ® A) and A(A)(A ® 1) are contained in A ® A.

A C*-bialgebra (A, A) is called bisimplifiable if each of the sets A(A)(1 ® A)
and A(A)(A ® 1) is linearly dense in A ® A.

A morphism of C*-bialgebras (A, A4) and (B, Ap) is a non-degenerate *-ho-
momorphism F: A — M(B) that satisfies Ap o F = (F ® F) o Ay.

Remarks 4.1.2. i) In the definition above, the non-degenerate homomorphisms
A®idg,idg ®A: AQA > ARARAand FR® F: AQ A — B ® B have been
extended to the multiplier C *-algebra M(A ® A).

ii) Given C *-bialgebras (A4, A4) and (B, Ap), one can construct new C *-bial-
gebras (A, Ag)°P, (A, Ay)P, (A, Ayg)°P P, and (A ® B, AgeB), (AR B, AugB)
in much the same way as in the case of bialgebras and multiplier bialgebras, see
Remarks 1.3.7 iii).

Definition 4.1.3. A von Neumann bialgebra is a von Neumann algebra M equipped
with a normal unital *-homomorphism A: M — M ® M called the comultiplica-
tion such that (A ® idp) o A = (idyy ® A) o A.

A morphism of von Neumann bialgebras (M, Aps) and (N, Ay) is a normal
*-homomorphism F: M — N that satisfies Ay o F = (F ® F) o Ay.

Remark 4.1.4. Given von Neumann-bialgebras (M, Aps) and (N, Ay), one can
construct new C *-bialgebras (M, Apr)°P, (M, Apr)°P, (M, Apr)°P<°P, and
(M & N,Apmen), (M ® N, Ayey) in much the same way as in the case of
bialgebras and multiplier bialgebras, see Remarks 1.3.7 iii).
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Convolution. Let (4, A) be a C*-bialgebra. Then we can define a convolution
product on A’, very much as in the case of bialgebras (see Section 1.3.2): Given
f.g € A, the functional f ® g on A ® A’ extends uniquely to a strictly continuous
functional on M (A ® A) (Corollary 12.1.2), and the convolution product of f and g
is the functional

frxg=(fRg)oAecA.

The convolution product is associative: given f, g,h € A’, the products (f * g) xh
and f *(g*h) both are equal to the composition of the strictly continuous functional
f®g®hon M(A® A® A) with the map (id @A) o A = (A ® id) o A.

Foreach f € A’, we candefine slicemapsid ® f, f ® id: M(A®R A) — M(A)
that are norm-continuous and strictly continuous on bounded subsets (see Sec-
tion 12.4). We put

fra:=@d®f)(A), axf:=(f®id)(A)

forall f € A’,a € A. The multipliers f *a and a * f belong to A by condition ii)
of Definition 4.1.1 and Proposition 12.4.3. Similarly as in the case of bialgebras,
the maps (f,a) — f *a and (a, f) — a * f turn A into a (Banach) bimodule
over A'.

Similarly, if (M, A) is a von Neumann bialgebra, then the space of normal linear
functionals M, carries an associative convolution product, given by

frxg:=(f®g) oA e M,

and M carries a natural structure of a bimodule over M.

From bialgebras to Hopf algebras. If we want to define analogues of Hopf alge-
bras in the setting of C *-algebras or von Neumann algebras, and extend Pontrjagin
duality to such generalized Hopf algebras, the following problems arise:

* In many examples, the counit and the antipode are unbounded and densely
defined only. In those cases, it is difficult to make sense of the axioms
(e®id)oA =id = (i[d®e)oAandmo (S ®id)o A =noe =mo
(id ®S) o A that characterize Hopf algebras — how can the maps € ®id, id ®¢
and S ® id, id ®S, which are unbounded and densely defined, be extended
to the image of A?

* Further problems arise from the axiom m o (S ® id)o A = noe =mo
(id ®S) o A, because the multiplication map m: A © A — A need not
extend to the minimal C *-tensor product A ® A.
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* To generalize Pontrjagin duality, we need an analogue of the Haar measure of
a locally compact group. But in contrast to the situation of locally compact
groups, it seems to be very difficult to deduce the existence of an invariant
integral on a C *-bialgebra or von Neumann bialgebra from a reasonable set
of axioms.

So, at the moment, we have to leave the answer to the question “What is a Hopf
C *-algebra or a Hopf-von Neumann algebra?” open. A satisfying answer that was
proposed by Vaes and Kustermans will be presented in Chapter 8.

4.2 Bialgebras associated to groups

To every locally compact group, one can associate several C *-bialgebras and von
Neumann bialgebras:

Example 4.2.1. Let G be a locally compact group. Then the C *-algebra Cy(G),
equipped with the comultiplication

A: Co(G) = Cp(G x G) = M(Co(G) ® Co(G)).  (Af)(x.y) = f(xy),
is a C*-bialgebra. It is bisimplifiable, as can be seen from the equations

(AHA®@ N, y) = fxy)g(y), (A(S)g® D)(x,y) = f(xy)g(x),

where f,g € Co(G) and x, y € G, and from the fact that the maps G xG — G xG
given by (x,y) — (xy,y) and (x, y) — (x,xy), respectively, are homeomor-
phisms.

The C *-bialgebra Cy(G) has a well behaved counit and antipode: the *-homo-
morphism €: Co(G) — C given by €(f) := f(e), where e denotes the unit of G,
and the *-homomorphism S : Cy(G) — Co(G) given by (Sf)(x) := f(x~!) for
all x € G and f € Cy(G) satisfy the counit identity and the antipode identity
known from Hopf algebras.

Example 4.2.2. To every locally compact group G, one can associate a full/uni-
versal group C*-bialgebra C*(G) and a reduced group C *-bialgebra C,*(G) as
follows.

Let us begin with the full group C *-algebra C *(G). Denote by A the left Haar
measure and by § the modular function of G. Then the space L' (G, 1) is a Banach
x-algebra with respect to the multiplication and involution given by

(f *g9)x) =/Gf(y)g(y_1x)dk(y), fr@) = fxHs)™ @D
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This Banach x-algebra has a bounded approximate unit. Indeed, a routine argument
shows that if (V},), is a neighborhood basis of ¢ € G, and if ( f,,), is a net of non-
negative measurable functions on G such that supp f, € V, and [; f,dA = 1 for
all v, then (f,), is a bounded approximate unit.

The group C *-algebra C*(G) is the enveloping C *-algebra of L1(G, ), that
is, the completion of L!(G, 1) with respect to the norm

£ == sup{llp(f)|l | pisa * -representation of
L'(G, 1) on some Hilbert space H }.

If G is discrete, then for each x € G, the element U, € L'(G, 1) given by
¥ > 0x,y is a unitary element of C*(G), and the family (Uy)xeg is linearly dense
in C*(G). In the general case, the map

Ux: LY(G,2) = LY(G,A), (U f)() = f(x71y),

is a multiplier for each x € G; if G is discrete, we simply recover the family
(Ux)xeG defined before. For each x € G, the multiplier Uy € M(L'(G, 1))
extends to a multiplier Uy € M(C*(G)) (see Corollary 12.5.2). Evidently,

UyUy = Uy, and (Uy)* = forall x,y € G.

x—1

One can show that the linear span of the family (Uy ) is strictly dense in M (C *(G)).
Using the relation fg = [, f(y)Uy,g dA(y), which holds for all f,g €
L'(G, }), one can show that

f= f f(x)UrdA(x) forevery f € L'(G,1). 4.2)
G

Here, the integral of a (suitable) function &: G — E**, where E is a Banach
space and E** its bidual, is defined to be the element of E** given by ¢ >
Jo #(h(x)dA(x).

The C*-algebra C*(G) has the following universal property. Recall that a
strongly continuous unitary representation of G on a Hilbert space H is a homomor-
phism 7 from G to the group of unitary operators on H such that for every & € H,
the map G — H given by x > m(x)£ is continuous. For every such representa-
tion 7, there exists a unique non-degenerate *-homomorphism C*(G) — £(H)
whose extension to M(C*(G)) maps Uy to m(x) for every x € G. Indeed, the
map 7: LY(G,A) — £(H) given by 7(f)§ := Jg f(x)m(x)EdA(x) defines a
x-representation of L!(G, 1) and hence a representation of C*(G) that has the
desired property.

The universal property of C*(G) can be used to construct non-degenerate
*-homomorphisms

A: C*(G)— M(C*(G)® C*(G)), €:C*(G)—C, S:C*(G)— C*(G)™®,
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such that the extensions of these maps to M (C *(G)) act as follows:
A(Ux) = Uy ® Uy, E(Ux) =1, S(Ux) = Ux—l.

Equation (4.2) shows that for each f € L1(G,1) € C*(G),
A(S) = / (U ® Uy) f(x)dA ().
G
= dA(x),
e(f) /G FE)dAR)
and
S(f) = / FEOU1dA(x)
G
- / P UedA ) = / FOD800) Und A ().
G G

that is, (S(f))(x) = f(x~1)8(x)"! forallx € G.
It is easy to check that the C*-bialgebra (C*(G), A) is bisimplifiable.
Let us turn to the reduced group C*-algebra C;*(G). By definition, this is

the C*-subalgebra of £(L?(G, 1)) generated by the left regular representation
L: LY(G, 1) — £(L*(G, 1)),

(L(f)E)(X)=[Gf(y)é(y_lﬂd/\(y) for f € L'(G,2). §€ L*(G.}). x €G.

The representation L extends to a representation of C *(G), and this extension yields
a surjective *-homomorphism L: C*(G) — C;(G). We put

Ly := L(Uy) € M(C}(G)) € £(L*(G,1)) foreachx € G.

The quotient map L: C*(G) — C}(G) is an isomorphism if and only if G
is amenable, that is, if and only if there exists a state ¢ on L°°(G, A) which is
left-invariant in the sense that ¢(f) = ¢(f(x-)) forall f € L*®(G),x € G
[119, Theorem 4.21], [121, Theorem 7.3.9]; here, f(x-) denotes the function
y = fxy).

There exists a x-homomorphism A,: C(G) — M(C}(G) ® C;(G)) such
that A, (Ly) = Ly ® Ly for all x € G, and the following diagram commutes:

C*(G) —2~ M(C*(G) ® C*(G))

L JzoL

CH(G) —= M(C}(G) ® C}(G)).
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The construction of A, involves a multiplicative unitary and is given in Exam-
ple 7.2.13. Like (C*(G), A), also (C;*(G), A,) is a bisimplifiable C *-bialgebra.
The counit €: C*(G) — C factorizes to a *-homomorphism ¢, : C(G) — C
if and only if the group G is amenable. The “if” part is obvious, for the “only if”
part, see [119, Proof of Theorem 4.21].
Finally, the antipode S: C*(G) — C*(G)°P factorizes to a *-homomorphism
Sy CX(G) — C}X(G), that is, there exists a commutative diagram

C*(G) —2>C*(G)™

2 Joo

CHG) —~ CHG)™.

This can be seen as follows: The formula (/§)(x) := % where £ € L2(G, 1)
and x € G, defines a conjugate-linear isometric map / on L?(G, 1), and a short
calculation shows that S, (L(f)) = IL(f)*I forall f € L'(G, ).

Every continuous homomorphism of locally compact groups ¢: G — H in-
duces a morphism of C*-bialgebras ¢.: C*(G) — M(C*(H)) by the formula
Ux = Ug(x), that is, f > [ Up) f(x)dA(x). This follows easily from the
universal property of C*(G). However, there need not exist a *-homomorphism
@xr: CX(G) = M(C(H)) that makes the following diagram commute:

C*(G) "> M(C*(H))
LG\L \LLH
€} (G) == M(C}(H))

here, Lg and L denote the respective quotient maps.

In the abelian case, the C*-bialgebras introduced above are related via Pontr-
jagin duality as follows (compare also with Example 1.4.3). Let G be a locally
compact abelian group G. Then G is amenable [119, Proposition 0.15], whence
C¥(G) = C*(G). For each x € G, denote by evy: G — C the function given by
x = x(x). Note that ev, belongs to Cp, (G) ~ M(CO(G)).

Proposition 4.2.3. Let G be a locally compact abelian group ) with dual group G.

There exists an isomorphism of C*-bialgebras ®: C*(G) — Cy (G) such that
D(Uy) = evy forall x € G.

Proof. By the universal property of C*(G), there exists a *-homomorphism
®: C*(G) — Cy(G) whose extension to M(C*(G)) maps U, to evy for each
x € G. The universal property of the C *-algebra C*(G) furthermore implies that
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its spectrum, that is, its space of characters or continuous one-dimensional repre-
sentations, can be identified with the space of characters of G, that is, with G. Since
® is induced by this identification, ® is an isomorphism. The calculation

(@ ® P (AU (x. X)) = (PWU)) (1) - (DU (X))
= () x'(x) = (")),

(A@UN 1) = (@UNx) = )x), 1.1 €6, x €6,
shows that A o & = (& ® D) o A. O
Let us briefly consider the setting of von Neumann algebras:

Example 4.2.4. Let G be a locally compact group with left Haar measure A. Then
L*°(G, A), equipped with the comultiplication given by (A f)(x,y) = f(xy) for
allx,y € G and f € L*°(G, A), is a von Neumann bialgebra.

The group von Neumann algebra L(G) € £(L?(G, 1)) is the von Neumann
algebra generated by the unitaries L, € £(L?*(G, 1)) defined in Example 4.2.2.
There exists a normal unital *-homomorphism L(G) — L(G) ® L(G) such that
Ly — Ly ® Ly for all x € G, and this x-homomorphism turns L(G) into a
von Neumann bialgebra. The proof of this assertion proceeds via a multiplicative
unitary, see Example 7.2.13

4.3 Approaches to quantum groups in the setting of
von Neumann algebras and C *-algebras

The three guises of a quantum group

In the setting of C*-algebras and von Neumann algebras, a quantum group usu-
ally appears in several guises: as a full/universal C *-bialgebra, as a reduced C*-
bialgebra, and as a von Neumann bialgebra. The first two C *-bialgebras, however,
may coincide. Furthermore, a quantum group may be of an algebraic origin in the
sense that it can be described by a (multiplier) Hopf *-algebra.

This multitude of bialgebras associated to one (quantum) group appeared already
in Example 4.2.2 and 4.2.4: Every locally compact group G gives rise to the C *-
bialgebra Cy(G) and the von Neumann bialgebra L°°(G), and, dually, to the full
group C*-algebra C*(G), the reduced group C *-algebra C¥(G), and the group
von Neumann algebra L(G). If the group G is compact (or discrete), then the
multiplier Hopf x-algebras Rep(G) and R/ei)(\G) (or C.(G) and CG, respectively),
provide further descriptions of the same underlying quantum group and its dual.

The universal C *-bialgebra, the reduced C *-bialgebra, and the von Neumann
bialgebra (as well as the multiplier Hopf x-algebra, if present) of a quantum group
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provide equivalent views on one and the same underlying object, and one can pass
back and forth between these different points of view. The distinction between the
reduced and the universal C *-bialgebra amounts to the choice whether a quantum
group is studied in terms of its regular representation or in terms of all of its repre-
sentations. Naturally, the “reduced theory” is closer to the von Neumann algebraic
setting, and in this book, we focus on that “reduced theory”.

Existing approaches

In the setting of C*-algebras and von Neumann algebras, several approaches to
quantum groups of varying levels of generality and technical complexity have been
developed:

Kac algebras. The first satisfactory extension of Pontrjagin duality to all locally
compact groups was given in the framework of Kac algebras developed by Enock
and Schwartz [47] and by Kac and Vainerman [167], [168] in the seventies. This
theory was formulated in the setting of von Neumann algebras; later, it was extended
to the setting of C *-algebras by Vallin and Enock [49], [170]. The existence of a
Haar weight — the analogue of a Haar measure — is postulated as an axiom.

After the development of the theory, many examples of quantum groups were
found that fit into this framework [31], [48], [77], [78], [96], [106], [130], [132],
[165], [173], [208].

A severe limitation of the theory of Kac algebras is that the antipode is assumed
to be bounded and to commute with the involution.

Compact quantum groups. The theory of compact quantum groups developed
by Woronowicz [193], [194], [202] is perhaps most easily accessible and closest
to the purely algebraic setting. For C *-algebraic compact quantum groups, the
Haar weight is bounded, that is, a state, and its existence can be deduced from a
few natural axioms. Inside every C *-algebraic compact quantum group, one can
identify a unique dense algebraic compact quantum group, and one can pass back
and forth between the algebraic and the C*-algebraic level. We discuss C *-alge-
braic compact quantum groups in Chapter 5.

The first example of a compact quantum group — the famous quantum group
SU,(2) introduced by Woronowicz (see Section 6.2) — showed that the antipode
of a compact quantum group need not be bounded and need not commute with the
involution. In particular SU,, (2) is not a Kac algebra.

Multiplicative unitaries. A fundamental tool for the study of quantum groups
in the setting of C*-algebras and von Neumann algebras, in particular in relation
with Pontrjagin duality, are multiplicative unitaries. Their theory was developed
by Baaj and Skandalis [7]; an important contribution was made by Woronowicz
[201]. Roughly, every Hopf *-algebra, C *-bialgebra, and von Neumann bialgebra
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equipped with a positive integral or a Haar weight gives rise to a multiplicative
unitary; conversely, under certain regularity assumptions, a multiplicative unitary
gives rise to a pair of C *-bialgebras and von Neumann bialgebras. Both transitions,
applied subsequently, can be used to construct the Pontrjagin dual of a suitable C *-
bialgebra or von Neumann bialgebra. Moreover, multiplicative unitaries facilitate
the transition between the different guises of a quantum group.

Locally compact quantum groups/ weighted Hopf C *-algebras. The most com-
prehensive and at the same time technically most demanding approaches are the
theory of locally compact quantum groups developed by Vaes and Kustermans [91],
[93] and the theory of weighted Hopf C *-algebras developed by Masuda, Nakagami
and Woronowicz [110]. In both theories, the existence of a left Haar weight is as-
sumed. Additionally, the first theory assumes the existence of a right Haar weight,
whereas the second theory assumes the existence of an antipode. The theory of lo-
cally compact quantum groups involves fewer axioms; here, the antipode, like the
counit, is constructed out of the Haar weight. Both theories include a nice gener-
alization of Pontrjagin duality and make substantial use of multiplicative unitaries.
We give a survey on locally compact quantum groups in Chapter 8.

Hopf C *-algebras. Vaes and Van Daele propose a definition of a Hopf C *-alge-
bra [164] which is based on the characterization of Hopf algebras given in The-
orem 1.3.18. Out of the comultiplication, Vaes and Van Daele construct a counit
and an antipode on a subset of the Hopf C *-algebra which is dense in all known
examples.



Chapter 5
C *-algebraic compact quantum groups

C *-algebraic compact quantum groups are particularly well understood:

1. They can be defined in terms of a few simple axioms.

2. From these axioms one can deduce the existence of a Haar state which is the
analogue of the Haar measure of a group and of the Haar state of an algebraic
compact quantum group (Section 5.1).

3. Using the Haar state, one can show that their corepresentation theory is es-
sentially the same as the representation theory of compact groups and the
corepresentation theory of algebraic compact quantum groups (Sections 5.2
and 5.3).

4. Like algebraic compact quantum groups, they can be characterized in terms
of their corepresentations (Section 5.3).

5. Using the corepresentation theory, one can identify a unique dense algebraic
compact quantum group inside every C *-algebraic compact quantum group.
This algebraic compact quantum group answers most questions concerning
the counit, the antipode, and the modular properties of the Haar state (Sec-
tion 5.4, but see also Example 8.1.22 and 8.3.7).

6. Every algebraic compact quantum group can be completed so that one obtains
a C*-algebraic compact quantum group. In general, several completions
exist, but one can always identify a minimal and a maximal one (Section 5.4).

The original references for C *-algebraic compact quantum groups are the articles
[193], [202] by Woronowicz; detailed accounts can also be found in [80], [105].

Throughout this section, we use the notation and definitions introduced in Sec-
tion 4.1 and the background on C *-algebras summarized in Section 12.1.

5.1 Definition and examples

The definition of a C *-algebraic compact quantum group is very brief:

Definition 5.1.1. A C*-algebraic compact quantum group is a unital bisimplifiable
C *-bialgebra.

A morphism of C*-algebraic compact quantum groups is just a morphism of
the underlying C *-bialgebras (see Definition 4.1.1).
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More explicitly, a C *-algebraic compact quantum group is a unital C *-algebra
A equipped with a unital *-homomorphism A: A — A ® A such that

i) A is coassociative in the sense that (A ® id4) o A = (id4 ® A) o A, and
ii) each of the sets A(A)(14 ® A) and A(A)(A ® 14) is linearly dense in A ® A.

If (A, A) is a C*-algebraic compact quantum group and the comultiplication A is
understood, we freely speak of A itself as a C *-algebraic compact quantum group.

Examples 5.1.2. i) For every compact group G, the C *-bialgebra C(G) introduced
in Example 4.2.1 is a C *-algebraic compact quantum group.

ii) For every discrete group G, the C *-bialgebras C *(G) and C* (G ) introduced
in Example 4.2.2 are C*-algebraic compact quantum groups.

Every commutative C *-algebraic compact quantum group is of the same form
as in Example 5.1.2 1):

Proposition 5.1.3. Let (A, Ay) be a C*-algebraic compact quantum group. Then

there exists a compact group G and an isomorphism ®: A — C(G) of C *-bialge-
bras.

Proof. By the Gelfand theorem, there exist a compact space G, a continuous map

m: G x G — G, and an isomorphism ®: A — C(G) such that the map Ag :=
(® ® ®)ALD7! is given by (Ag(f))(x,y) = f(m(x,y)) (here, we identify
C(G) ® C(G) with C(G x G)).

Since A4 is coassociative, the map m is associative and turns G into a commu-
tative semigroup. The map G x G — G x G given by (x, y) — (m(x,y),y) is
injective because Ag(C(G))(1 ® C(G)) is linearly dense in C(G x G) and

(f ® 9)(m(x.y).y) = Ac(f)(x.y)g(y) = (Ac (/)1 ® g))(x.y)

forall x,y € G and f, g € C(G). Likewise, the map G x G — G x G given by
(x,y) — (x,m(x,y)) is injective. Therefore, G is a compact semigroup with the
cancellation property. A classical result says that every such semigroup is a group,
see [63, Theorem I1.9.16] or [105, Proposition 3.2]. O

For a C *-algebraic compact quantum group, the analogue of the Haar measure
of a compact group is an invariant state. The precise definition is as follows; for
motivation, see Section 2.2.

Definition 5.1.4. Let (A4, A) be a C *-algebraic compact quantum group. A state &
on A is left-invariant if (id4 ®h)(A(a)) = 14h(a)foralla € A, and right-invariant
if (h ® id4)(A(a)) = 14h(a) forall a € A.
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Remark 5.1.5. Let (A4, A) be a C *-algebraic compact quantum group. Then a state
hon Aisleft-invariant/right-invariantif and only if gxh = g(14)h/hxg = hg(l4)
for each g € A’. This follows from the relations g o (idg ®/h) o A = g x h and
go(h®idg)oA=h=xg.

The following result is crucial for everything that follows:

Theorem 5.1.6. Every C*-algebraic compact quantum group has a left-invariant
and right-invariant state, and every state that is left- or right-invariant coincides
with this state.

This result was first proved by Woronowicz [193, Theorem 4.2], [202, Theo-
rem 1.3] under an additional separability assumption which was later removed by
Van Daele [175]. Note that in the purely algebraic setting, an analogous statement
does not hold.

The proof depends on two lemmas. Let (A4, A) be a C *-algebraic compact
quantum group.

Lemma 5.1.7. For every state p on A, there exists a state h on A such that h x p =
pxh=h.

Proof. Let p be a state on A. For each k € N, denote by p** the k-fold convolution
product of p. Since the unit ball of A" is weak-*-compact, the sequence (%), given
by hp = (p+ p*2 4+ -4 p*@=D 4 p*") /i has a weak-*-accumulation point, /z,
say. It is easy to see that foralln € N,

*(n+1) _

1
P*hn:hn*l)zhn'i‘;(/) p)-

Consequently, p x h = h x p = h. O
Lemma 5.1.8. Let h and p be states on A suchthathxp =pxh =h. Ifo € A’
satisfies 0 < w < p, thenh xw = w x h = w(ly)h.

Proof. Assume that w € A’ satisfies 0 < w < p. We show that w * h = w(14)h,
and a similar argument shows that & x v = w(l4)h.

Denote by Lyg, :={g € A® A | (h ® p)(q*q) = 0} the left ideal related to
the state & ® p, and define Ljg,, similarly. Then L,g, S Lpge because w < p,
and Lpge C ker(h ® w) by the Cauchy—Schwarz inequality. Define Wy, : 4 — A
by

Wy(a) :=h*xa—1gh(a) foralla € A.
We shall show that (id ® W1 )(A(A)) € Lpg,. Combining the relations 14 ®
AC[(A®14)A(A)] and (A ® 14)Lpgp S Lrgp < ker(h ® w), we then find
14 ® WL(4) C [(id ®VL) (4 ® 14)A(A))]
= [(4 ® 14)(i{d ®WL)(A(A))] € [(A ® 14)Ligp] < ker(h @ w),
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and this relation implies w * h = w(14)h because for alla € A,

0=(h®w)(ly ®VL(a) = o(VL(a))
=wlh*a)—w(lg)h(a) = (v * h)(a) — w(lg)h(a).

So, let us prove that (id ® W7 )(A(A)) € Lpg,. Givenc € A, putd :=h *c.
Then

q:= (i[d®VL)(A(c))
= ({d®id ®h) (AP (¢)) — (d M) (A(c)) @ 14 = A(d) —d ® 14

and (h ® p)(g*q) =X —Y —Y* + Z, where

X = (h®p)(A(d*d)) = (h * p)(d*d),
Y =(h®p)((d* ®14)Ad)) = h(d*(pxd)) = h(d*(p*h*c)) =h(d"d),
Z = p)d*d ®14) = h(d*d).

The assumption implies X = Z =Y =Y*,s0 (h ® p)(¢*q) =0and g € Ljg,.
The proof is finished. O

Proof of Theorem 5.1.6. For each positive functional w on A, define K, to be the
set of states & on A that satisfy w * h = h * w = w(l4)h. Then K, C A’ is
compact with respect to the weak-*-topology, and non-empty by Lemma 5.1.7.

By Lemma 5.1.8, Ky, +0, € Ko, N Ky, for all positive functionals w1, w,.
By compactness, the intersection of all K, is non-empty and contains a left- and
right-invariant state /.

Finally, if 4’ is another left- or right-invariant state, then /’ = h x h’ = h or
W = h' % h = h, respectively (see Remark 5.1.5). O

Definition 5.1.9. The unique left- and right-invariant state of a C *-algebraic com-
pact quantum group is called its Haar state and denoted by h. A C™*-algebraic
compact quantum group is reduced if its Haar state is faithful.

For C *-algebraic compact quantum groups associated to groups, the Haar states
are easily identified:

Examples 5.1.10. i) Let G be a compact group. Then the Haar state of the C *-alge-
braic compact quantum group C(G) is given by f + [ fdA, where A denotes
the normalized Haar measure of G. Evidently, this Haar state is faithful.

ii) Let G be a discrete group. Then the Haar states of the C *-algebraic compact
quantum groups C*(G) and C;*(G) are given by Uy > 8x, and Ly — 8y . for all
x € G, respectively, where e € G denotes the unit, and (U, )y and (L), denote
the canonical generators as in Example 4.2.2. Note that these Haar states are tracial
in the sense that i(ab) = h(ba) forall a,b € C(”;)(G).



5.2. Corepresentations of C *-bialgebras 111

Let us show that the Haar state of C;*(G) is faithful. In terms of the standard
basis (ex)xec of [2(G), itis given by T +> (g.|Te.). The map C*(G) — I*(G)
given by 7' +— Te, is injective because Tey = TR,~16, = R,~1T¢, for all
y € G, where Ry—1 € £(1?(G)) denotes the right shift ex +> &xy. Therefore,
(ee|T*Tee) = (Tee|Tee) # 0 whenever T # 0.

Since the Haar state of C * (G ) factorizes through the quotientmap L : C*(G) —
CX(G), it is faithful if and only if this quotient map is faithful, that is, an isomor-
phism. This happens if and only if G is amenable [119, Theorem 4.21], [121,
Theorem 7.3.9].

5.2 Corepresentations of C *-bialgebras

Like corepresentations of Hopf x-algebras, corepresentations of C *-bialgebras can
be described in several equivalent ways:

* Unitary corepresentations can elegantly be described in the language of C*-
modules. To simplify the presentation, we explain this approach for C *-al-
gebraic compact quantum groups only instead of general C *-bialgebras.

* Non-unitary corepresentations are more conveniently studied in terms of co-
representation operators or corepresentation matrices. We explain the con-
nection to the unitary corepresentations mentioned above but consider general
C *-bialgebras.

As in the setting of Hopf x-algebras, one can associate to every corepresentation
of a C*-bialgebra a representation of the dual algebra, construct new corepresen-
tations out of given ones, and associate to every C *-algebraic compact quantum
group a particular regular corepresentation. We present the pertaining definitions
and constructions, frequently referring to Section 3.1 for motivation.

‘We shall use the notation and definitions introduced in Section 4.1, the slice
maps discussed in Section 12.4, and the background on C *-modules summarized
in Section 12.2. As before, we use the symbol “©®” to denote algebraic tensor
products and the symbol “®” to denote minimal tensor products of C*-algebras
and completed internal or external tensor products of C *-modules.

5.2.1 Unitary corepresentations of C *-algebraic compact quantum
groups

Recall that a unitary corepresentation of an algebraic compact quantum group
(Ag, Ag) on a finite-dimensional Hilbert space Hy is a linear map §¢: Hy —
Hy © Ap that satisfies

(6o ®id) 0 8o = (id ® Ag) 0 o
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and
(So(M1d0(€))ay = (nl§) - 14, foralln, & € Ho.

Here, the Ao-valued inner product (- |-)4, on Hy © Ap was given by (n © b|§ ©
aja, = (n|&)b*aforallé, n € Hyanda,b € Ay.

This definition can be adapted to the present setting as follows. Let (A4, A) be
a C*-algebraic compact quantum group and H a Hilbert space.

» We consider H and A as C*-modules over C and A, respectively, and form
the tensor product of C*-modules H ® A (see Section 12.2). This is a C*-
module over A. It is a completion of H © A4; its structure maps are given

by
(n®blE®@a) = (né)b*a, (M®b)a=n®ba

forall n,& € H,a,b € A. Similarly, we define a C*-module H ® 4 ® A
over A ® A.

* By definition, the mapidg © A: H © A - H © (A ® A) satisfies
((idg © A)(M)|(dg © A)(x)) = A({(y|x)) forallx,ye HO® A
and extends to an isometric linear map idgy QA: H @ A > H ® (A ® A).

e If§: H — H ® A is alinear map that satisfies (§(n)|6(§)) = (n|&) - 14 for
alln, & € H,thenthemap$ © idg: H © A — (H ® A) O A satisfies

(6 ©ida)(MIG ©ida)(x)) =14 @ (y|x) forallx,ye H O A
and extends to an isometric linear map 6 ® idg: H @ A > H ® A Q@ A.

Definition 5.2.1. A unitary corepresentation of a C*-algebraic compact quantum
group (A, A) on a Hilbert space H is a linear map §: H — H ® A that satisfies
the following conditions:

D (8(m|8(&)) = (nl§) - 14 foralln.§ € H;
ii) the set §(H)A is linearly dense in H ® A;

i) (idg ®A) o = (§ ® idy) o 4, that is, the following diagram commutes:

H H®A

| Jso
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One can extend this definition to the case of a non-unital C *-bialgebra (A4, A)
by replacing the C*-module H ® A by the multiplier C*-module M(H ® A) =
£(A, H® A) and considering linear maps 6 : H — M (H ® A) that satisfy obvious
analogues of the conditions i)—iii) above. Moreover, one can consider intertwiners,
invariant subspaces, and irreducibility for unitary corepresentations, very much like
in the setting of Hopf x-algebras. However, it turns out to be more convenient to
work with corepresentation operators instead of unitary corepresentations.

5.2.2 Corepresentation operators of C *-bialgebras

Before we can define corepresentation operators of a general C *-bialgebra, we need
to collect some preliminaries and fix some notation. Let (A4, A) be a C *-bialgebra
and H a Hilbert space.

* The C *-algebra K (H) ® A embeds naturally in £4(H ® A), and the image
of this embedding is K4(H ® A) [69, Lemma 1.2.7]. Thus

LA(HRA) = M(Kg(H R A) = M(K(H)R® A). 5.1
From now on, we shall use these identifications without further notice.
* Since A is non-degenerate, the *-homomorphism

dRA: K(H)® A — K(H)® M(A® A) — M(K(H)® A® A)
(5.2)

is non-degenerate and extends to the multiplier algebra (5.1).

o If (A4, A) is a C*-algebraic compact quantum group, then the x-homomor-
phism (5.2) can be expressed in terms of the map idg QA: H @ A —
H ® A ® A: with respect to the natural isomorphisms M (K (H) ® A) =
La(HR@A)and M(K(H) @ AQ® A) = Laga(H @ AQ A),

(([d®A)X) (1 ® lawa)) = (idm ®A)(X(n @ 14)) (5.3)
foralln e Hand X € £4(H ® A).

* Given X € M(K(H) ® A), we define X[12], X3 € M(K(H) ® A® A)
by

X=X ®1 and Xpi3):= (id ®%)(X[12)),

where X: A ® A — A ® A denotes the flip as usual. This is a particular
example of the leg notation that will be used extensively in Chapter 7.
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Proposition 5.2.2. Let (A, A) be a C*-algebraic compact quantum group and let
H be a Hilbert space.

i) Let § be a unitary corepresentation of (A, A) on H. Then the map
X :HOA—-HQ®A, noar §0na,

extends to aunitary operator X € £4(H ®A), and X[12)X[131 = (id ® A)(X).

ii) If aunitary X € £4(H ® A) satisfies X[121X[13] = (id ® A)(X), the map
5:H—->H®A, n— X0 la),
is a unitary corepresentation.
Proof. i) For all elementary tensors y = n® bandx = £ ®ain H O A4,
(XWX () = (8mblsE)a) = b (5(m|8(§))a = b™(nl€)1aa = (y|x).

Thus X extends to an isometric linearmap H @ A — H ® A. Since X(H © A) =
span§(H)A is dense in H ® A, the extension is unitary. Finally, the relation
(§ ®idg) 08 = (idg ®A) o § implies

X121 X1131(n ® l(aga)) = (8 @ ida)(3(n))
= (idg ®A)(8(n))
= (idg @A) (X(n ® 14))
= (([d®A)(X)(n ® 1(ag4))

forall n € H, whence X[12)X[13] = (id ® A)(X).
ii) Since X is unitary,

(BMISE) = (X(n®1YIXE®14)) = (N ® 14|E @ 14) = (n]§) - 14
forall n,& € H, and

(5.4)

[B(H)A] = [(X(H ® 14)A4] = X(H ® A) = H ® A.

Thus the map § satisfies conditions i) and ii) of Definition 5.2.1. A similar calculation
like (5.4) shows that § also satisfies condition iii). |

Propositions 5.2.2 and 3.1.7 motivate the following definition:

Definition 5.2.3. Let (A, A) be a C*-bialgebra. A (unitary) corepresentation
operator of (A, A) on a Hilbert space H is an invertible (unitary) operator X €
M(K(H)® A) = £4(H ® A) that satisfies X[12)X[13) = (id ®A)(X). If H has
finite dimension, we call X finite-dimensional.
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Let X and Y be corepresentation operators on Hilbert spaces H and K, respec-
tively.

An intertwiner from X to Y is an operator T € L(H, K) that satisfies the
equation Y(7 ® id4) = (T ® id4) X. We denote the space of all intertwiners from
X to Y by Hom(X, Y). We call X and Y equivalent, written X ~ Y ,if X and Y
admit an invertible intertwiner.

A subspace L C H is invariant for X if the orthogonal projection pr: H —
L C H satisfies X(pr ® 14) = (pr ® 14)X(pL ® 14). The corepresentation
operator X is irreducible if there exists no invariant subspace besides 0 and H .

The space of matrix elements of X is the space

€(X) = 5pan{(wy. ® id)(X) | 1.6 € H} € M(A),

where wy, ¢: K(H) — Cis given by T > (n|T&) and the slice map w, ¢ ® id is
defined as in Section 12.4.

Remarks 5.2.4. i) For every C *-algebraic compact quantum group (4, A) and
every Hilbert space H, there exists a bijective correspondence between unitary co-
representations and unitary corepresentation operators of (4, A) on H, see Propo-
sition 5.2.2.

ii) The equation Y(7 ® 14) = (T ® 14)X figuring in the definition of an
intertwiner should be considered as an equation in £4(H ® A, K ® A) or in
M(K(H & K)® A).

iii) If H is a finite-dimensional Hilbert space and A is unital, then we have
M(K(H)®A) = K(H)®A = £(H)QA. Generally, the space £(H)QM(A) =
M(K(H)) @ M(A) embeds in M(K (H) ® A) as a strict subspace. For an illus-
tration of the difference between corepresentation operators in M (K (H)) ® M(A)
and corepresentation operators in M (K (H) ® A), see the end of Example 5.2.5.

Corepresentations are related to group representations as follows:

Example 5.2.5. Let G be alocally compact group. Then corepresentation operators
of the C*-bialgebra Co(G) (see Example 4.2.1) on a Hilbert space H correspond
bijectively with strictly continuous representations of G on H:

The C *-algebra M (K (H) ® Co(G)) can be identified with the C *-algebra of
norm-bounded and strictly continuous functions G — M(K(H)) = £(H) [2,
Corollary 3.4]. Explicitly, each multiplier X € M (K (H) ® Co(G)) corresponds
to the function

m:G—> M(KH)) =LH), xr (d®evy)(X),
where ev, : Co(G) — C denotes evaluation at x € G as usual. The relations

r(x)m(y) = (1[d®evy)(X) - (id ®@evy)(X) = (id @ evy ® evy)(X[12)X[13]),
m(xy) = (id ® evyy)(X) = (id ® evy ® evy)((id ®A)(X)), x.y € G,
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show that X is a corepresentation operator if and only if 7 is a representation.
Evidently, X is unitary if and only if 7 is unitary. Furthermore, a subspace K € H
is invariant for X if and only if it is invariant for ; in particular, X is irreducible
if and only if 7 is irreducible.

Note that every strictly continuous representation is strongly continuous. Con-
versely, it is easy to see that every strongly continuous unitary representation is
strictly continuous.

Finally, let G be compactand let X € M(JK(H)® C(G)) be a corepresentation
operator. Then X is contained in £(H) ® C(G) if and only if the associated
representation 7 is norm-continuous, because £(H) ® C(G) corresponds to the
C*-algebra of norm-continuous functions G — £(H).

5.2.3 Constructions related to corepresentation operators

In this section, we introduce several constructions related to corepresentation oper-
ators that are analogues of the purely algebraic constructions for corepresentations
of Hopf x-algebras discussed in Section 3.1.2 and 3.1.3.

Throughout this section, let (A4, A) be a C*-bialgebra.

Corepresentation matrices. Let X be a corepresentation operator of (4, A) on

an n-dimensional Hilbert space H with orthonormal basis (e;)?_,, where n € N.

Note that then X € M(K(H) ® A) = K(H) ® M(A). The choice of the basis
(e;); defines a natural identification H =~ C” and an isomorphism

K(H) ® M(A4) = K(C") @ M(A) = Mu(C) ® M(A) = M,(M(4)). (5.5)
With respect to this isomorphism, X corresponds to the matrix

a = (aij)i,j € My(M(A)), where a;j = (@¢;,e; ®id)(X) forall i, j.

As in the setting of Hopf *x-algebras (Section 3.1), we find

Alay) =Y aix ®ag; foralli, j. (5.6)
k
€(X) = span{aij | i, ]}, (5.7)

and X is unitary if and only if the matrix a is unitary, that is, if

Y arita; =8 -1a =) ajajy’ foralli, ;. (5.8)
k k

Definition 5.2.6. A corepresentation matrix of (A, A) is an invertible matrix a €
M, (M(A)), where n € N, that satisfies equation (5.6). The matrix a is irreducible
if the corepresentation operator } ; ; ¢;; ® a;; on C" is irreducible, where (e;;);,;
denotes the standard matrix units.
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Representation of the dual algebra. To every corepresentation operator of
(A4, A), one can associate a representation of the dual algebra A’. The definition of
this representation involves slice maps, which are discussed in Section 12.4.

Proposition 5.2.7. i) Let X be a corepresentation operator of (A, A) on a Hilbert
space H. Then the map

nx: A > M(K(H)) =~ £(H), fr ({d®f)X), (5.9)

is a homomorphism, that is, wx (f * g) = nx (f)ax(g) forall f,g € A'.

ii) Let X, H and wyx be as above and let K be a subspace of H. Then K is
invariant for X if and only if it is invariant for .

iii) Let X and Y be corepresentation operators of (A, A) on Hilbert spaces H
and K, respectively, and let T € £(H, K). Then T € Hom(X,Y) if and only if
Trax(f) =ny(f)T forall f € A'.

Proof. 1) The proof consists of a calculation with slice maps; comments on such
calculations can be found in Section 12.4. For all f, g € A,

(d®@f)(X)- ([deg)(X) = ([d®f ® g)(Xn2Xn3)
= (d®f ®g)((d®A)(X)) = (id® fg)(X).

ii), ii1) The proofs are similar to the proofs of the equivalences (f4)<(f5) and
(d2)<>(d4) in Proposition 3.1.7. O

In general, the algebra A’ is not equipped with a natural involution: the formula
f*(@) := f(S(a)*) known from the setting of Hopf *-algebras makes no sense
if (A4, A) has no antipode S. Hence we can not ask whether the representation my
associated to a corepresentation operator X is a *-homomorphism. But if (4, A)
is a C*-algebraic compact quantum group and X is unitary, then 7t (A") contains a
useful non-degenerate C *-subalgebra:

Proposition 5.2.8. Let (A, A) be a C*-algebraic compact quantum group with
Haar state h, and let X be a corepresentation operator of (A, A) on a Hilbert
space H. Put A} :={h(-a) |a € A} C A'.

i) The space Cx = [nx(A})] S £(H) is a non-degenerate C*-algebra and
X eM(Cx ® A).

il) A subspace K € H is invariant for X if and only if it is invariant for Cx.

iii) If p € L(H) is a projection and X(p @ 14) = (p ® 14)X(p ® 1y), then
(P ®1)X = X(p ® La).
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Proof. 1) Writing out the definition, we find
Cy = span {(id ®h)(X(idg ®a)) | a € A}.

First, we show that [CyCx] = Cyx; this implies that Cx is a C*-algebra. By
left-invariance of 4,

Cx ® 14 = [(i[d®id ®h)((d ®A) (X (idg ®A)))],
and hence

[Cx Cx] = [(id ®h)((i[dy ®A™)X™(Cx ® 14))]
= [(i[d ®h ® h)((idg ®A* ® 14) (X* ® 14) (i[d @A) (X)) (idy ®A(A)))].

We insert the relation (X* ® 14)((id ®A)(X)) =
idg ®A* ® 14 to the right of X[;3), and find

X 12]X[13 =X move

[12] (137

[CCx] = [(id ®h ® h) (X131 (idi ®A* ® 14) (idy ®A(A)))].
Since [(A4* ® 14)A(4)] = A ® A,
[CxCx]=[(id ®h ® h)(X[13)(idg ®A4 ® A))] =[(id ®h)(X(idg ®4))] = Cx.

Put X := K (H). Since K® A C M(K ® A)isanidealand X € M(K @ A)
is unitary, X(K ® A) = K ® A and

[Cx K] = [(i[d ®h)(X(X ® A))] = [(id ®h)(K ® A)] = K

Consequently, Cx is non-degenerate.
Let us prove that X belongs to M(Cx ® A). By definition of Cy,

[X(Cx ® A)] = [([d ®id ®h)(X[12)X[13)(idg ®A4 ® A))].
We replace X[12)X[13] by (id ® A)(X) and A ® A by [A(A)(A ® 14)], and find
[X(Cx ® A)] = [([d®id ®h)((id @A) (X(idg ®A))) - (idg ®A)].
Since 4 is left-invariant, this is equal to
[(([d ®h)(X(idy ®A)) ® 14) - (idy ®A)] = Cx ® A.

Similarly, one shows that (Cy ® A)X € Cx ® A. Thus X € M(Cx ® A).

ii), iii) Let K € H be some subspace, and denote by p the orthogonal projection
onto K. If (p ® 1) X(p ® 14) = X(p ® 14), then pcp = cp forall ¢ € Cx, and
since Cy is self-adjoint, also pc = c¢p for all ¢ € Cx. Conversely, if cp = pc for
all ¢ € Cx, then also X(p ® 14) = (p ® 14) X because X € M(Cx ® A). O
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The regular corepresentation. To every C *-algebraic compact quantum group,
one can associate a regular corepresentation. This corepresentation plays an im-
portant role in the characterization of compact quantum groups.

To construct this corepresentation, we need to fix some notation and collect
some preliminaries. Let (4, A) be a C*-algebraic compact quantum group with
Haar state /& and associated GNS-representation (Hy, Ay, ) (see Section 12.1).
Then the map Ay © idg: A © A - Hj © A extends to a continuous linear map
Ap®idg: A® A — Hp ® A such that

(Ap ®idg)(x) = (mp ® ida)(x) (Ap(14) ® 14),
and

(Ap ®1dg)(X)|(Ap ®idg)(¥)) = (h ®idg)(x*y) forallx,y € A® A.
Theorem 5.2.9. Let (A, A) be a C*-algebraic compact quantum group with Haar
state h and associated GNS-representation (Hp, Ay, wp).

i) The map 8y: Hy, — Hp ® A given by Ap(a) — (Ap ® idq)(A(a)) is a
unitary corepresentation.

Denote by Xy, € M(K (Hp) ® A) the corepresentation operator corresponding to
8y, as in Proposition 5.2.2.

i) Xp(mp(a) @ 14) = ((mp, ® idg)(A(a))) Xy, forall a € A.
iii) €(Xy) = A.

Proof. i) The map 6;: Ap(A) — Hp ® A given by Ap(a) — (Ap ® id)(A(a))
extends to Hj, and satisfies condition 5.2.1 i) because /4 is right-invariant:

(Sh(AR(D)|8r(Ap(a))) = (h ® id)(A(D*)A(a)) = h(b*a)l4 foralla,b € A.
The map &y, satisfies condition 5.2.1 ii) because A(A)(1 ® A) is dense in A ® A:

(61 (An(A)A] = [(Ap ® id)(A(A)) - 4]

= [(Ar ®1d)(A(A) (1 ® 4))] = [An(4) ® A];
and condition 5.2.1 iii) because A is coassociative:
(idg, ®A) odp oAy = (A ®id®id) o (id®A) o A

= (A, ®i1d®id) o (A ®id) o A = (6, ® id) o 8y o Ay,.

ii) By definition of X}, we have foralla,b € A

Xp(mp(@)Ap(b) ® 14) = Sp(An(ab)) = ((mp ® id)(A(a)))Sn(An(D))
= ((mp ® id)(A(@) Xn(Ap(b) ® 14).
iii) Since X, (An(A) ® 14) = 8,(Ax(A)) and A is bisimplifiable,

€(Xp) = [(h @ id)((A* ® 1)A(A))] = [(h ® id)(4A ® A)] = A. O
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Definition 5.2.10. The regular corepresentation/regular corepresentation operator
of a C *-algebraic compact quantum group (A4, A) is the corepresentation §;/the
corepresentation operator Xj, defined in Theorem 5.2.9.

Construction of new corepresentation operators. The corepresentations of ev-
ery C *-bialgebra admit a direct sum and a tensor product which turn the category
of all corepresentations into a monoidal/tensor category [79], [104] and, more pre-
cisely, into a concrete monoidal/tensor W *-category [195] and strict monoidal/ten-
sor C *-category [102]. Corepresentations of C *-algebraic compact quantum groups
additionally admit a conjugation. All these constructions are similar to the corre-
sponding constructions for corepresentations of Hopf *-algebras (see Section 3.1.3);
therefore we only give a brief summary.

Directsum. Let(Xy)q be afamily of corepresentation operators on Hilbert spaces
(Hy)o- Then there exists a unique corepresentation operator

FH Xo € M(X(EP Ha) ® A).

called the direct sum of (X )q, such that for each 8, the natural inclusion 1 : Hg <
D, Ho is an intertwiner from Xg to FH, Xo.

The direct sum construction is functorial: For every second family of corepre-
sentation operators (Y,), on Hilbert spaces (Kg ), there exists a natural map

[ [Hom(Xa. Yo) — Hom (FH Xo. FH Ya).  (Tw)a = P T

Clearly, B, Xy is unitary if each X, is unitary, and

€(HH Xo) = span|_J € (Xa).

Tensor product. Let X and Y be corepresentation operators on Hilbert spaces H
and K, respectively. Then the operator

XBY := X5 ¥ps € MUK(H) ® K(K) ® A) = M(K(H ® K) ® A)

is a corepresentation operator again, called the tensor product of X and Y. Here,
Y[23] = idyg ®Y and X[13] = (X ®idy)(idg ®X), where X: K(K)Q K(H) —
K (H) ® J(K) denotes the flip as usual.

The tensor product construction is functorial: for every second pair of corepre-
sentation operators X and Y, there exists a map

Hom(X, X) x Hom(Y,Y) > Hom(X RY, XK Y), (S.T)—~SQT.
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It is easy to see that X X Y is unitary if X and Y are, and that
C(XXY)=span €(X)E(Y).

If A is commutative, then the natural isomorphism H ® K =~ K ® H intertwines
X XY and Y X X; in particular,

XXY~Y XX

If A is not commutative, this relation need not hold. However, there may exist a
braiding for (A, A), that is, a natural equivalence between the bifunctors (X, Y) +—
X XY and (X,Y)— Y K X that satisfies some additional coherence properties
(see [79]).

Conjugation. Let X be acorepresentation operator on a finite-dimensional Hilbert
space H. Denote by H the conjugate Hilbert space of H, and by ¢ + { the canon-

ical conjugate-linear isomorphism H — H; thus, Ajj = Ay and (7j|§) = (€|n)
forall n,§ € H and A € C. Foreach T € £(H), the map & > T& defines an
operator T € i(H ), and the map T+ T is a conjugate-linear *-isomorphism
L(H) — £(H).

Denote by j: £(H) ® M(A) — £(H) ® M(A) the map givenby T ® S >
T ® S*, and consider the operator X := j(X) € £(H) @ M(A). If

X =) lei)ej| ®ayj.

i,j

where (e;); is some orthonormal basis of H, then

X =) le)e| ®ai;*.

i,J

Since A is a x-homomorphism, X satisfies )_([12]X n3 = (@id ®A)(X). Tt is not
immediately clear whether the operator X is invertible. We shall prove that if
(A, A) is a C *-algebraic compact quantum group, then X is invertible and hence a
corepresentation operator (see Corollary 5.3.10).

Of course, we can still define € (X ) as before, and then €(X) = €(X)*.

5.3 Corepresentation theory and structure theory

The corepresentation theory of C *-algebraic compact quantum groups is very simi-
lar to the representation theory of compact groups and to the corepresentation theory
of algebraic compact quantum groups:
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1. Every corepresentation operator is equivalent to a direct sum of irreducible
finite-dimensional unitary corepresentation operators (Theorem 5.3.3).

2. Two irreducible corepresentations either do not admit a non-zero intertwiner,
or they are equivalent and the space of intertwiners has dimension one (Propo-
sition 5.3.4).

3. The subspace spanned by the matrix elements of irreducible corepresentations
is dense in the quantum group, and these matrix elements satisfy certain
orthogonality relations with respect to the Haar state (Propositions 5.3.7,
5.3.8).

4. Moreover, C *-algebraic compact quantum groups can be characterized in
terms of corepresentations (Theorem 5.3.11).

Several of these results follow from similar arguments as in the setting of algebraic
compact quantum groups (see Section 3.2), but sometimes, we have to use new
methods and ideas.

Throughout this section, let (4, A) be a C *-algebraic compact quantum group
with Haar state .

5.3.1 Decomposition into irreducible corepresentations

In this subsection, we show that corepresentation operators and intertwiners between
them can be described in terms of irreducible corepresentation operators.

As a tool, we first construct intertwiners between corepresentation operators
by an averaging procedure (cf. Lemma 3.2.5). Let X and Y be corepresentation
operators on Hilbert spaces H and K, respectively, and let R € £(H, K). We
identify M(K(H) ® A), M(K(K) ® A), and £(H, K) ® A with subspaces of
M(K(H & K) ® A), and use the slice map

id®h: M(K(H® K)® A) > M(K(H & K)) =~ £(H & K)
(see Section 12.4) to define operators S, T € £(H, K) as follows:
S:={d Y N R®I14)X), T:=G{h)Y(RR 14X . (510

Lemma 5.3.1. Let X and Y be corepresentations operators on Hilbert spaces H
and K, respectively, let R € £(H, K), and define S, T as above. Then S,T €
Hom(X,Y). If R € Hom(X,Y), then S = R = T. If R is compact, so are S
and T.

Proof. The first statements follows from similar calculations as in Lemma 3.2.5. If
R is compact, then Y "1 (R®14)X and Y(R® 14) X ! belongto K (H,K)® A C
K(H & K) ® A, sothat S and T are compact as well. O
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Remark 5.3.2. We can equip £(H, K) with a strict topology by identifying it with
a subspace of M (K (H & K)). Then the assignments R — S and R +— T defined
in (5.10), considered as maps L£(H, K) — L(H, K), are strictly continuous on
bounded subsets: The assignment R — R & 14 is strictly continuous on bounded
subsets, and left and right multiplication by Y, Y ™!, X, or X!, respectively, as
well as the slice map id ®# are strictly continuous.

Every corepresentation operator is a direct sum of finite-dimensional irreducible
ones (cf. Theorem 3.2.1):

Theorem 5.3.3. Let X be a corepresentation operator on a Hilbert space H.

1) X is equivalent to a unitary corepresentation operator.

i) If X is unitary, then the orthogonal complement of every invariant subspace
of H is invariant again.

iii) If H is non-zero, then it contains a non-zero invariant subspace of finite
dimension. In particular, X is finite-dimensional if it is irreducible.

iv) X is equivalent to a direct sum of finite-dimensional irreducible unitary co-
representation operators.

Proof. i))Put T := (id®h)(X*X) € £(H). Then T is invertible: X*X > ¢ -1
for some € > 0 because X and hence also X *X are invertible, and then 7 > € - 1
because id ® / is positive. Consider the operator

Y = (T2 @ 10)X(T™? ® 14).
This is a corepresentation operator which is equivalent to X. Furthermore,

X*(T @ 14)X = (id ® h ® id) (X[ 13 X[12) X121 X113])
=({d®h®id)((id ® A)(X*X))
=WdRNX*'X)® 14 =T Q 1y,

soY*Y = (T7YV2®id)X*(T ® idg)X(T™'2 ®id4) = 1, thatis, Y is unitary.
ii) This claim follows from the fact that a subspace is invariant if and only if it
is invariant for the C *-subalgebra of £(H) defined in Proposition 5.2.8.
iii) By i), we may assume that X is unitary. Let (14 )y be an approximate unit for
K (H). Since conjugation by X is an automorphism of KX (H) ® A, the elements
X(ug ® 14)X™* form an approximate unit for X (H) ® A. By Lemma 5.3.1, the
elements (id ® 1) (X(uy ® 14)X ™) belong to the C *-algebra

D := X(H) NHom(X, X),
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and since id ®% is continuous on K (H) ® A, these elements form an approximate
unit for K (H). Therefore, D € J(H) is non-degenerate and contains a non-zero
projection P. Now PH C H is a finite-dimensional invariant subspace.

iv) This follows from i)-iii) by a straightforward application of Zorn’s Lemma.
Alternatively, one could choose a maximal family (py ) of pairwise orthogonal
minimal projections in the C*-algebra D; then H =~ P, po H since D is non-
degenerate, and the restriction of X to py H is irreducible for each « because py, H
is a minimal invariant subspace. O

We have the following analogue of Schur’s Lemma (cf. Proposition 3.2.2):

Proposition 5.3.4. Let X and Y be corepresentation operators on Hilbert spaces
H and K, respectively.

i) For every T € Hom(X,Y), the subspaces kerT C H and ImT C K are
invariant.

il) If X and Y are irreducible, then either Hom(X,Y) has dimension 1 and
X ~Y,orHom(X,Y) =0.

Proof. The proof is essentially the same as the proof of Proposition 3.2.2, the only
difference is that for i), we use the representations wy and my associated to X
and Y, respectively (see Proposition 5.2.7): If T € Hom(X,Y), then Tnx (4A’) =
ny (A")T, whence ker T C H is invariant for 7y (A’) and X, and Im7T C K is
invariant for wy (4’) and Y. O

As in the setting of algebraic compact quantum groups, the preceding results
show that the category of all corepresentation operators of (A4, A), regarded as an
ordinary category, has a very simple structure (cf. Corollary 3.2.4):

Corollary 5.3.5. Let (Xy)aer be a maximal family of pairwise inequivalent irre-
ducible corepresentations operators of (A, A).

i) Every corepresentation operator of (A, A) is equivalent to a direct sum
Hk Xay, where (ax )y is some family of elements of 1.

ii) Let (o )x and (Br); be families of elements of 1. Then

Hom(Hkngak,BlHXﬁl nHom akaﬂXﬂ/ gl_[ @ C,
k

[ s.t.
o =P

where [| and @ denote the direct product and the 1?-sum of Banach spaces,
respectively. O
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The interesting and non-trivial information of the category of all corepresenta-
tion operators is contained in the monoidal structure, that is, in the tensor product.

Finally, we show that every irreducible corepresentation is contained in the
regular corepresentation:

Proposition 5.3.6. Let X be an irreducible corepresentation operator. Then there
exists an injective intertwiner T € Hom(X, X), where Xy, denotes the regular
corepresentation operator (see Theorem 5.2.9).

Proof. Denote by H the underlying Hilbert space of X, and by (a;;);,; the corepre-
sentation matrix of X with respect to some orthonormal basis (e;);. For a fixed i,
consider the map 7; : H — Hj, givenby e; — Ay (a;;) for all j. The calculations

Xn(Ti ® 1a)(ej ® 14) = Xn(Ap(aij) ® 14) = Y Anaix) ® ax;,
k

(T; ® L) X(e; ® 14) = Y (T @ La)(ex ® ax;) = Y An(aix) ® ag;
k k

show that 7; € Hom(X, X). By Theorem 5.3.3, we may assume that X is uni-
tary. Then ) ; a;;*a;; = 14 for each j, and hence there exist igp and j such that
h(aiyj*ai,;) # 0, that is, T e; = Ap(a;,;) # 0. In particular, T;, is non-zero.
By Proposition 5.3.4, T;, must be injective. |

5.3.2 Schur’s orthogonality relations

In this subsection, we study the matrix elements of irreducible corepresentation
operators and prove an analogue of Schur’s orthogonality relations known from the
representation theory of compact groups [22, Chapter II, Theorems 4.5, 4.6], [62,
Chapter VII, Theorem 27.19], and from the corepresentation theory of algebraic
compact quantum groups (cf. Section 3.2.2).

Proposition 5.3.7. Let X and Y be inequivalent irreducible corepresentation op-
erators. Then h(b*a) = 0 = h(ba*) foralla € €(X) and b € €(Y).

Proof. The proof of Proposition 3.2.6 carries over without modifications. O

To obtain a better understanding of expressions of the form /(b*a), where b
and a are matrix elements of the same irreducible corepresentation operator, we
need to consider particular intertwiners (cf. Proposition 3.2.9).

Proposition 5.3.8. Ler Y = Zi’ ; €ij ® aij be an irreducible unitary corepresen-
tation operator on C", where n € N and (e;;);,; € M,(C) denote the standard
matrix units.

i) Y and Y * := (Y *)~! are irreducible corepresentation operators on C".
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ii) There exists a unique intertwiner F e Hom(Y, Y ~*) that satisfies Tr F =
Tr F~! > 0, and this operator is positive and invertible.

iii) Foralli, j, k,l,

dik =
— Fj1,

* _ Sj,l -—1 *®Y
h(ai;™ ax;) = W(F )ik and h(a;jar;™) = T F

where the matrix representations of F and F~" are taken with respect to the
standard basis of C".

iv) The elements (a;;);,; are linearly independent.

Proof. i) First, we modify the proof of Proposition 5.3.6 and show that Y is equiva-

lent to the restriction of the regular corepresentation operator X, (see Theorem 5.2.9)

to an invariant subspace. This implies that ¥ is a corepresentation operator.
Denote by (e;); the standard units of C”. Fix some i, and consider the map

T:C" — Hy, & > Ap(aij™).

Equation (5.6) on page 116 shows that A(a;;*) = )_;; aix™ ® ax; ™ foralli, j, and
as in the proof of Proposition 5.3.6, we deduce

Xp(T ®14) = (T ® 10)Y. (5.11)

Since Y is unitary, Zj ajjai;* = 1y, and hence h(a;jya;j,*) # 0 for some jo.
So, Tej, = Ap(aij,*) # 0and T # 0. We show that T is injective and that its
image is invariant. Denote by mx, and my the representations associated to X,
and Y, respectively (see Proposition 5.2.7), and by wy: A" — £(C") the map
given by f — (id® f)(Y). For each f € A, define f € A by a — f(a*).
Then 7y (f) = 3., ; € flay™) = 3, ;eij f(ai;) = wy (f) forall f € A, and
combining this relation with equation (5.11), we find

7x,(ANT = Try(A') = Tay(A').

Using Proposition 5.2.7, we conclude that In 7 C Hj, is invariant for Xj and
ker T C C" is invariant for Y. Since Y is irreducible and T # 0, the map T must
be injective. Thus, Y is equivalent to a restriction of X}, to the invariant subspace
Im T'; in particular, it is a corepresentation operator.

An easy calculation shows that Y ~* is a corepresentation operator:

VinTis = FuaPua) ™ = (@A)T) ™ = (d@A)(T ™).

The fact that ¥ ~* is irreducible will follow from statement ii).
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i) Put G := (id ®@h)(Y*Y ) € £(Cn). Evidently, G is positive, and as in
Proposition 3.2.1, we conclude: Y is invertible = Y *Y is invertible = Y * Y > el
forsomee > 0= G > €l = G isinvertible. By Lemma5.3.1,G € Hom(Y )
in particular, ¥ ~ ¥ ~*. Now F is some uniquely determined multiple of G.

iii), iv) This follows as in Proposition 3.2.9. U

Propositions 5.3.4, 5.3.7 and 5.3.8 imply:

Corollary 5.3.9. For all corepresentation operators X and Y,

Hom(X,Y) =0 & h(E(Y)*E(X)) =0
& h(E(Y)e(X)*) = 0 < Hom(Y, X) = 0. O

Recall that we associated to every corepresentation operator X on a Hilbert
space H a conjugate operator X € M(K(H) ® A). Now we can prove:

Corollary 5.3.10. The conjugate of a corepresentation operator is a corepre-
sentation operator again.

Proof. Every corepresentation operator is equivalent to a direct sum of irreducible
ones, and for every irreducible corepresentation operator, the conjugate is a core-
presentation operator by Proposition 5.3.8. O

5.3.3 Characterization of C *-algebraic compact quantum groups

Like algebraic compact quantum groups, C *-algebraic compact quantum groups
can be characterized in terms of their corepresentations:

Theorem 5.3.11. The following conditions on a unital C*-bialgebra (A, A) are
equivalent:

i) (4, A) is a C*-algebraic compact quantum group.

ii) The subspace of A spanned by the elements of all irreducible unitary corepre-
sentation matrices a € M, (A) (n € N) whose conjugate a = (a;;*);,; is
invertible, is dense in A.

iii) The x-subalgebra of A generated by the elements of all corepresentation
matrices a € M,(A) (n € N) whose conjugate a is invertible, is dense in A.

iv) The subalgebra of A generated by the elements of all corepresentation ma-
trices is dense in A.

Proof. 1) = ii): By Theorem 5.3.3 iv), the regular corepresentation operator is
equivalent to a direct sum of finite-dimensional irreducible unitary corepresenta-
tion operators, and by Theorem 5.2.9 iii), its space of matrix elements is equal to A.
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Therefore the matrix elements of finite-dimensional irreducible unitary corepre-
sentations span a dense subspace of A. Furthermore, if a € M, (A) is a unitary
irreducible corepresentation matrix, then the matrix a is invertible by Proposi-
tion 3.2.9 1).

il) = iii): Trivial.

iii) = iv): If a € M,,(A) is a corepresentation matrix and & is invertible, then
also a is a corepresentation matrix.

iv) = 1i): We have to show that A(A)(14 ® A) and A(A)(A ® 14) are linearly
densein A ® A. If a € M,,(A) is a corepresentation matrix with inverse b, then

D Ai)(la ®biy) = D ain @abi; = Y ai ® 8,714 = aij ® lu
k k.l I
for all i, j. Moreover, if
c®la=Y Acr)1a®c2;) and d®1a=Y Adr;)(14®da ),
i J
for some c1,;,¢2,i,d1,j,d2,j € A, then

cd @1y = Z A(c1,i)(1a ® c2,i)(d ® 14)

1

=Y Alcr)d @114 ®cap) = Y Alcridr ))(1a ® dajca ).
i ij
Now, the assumption and the equations above imply that A(A4)(14 ® A) is linearly

dense in A ® A. A similar argument shows that A(A)(A ® 14) is linearly dense in
A® A O

5.4 The relation to algebraic compact quantum groups

C *-algebraic and algebraic compact quantum groups are closely related. In this
section, we explain how one can associate to every C *-algebraic compact quantum
group an algebraic one, and how one can associate to an algebraic compact quantum
group a maximal and a minimal C *-algebraic one.

Notation. We shall abbreviate the phrase “compact quantum group” by the acronym
“CQG” whenever it seems convenient.

5.4.1 From C *-algebraic to algebraic CQGs

For every C *-algebraic compact quantum group, the subspace spanned by the ma-
trix elements of finite-dimensional corepresentation operators forms an algebraic
compact quantum group:
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Theorem 5.4.1. Let (A, A) be a C*-algebraic compact quantum group. Denote
by Ao C A the subspace spanned by the matrix elements of all finite-dimensional
corepresentation operators.

i) Ag is dense in A, the image A(Ag) is contained in the algebraic tensor
product Ay © Ay, and (Ag, No) is an algebraic compact quantum group,
where Ao := Aly,.

i) If (fTo, ZO) is an algebraic compact quantum group such that Ay C Aisa
dense x-subalgebra and Ay = A|;1'0, then (Ao, Ao) = (Ao, Aop).

We call (A, A)g := (Ao, Ag) the algebraic CQG associated to (A4, A).

iii) Every morphism of C*-algebraic CQGs (A, A4) — (B, Ap) restricts to a
morphism (A, Ag)o — (B, Ap)o of algebraic CQGs.

Proof. 1) Ay is dense in A by Theorem 5.3.11 ii), and a *-algebra because
CX)+CY)=CXHBY), €X)CY)CEXNY), €X)* =¢X)

for all finite-dimensional corepresentation operators X and Y. The unit 14 belongs
to Ay because it is the matrix element of the trivial corepresentation. Equations
(5.6) and (5.7) on page 116 show that A(Ay) is contained in A9 ©® Ag. Thus
(Ag, Ag) is a bialgebra.

Let us show that (Ao, Ag) is a Hopf algebra. Choose a maximal family (#%),
of pairwise inequivalent irreducible unitary corepresentation matrices of (4, A).
By Theorem 5.3.3 iv), Proposition 5.3.7, and Proposition 5.3.8 iii), iv), the family
(u?;-)a,i,j is a basis of A¢. Consider the linear maps

. o . o o\ k
€: Ao — C, uj; 8i,j. and Sp: Ag — Ao, uy; = (uﬁ) .

Equations (5.6) and (5.8) imply that €y and Sy satisfy the axioms for the counit and
for the antipode of a Hopf algebra. Therefore (Ag, Ag) is a Hopf x-algebra. It is
an algebraic compact quantum group because the restriction of 4 to Ay is a positive
integral.

ii) By Theorem 3.2.12 iii), Ap is spanned by the components of its finite-
dimensional corepresentation matrices; since these matrices are also corepresenta-
tion matrices of (4, A), the space A o 1scontainedin Ag. If there exists an irreducible
unitary corepresentation matrix (a;;);, ; of A whose components are not contained
in ffo, we obtain a contradiction to the assumption that XO is dense in A from
Proposition 5.3.7 and 5.3.8 iii).

iii) Let (B, Ap) be another C*-algebraic compact quantum group and let
w: A — B be a morphism of C*-bialgebras. Since 7 is non-degenerate, it is
unital. For every corepresentation matrix (a;;);,; € M,(A), the image under =,
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(w(aij))i,j € Mn(B),isacorepresentation matrix as well. Therefore, 7(Ag) is con-
tained in By, that is, 7t restricts to a unital morphism of *-bialgebras 7o: A9 — By.
From the construction of the counit and antipode in 1), it is easy to see that 7y pre-
serves the counit and the antipode. O

Example 5.4.2. i) For every compact group G, the C *-bialgebra C(G) introduced
in Example 4.2.1 is a C *-algebraic CQG, and the associated algebraic CQG is the
Hopf x-algebra of representative functions Rep(G) introduced in Example 1.2.5.

ii) For every discrete group G, the C *-bialgebras C *(G) and C* (G ) introduced
in Example 4.2.2 are C *-algebraic CQGs, and the associated algebraic CQG is both
times the group Hopf x-algebra CG introduced in Example 1.2.8.

The preceding theorem shows that every C *-algebraic compact quantum group
(A, A)isthe completion of some unique algebraic compact quantum group (Ao, Ag)
which has the same category of finite-dimensional corepresentations. This result
provides a partial answer to the question for the antipode and for the counit of
(A, A): at least, both maps are well defined on Ag. If (4, A) is reduced, then the
antipode of (Ag, Ap) can be extended to a closed (possibly unbounded) linear map
on A and can be described in terms of a unitary antipode and a scaling group, see
Example 8.3.7. Moreover, in that case, the modular automorphism of the Haar state
of (Ag, Ag) (Theorem 2.2.17) extends to a modular automorphism of the Haar state
of (A4, A), see Example 8.1.22.

5.4.2 From algebraic to C *-algebraic CQGs

An algebraic compact quantum group can have several different completions that
are C*-algebraic compact quantum groups, see Example 5.4.2 ii). However, there
always exist a maximal and a minimal one. First, we describe the maximal com-
pletion:

Theorem 5.4.3. Let (A, A) be an algebraic compact quantum group. Then
a v ||a|y ;= sup{p(a) | pisa C*-seminorm on A}

is a C*-norm on A. Denote by A, the corresponding completion of A.

i) Ay is a unital C*-algebra, and the comultiplication A extends to a *-homo-
morphism Ay, Ay, — Ay ® Ay, that turns Ay, into a C*-algebraic CQG. The
counit € of A extends to a character €, on A, that satisfies (€, ® id) o A,, =
id = (id ®ey) 0 Ay,

ii) (A, A) is the algebraic compact quantum group associated to (Ay, Ay).

We call (A, A)y, := (Ay, Ay) the universal C *-algebraic CQG of (4, A).
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iii) Every morphism of algebraic CQGs (A, Ay) — (B, Ap) extends uniquely
to a morphism of C*-algebraic CQGs (A, Ag)y — (B, Ap)y.

Proof. First, we show that ||a||, is finite for each a € A. Let p be a C *-seminorm
on A. Then for each unitary corepresentation matrix (a;;);,; € Mun(A) and all
i,j, wehave p(a;;)* = p(aij*aij) < 1because Y ; a;;*a;j = l4. Since 4 is
spanned by the elements of unitary corepresentation matrices (Theorem 3.2.12 iii)),
it follows that ||a||, is finite for each a € A.

Let us show that the seminorm || - ||, is a norm. Denote by & the Haar state
of (A, A), and by H the completion of A with respect to the inner product given
by (b|c) := h(b*c) for all b,c € A. Let (a;;);,; be a corepresentation matrix of
(A, A), and fix i, j. Since & is positive and ), ax;* ax; = la,

lai;bl% = h(b*a;;*aizb) < h(b*14b) = |b]%4 forall b € A.

Therefore the map b — a;; b extends to a bounded operator 7 (a;;) € £(H). Since
A is spanned by the elements of unitary corepresentation matrices, 7 extends to a
x-homomorphism 7: A — £(H), where n(a)b = ab for all a,b € A. Since h
is faithful (Proposition 2.2.4), ||la|l, > |7 (a)|| > ||7(a)la| = h(a*a) > O for all
non-zero a € A.

i) The maps a — ||A(a)|(4,04,) and a — |e(a)| are C*-seminorms on A.
Therefore they are dominated by || - ||, and A and € extend to *-homomorphisms
A, and €, as claimed. By Theorem 3.2.12 iii) and 5.3.11 ii), (4,, Ay) is a C*-
algebraic compact quantum group. Finally, the equation concerning €, follows
from the corresponding equation for € and the density of A in A,.

ii) This follows immediately from Theorem 5.4.1 ii).

iii) Let (B, Ap) be an algebraic compact quantum group and let 7: A — B
be a morphism of Hopf *-algebras. By definition of the norm || - ||, on 4,, the

. w .
x*-homomorphism A — B — B, extends to a *-homomorphism 7, : A, — By,.
Since  preserves the unit and the comultiplication, so does . O

Remark 5.4.4. The antipode of (A4, A) need not be bounded with respect to the
norm || - ||, and need not extend to A,,.

Now we turn to the minimal completion:

Theorem 5.4.5. Let (A, A) be an algebraic compact quantum group. Denote by
(H, A, ) the GNS-representation for the Haar state hy of (Ay, Ay) = (A, A)y,
and put A, 1= w(Ay).

1) 7 restricts to an embedding A — A, and the comultiplication A extends to
a x-homomorphism A, : A, — A, ® A, that turns (A,, Ay) into a reduced
C*-algebraic compact quantum group.
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ii) (A, A) is the algebraic compact quantum group associated to (A, A;).
We call (A, A)y := (A, Ay) the reduced C *-algebraic CQG of (4, A).

Proof. 1) The restriction of &, to A is a positive normalized integral, and hence
equal to the Haar state i of (A4, A) (Proposition 2.2.6 ii)). Since 4 is faithful
(Proposition 2.2.4), |7 (a)||?> > || (a)A(14)]|?> = h(a*a) > Oforall a € A.

To show that A extends to a x-homomorphism A, : A, — A, ® A,, we intro-
duce an auxiliary multiplicative unitary: The map

Vo: A(A) © A(A) — A(A) © A(A),
Ab) © Ale) = (A O A)(A(e)(d O 1)),

is bijective because A is a Hopf x-algebra, and isometric since

(Vo(A(D) © A(e)[Vo(AD") © A(c')))
= (h © h)((b* © DA(c*)(B O 1))
= h(b*b)h(c*c)) = (A(D) © AC)|AD) O Ac)))

forall b,c,b’, ¢’ € A. Therefore, V, extends to a unitary V on H ® H. Now
VAl ®mn(a)) = @n)(Aa))V foralla € A4;

indeed, the operators on the left-hand side and on the right-hand side are given
by A(b) © A(c) = (A © A)(A(ac)(b © 1)) for all b,c € A. Therefore the
*-homomorphism

Av: $(H) > $H®H), T—V(1®T)V*

extends A as desired. By Theorems 3.2.12 iii) and 5.3.11 ii), (4,, A,) is a C*-al-
gebraic compact quantum group.

Finally, let us show that the Haar state /1, on A, is faithful. Note that the restric-
tion of /1, to A is equal to . Denote by o the modular automorphism of / (see Theo-
rem 2.2.17 or 3.2.19 v)). Let x € A,, x # 0. We have to show that i, (x*x) > 0.
Since A(A) is dense in H, we find b, ¢ € A such that (A(c)|xA(b)) > 0. By the
Cauchy—Schwarz inequality, there exists a constant Cp . > 0 such that

(A ©)|m(@A D) = |h(c*ab)| = |h(abo(c™))]
< Cpch(a®a) = Cpchy(m(a*a))

foralla € A. Butthenalso 0 < [(A(c)|xA(D))| < Cpchr(x*x),500 < hy(x*X).
ii) This follows immediately from Theorem 5.4.1 ii). O



5.4. The relation to algebraic compact quantum groups 133

Example 5.4.6. i) Let G be a discrete group. Then the group algebra CG carries
the structure of an algebraic CQG (see p. 66), and the associated universal and the
associated reduced C *-algebraic CQG are the C *-bialgebras C*(G) and C}(G),
respectively, introduced in Example 4.2.2.

ii) Let G be a compact group. Then the Hopf *-algebra of representative func-
tions Rep(G) carries the structure of an algebraic CQG (see p. 66), and the associ-
ated universal and the associated reduced C *-algebraic CQG are both equal to the
C *-bialgebra C(G) introduced in Example 4.2.1.

Remark 5.4.7. The counit € of (4, A) need not be bounded with respect to the
norm of A, and need not extend to A,: If G is a discrete group and A = CG, then
A, = C}(G), and € extends to A4, if and only if G is amenable. In particular, this
example shows that the assignment A +— A, does not extend to a functor, because
C can be considered as an algebraic CQG and € as a morphism of algebraic CQGs.

Using the preceding constructions, we can associate to every C *-algebraic CQG
(A, A) the following three CQGs:

* an algebraic CQG (A4g, Ay),
o the universal C *-algebraic CQG (A4, A,) of (Ag, Ay),
¢ the reduced C *-algebraic CQG (A,, A,) of (4o, Ao).

We call (4, A)y := (Ay, Ay) and (A, A), = (A,, A,) the universal and the
reduced CQG associated to (4, A).

Proposition 5.4.8. Let (A, A) be a C*-algebraic CQG. Denote by v, i, i, the
canonical embeddings of Ay in Ay, A, Ay, respectively. Then there exists a com-
mutative diagram

where the horizontal maps are surjective morphisms of C *-bialgebras.

Proof. Denoteby || - |4, || - || and || - || the norms on A,,, A and A,, respectively.
Evidently, it suffices to show that

ler@lr = e@] < lltu(@)]lu  foralla € Ay.

The inequality on the right-hand side follows immediately from the definition of
|| - |lu. To prove the inequality on the left-hand side, let us use the notation of
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Theorem 5.4.5. Denote by & and /¢ the Haar states of A and Ay, respectively. For
alla,b € Ay,

L(b)*t(@*a)u(b) < u(b)*u(d)|lL(@)|]* inA
and, since kg = h o ¢ by Proposition 2.2.6,

ler (@A @) = |ho(b™aab)| = |h(u(b™)u(a*a)u(b))|
< [ho(@*B)| - llt@I* = [A®)I - [lu(@)]>.

Therefore, ||t (a)| < ||t(a)] forall a € Ayp. O
The previous result motivates the following terminology:

Definition 5.4.9. We call a C *-algebraic CQG (A, A) universal if the natural sur-
jection A, — A is an isomorphism.

We call a CQG (A, A) amenable if the associated universal and reduced
C *-algebraic CQGs coincide.

Let us summarize the contents of Theorems 5.4.1, 5.4.3 and 5.4.5 in categorical
terms. Evidently, the class of all algebraic compact quantum groups forms a cate-
gory with respect to morphisms of Hopf *-algebras, and the class of all universal
C *-algebraic compact quantum groups forms a category with respect to morphisms
of C*-bialgebras.

Corollary 5.4.10. i) The assignment (Ag, Ag) — (Ay, Ay) defines a natural equiv-
alence between the category of algebraic CQGs and the category of universal
C*-algebraic CQGs.

ii) The assignment (Ao, Ag) — (Ar, A,) defines a bijective correspondence

(up to isomorphism) between all algebraic CQGs and all reduced C*-algebraic
CQGs. O



Chapter 6
Examples of compact quantum groups

The general theory of compact quantum groups is complemented by a rich supply
of examples. The most important sources of examples are the following:

q-deformations of compact semisimple Lie groups. In [37] and [70], Drinfeld
and Jimbo associated to every semisimple complex Lie algebra g a Hopf algebra
U, (g) which is a deformation of the universal enveloping algebra U(g) depending
on a formal parameter g. These g-deformations attracted much attention [23], [24],
[68], [79], [80], [84], [103], [140], but were studied from a different perspective
than that of compact quantum groups. The first contact point for the two approaches
was the compact quantum group SU,,(2), which was introduced independently by
Soibelman and Vaksman [169] and by Woronowicz [194]; see also [133]. Later,
Levendorski and Soibelman [100] and Rosso [134] constructed many more exam-
ples of compact quantum groups out of the g-deformations of Drinfeld and Jimbo;
see also [84].

Universal/free compact quantum groups. Another important class of examples
are the free unitary and the free orthogonal quantum groups, which were introduced
by Wang [185], [186] and generalized by Wang and Van Daele [179], and the
quantum permutation groups introduced by Wang [189]. A detailed study of these
quantum groups was given by Banica [12], [13], [14].

General constructions. There exist several general constructions that produce new
compact quantum groups out of given ones, for example

* the free product, tensor product, and crossed product constructions of Wang
[186], [187],

* the deformation of compact groups by toral subgroups and its generalization
to compact quantum groups, which were given by Rieffel [131] and Wang
[188], respectively.

The examples of the first and second kind listed above belong to the class of
compact matrix quantum groups. We begin with a review of this class (Section 6.1)
and thereafter discuss the following examples: the compact quantum group SU, (2)
of Woronowicz (Section 6.2); free products and tensor products of compact quantum
groups (Section 6.3); and the free unitary and the free orthogonal quantum group
(Section 6.4).
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Throughout this chapter, we use the results on compact quantum groups that
were obtained in Chapters 3 and 5; in particular the correspondence between alge-
braic and C *-algebraic compact quantum groups described in Section 5.4 and the
correspondence between corepresentations, corepresentation operators, and core-
presentation matrices described in Sections 3.1 and 5.2.

6.1 Compact matrix quantum groups

Compact matrix quantum groups are analogues of compact Lie groups. They in-
clude many examples of compact quantum groups like the g-deformations of com-
pact semisimple Lie groups and the universal compact quantum groups mentioned
above. Their theory was developed by Woronowicz [193]; it preceded the theory
of general compact quantum groups.

Let us fix some notation. Throughout this section, we treat the algebraic and
the C *-algebraic setting in parallel and use the symbol “®” to denote the algebraic
tensor product of x-algebras and the minimal tensor product of C*-algebras. It
will always be clear from the context which tensor product we refer to. Given
a x-algebra A and a matrix u = (u;;);,; € My(A), we put i = (u;;*); ; and
u' = (uji)i,j; thus, ™ = u’.

Roughly, a compact matrix quantum group is a compact quantum group that is
generated by the entries of one fundamental corepresentation matrix:

Definition 6.1.1. A C *-algebraic compact matrix quantum group is a unital C*-
algebra A equipped with a x-homomorphism A: A — A ® A and a unitary u €
M, (A), where n € N, such that

i) A(ujj) = D g uik ® ug; foralli, j;
ii) u is an invertible matrix;
iii) the elements u;; (1 <i, j < n) generate A (as a C *-algebra).

Analgebraic compact matrix quantum group is a Hopf x-algebra (A4, A) together
with a unitary u € M, (A), where n € N, such that

1) u is a corepresentation matrix;
ii) u is equivalent to a unitary corepresentation matrix;
iii) the elements u;; (1 < i, j < n) generate A (as a *x-algebra).

In both cases, u is called the fundamental corepresentation (matrix) of (A, A, u).
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Remarks 6.1.2. i) In the definition above, A is uniquely determined by A and u
because of conditions i) and iii). Therefore one can also refer to the pair (4, u) as
a compact matrix quantum group.

ii) Let (A, A, u) be an algebraic compact matrix quantum group. Then the counit
and the antipode of the Hopf *-algebra (A4, A) are determined by €(u;;) = §; ; and
S(uij) = uj; forall i, j; see Proposition 3.1.7 iii), v).

Definition 6.1.3. We call two compact matrix quantum groups (A4, Ay, u) and
(B, Ap,v) similar and write (A, Agq,u) >~ (B, Ap,v) if there exist a x-isomor-
phism f: A — B,ann € N, and a matrix T € GL,(C) such that u € M, (A),
v € M,(B),andv = T(f(u;))i; T

Notation. We abbreviate the phrase “compact matrix quantum group” by the
acronym “CMQG” whenever it seems convenient, and omit the qualifiers “alge-
braic” and “C *-algebraic” when we want to refer to both cases.

The terminology introduced in Definition 6.1.1 is justified because of the fol-
lowing result:

Proposition 6.1.4. i) If (A, A, u) is a CMQG, then (A, A) is a COG and u, u are
corepresentation matrices of (A, A).

Let (A, Ay, u) and (B, Ap,v) be compact matrix quantum groups, where u €
M, (A) and v € M,,(B) for some n € \.

ii) Let f: A — B be a x-homomorphism such that f(u;;) = v;j foralli, j.
Then f is a morphism of compact quantum groups.

iii) If (A, Ag,u) >~ (B, Ap,v) as CMQGs, then (A, A4) = (B, Ap) as CQGs.

Proof. 1) In the algebraic case, the assertion follows from Theorem 3.2.12 iv). In
the C *-algebraic case, conditions i) and iii) of Definition 6.1.1 imply that A is
coassociative, so that (A4, A) is a C*-bialgebra. Furthermore, condition i) implies
that u is a corepresentation matrix of (A4, A). Now the assertion follows from
conditions ii), iii) and Theorem 5.3.11 iii).

ii) We have (f ® f) o Ay = Ap o f because A is generated by the u;; and
(f ® /Ba(uip) =D flui) ® f(ugj)
k

= Zvik Q® vk = AB(Uij) = AB(f(uij))
k

foralli, j.
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iii) Let f: A — B and T be as in Definition 6.1.3. Then

(f ® (Aalu;) =D flu;) ® fuy;)

1
> T vmp Ty ® Tig v, T,
im “mp* pl lg “gn-nj
m,p,l,q,n

y 6.1)
= Z Tim Uik ® vknTnj
m,k,n
= Z Tim Ag (0T, = Ap(f(u;)))
m,n
foralli, j,and hence (f ® f)o Ay = Apo f. O

The next results characterize those compact quantum groups which can be re-
garded as compact matrix quantum groups:

Lemma 6.1.5. Ler (A, A) be a compact quantum group with a unitary corepre-
sentation matrix u € M, (A), where n € N. Then the following conditions are
equivalent:

i) Every irreducible corepresentation of (A, A) is contained in some iterated
tensor product of u, u, and the trivial corepresentation.

ii) The matrix entries of u generate A.

Proof. This follows from the fact that every *-monomial in the matrix entries of u
appears as a matrix coefficient of some tensor product of the corepresentations u
and u#, and from Theorem 3.2.1/5.3.3 and Corollary 3.2.8 / 5.3.9. O

Proposition 6.1.6. For every algebraic/C*-algebraic compact quantum group
(A, A), the following conditions are equivalent:

i) There exists a unitary corepresentation matrix u € M, (A) for some n € N
such that every irreducible corepresentation of (A, A) is contained in some
iterated tensor product of u, u, and the trivial corepresentation.

ii) The following x-algebra is finitely generated: A/the subalgebra Ay C A of
matrix coefficients of finite-dimensional corepresentations.

iii) There exists a unitary u € M, (A) for some n € N such that (A, A, u) is an
algebraic/C *-algebraic compact matrix quantum group.

Proof. 1) = ii) This is evident.
il) = 1) If A/ Ay is finitely generated as a *-algebra, then there exist finite-
dimensional unitary corepresentation matrices uy, ..., U, whose matrix entries
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generate A / Ao as a x-algebra (see Theorem 3.2.12 v)), and we can choose u
to be the block matrix with diagonal matrix blocks u1, ..., ug.
iii) < 1) This follows directly from Lemma 6.1.5. O

Remark 6.1.7. Compact matrix groups can be reconstructed from their category
of finite-dimensional corepresentations. This generalization of the Tannaka—Krein
duality theory was proved by Woronowicz, see [195].

Algebraic and C *-algebraic compact matrix quantum groups are related as fol-
lows. Recall from Section 5.4 that one can associate

* to every C *-algebraic CQG (A4, A) an algebraic CQG (4y, Ay),

* to every algebraic CQG (A, A) a universal and a reduced C *-algebraic CQG
(Ay, Ay) and (A,, A,), respectively.

Proposition 6.1.8. i) If (A, A, u) is a C*-algebraic CMQG, then the coefficients
of u belong to Ay, and (Ag, Ao, 1) is an algebraic CMQG.

If (A, A,u) is an algebraic CMQG, then (Ay, Ay,u) and (Ay, Ay, u) are
C*-algebraic CMQGs.

i) If (A, Agq,u) and (B, Ap,v) are similar C*-algebraic CMQGs, then the
algebraic CMQGs (Ao, Aa,0.u) and (By, Ao, v) are similar.

If (A, Ay, u) and (B, Ag,v) are similar algebraic CMQGs, then the C *-alge-
braic CMQGs (Ay, Aau,u) and (By, Ap .y, v) are similar. O

Let us consider some examples of compact matrix quantum groups. We begin
with examples related to classical groups:

Example 6.1.9. Let G € U,(C) be a closed subgroup, where n € N. For
i,j = 1,...,n, denote by u;;: C(G) — C the function x +— x;;. Then the
C*-bialgebra C(G) together with the matrix v = (u;;);,; is a C *-algebraic com-
pact matrix quantum group. Indeed, condition i) of Definition 6.1.1 holds because
Auij)(x,y) = ujj(xy) = Y g uir(x)ug; () forall x, y € G, condition ii) holds

because niu’ = (uu*) = 1 (here we use commutativity of C(G)), and condition
iii) holds by the Stone—Weierstrass Theorem.

The Hopf *-algebra Rep(G) of all representative functions on G contains all u;;,
and together with the matrix u, it is an algebraic compact matrix quantum group.
The fact that condition ii) is satisfied in this case is well-known; this follows also
from the fact that Rep(G) is the algebraic compact quantum group associated to
C(G) (see Proposition 6.1.8 and Example 5.4.2 i)).

Let H € U, (C) be another closed subgroup. It is easy to see that the following
conditions are equivalent:

D) (C(G), Ag,u%) = (C(H), Ag,u™);
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ii) (Rep(G),Ag,u%) >~ (Rep(H), Ay, ufl);
iiiy H = TGT™! for some T € GL,(C).

Here, we indexed the comultiplications and the fundamental corepresentations of
C(G)and C(H) by “G” and “H”, respectively, to avoid ambiguities.

Note that every compact Lie group G can be embedded as a closed subgroup
into U, (C) for some n € N and thus gives rise to an example of a compact matrix
quantum group.

Example 6.1.10. Let G be a discrete group that is finitely generated by elements
X1,...,Xn. Then the group Hopf x-algebra CG together with the diagonal matrix
u = diag(Ux,,...,Uy,) € M,(CG) is an algebraic CMQG, and the universal
group C *-bialgebra C *(G) together with the matrix u as well as the reduced group
C *-bialgebra C (G ) together with the matrix diag(Ly, . ..., Ly, ) are C *-algebraic
CMQGs.

Every commutative compact matrix quantum group has the form described in
Example 6.1.9:

Proposition 6.1.11. Ler (A, A, u) be an algebraic/C*-algebraic compact matrix
quantum group, where u € M,(A), n € N. Assume that A is commutative.
Then there exist a closed compact subgroup G C U, (C) and an isomorphism
®: A = Rep(G)/®: A= C(G) such that (D(uij))(x) = x;j forall x € G and
i,j=1,...,n

Proof. By Proposition 6.1.8 and Example 5.4.21) and 5.4.6 ii), it suffices to consider
the case that (4, A, u) is a C *-algebraic CMQG. Denote by A the spectrum of A,
that is, the space of all x-homomorphisms A — C, and consider the map

WA= My(C), x> (x(uij))i-

This map is an embedding because the matrix entries of u generate A, it is a
homeomorphism onto a closed subset because Ais compact, and its image, which
we denote by G, is contained in U, (C) because u is unitary.

Let v,y € A. Then y’/ := (y ® ¥) o A € A, and W(x)¥(y) = ¥(x")
because

WP =D xi)x (i) = (X ® ¥ ) (Awy)) = ¥(y")i; foralli, ;.
k

In particular, GG € G. Thus G is a compact semigroup with cancellation and
hence a group (see, for example, [63, Theorem I1.9.16] or [105, Proposition 3.2]).

By the Gelfand Theorem (see Section 12.1), the map ®: A — C(G) given by
(®(a))(x) := (¥~ (x))(a) is an isomorphism, and (P(u;))(¥(x)) = x(uij) =
(W(x));j forall y,i, j. The claim follows. O
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Finally, we give an example of a compact matrix quantum group that is neither
commutative nor cocommutative. Its construction uses the following easy obser-
vation:

Lemma 6.1.12. If A is a x-algebra, n € N, and u € M, (A) is unitary, then also
the matrix Ap(u) 1= (g uik ® ukj); ; € Mn(A ® A) is unitary. a

Example 6.1.13. For each n € N, one can define a quantum permutation group on
n letters as follows. Given a *x-algebra A, call a unitary matrix u € M,,(A) magic
if for each i and j,

1) u;; is a projection,
ii) the projections u;1, ..., u;, are orthogonal and ) ", u;x = 1, and

iii) the projections u1;, ..., u,; are orthogonal and Zk ug; = 1.

Note that u = u for every magic unitary matrix u.
Denote by Ag(n) the universal C*-algebra with elements u;; (1 <i,j < n)
such that u = (u;;);,; is a magic unitary matrix. A routine calculation shows that

Anlw) = (D wik @ uiy), € Ma(As(n) @ Aq(n)
k ,

is a magic unitary matrix again. By the universal property of As(n), there exists a
unique *-homomorphism A: Ag(n) — As(n) @ Ag(n) such that (As(n), A, u) is
a C*-algebraic compact matrix quantum group. This is the quantum permutation
group on n letters. It was introduced by Wang [189] and thereafter studied by
Banica and Collins [14], [15].

The quantum permutation group is related to the group S(n) of permutations
of n letters as follows. Denote by A¢(n) the universal commutative C *-algebra
with elements uj; (1 < i,/ < n) such that u® = (uj;);,; is a magic unitary
matrix. Then there exists a unique *-homomorphism A€ such that (A4S (n), A€, u®)
is a C*-algebraic CMQG, and a surjective morphism of C *-algebraic CMQGs
Ag(n) — A5(n), given by u;; + uj;. By Proposition 6.1.11, (A5(n), A®,u®) is
isomorphic to the C *-algebraic CMQG associated to the group

{(x(u;;))i,; € GLy(C) | x is a character on A{(n)}

={x € GL,(C) | x;; €{0,1}, > xix =1, Y p xxj =1foralli, j}
= {x € GL,(C) | thereis w € S(n) with x;; = §; »(; foralli, j} = S(n).



142 Chapter 6. Examples of compact quantum groups
6.2 The compact quantum group SU,, (2)

The quantum group SU,(2) is probably the fundamental example of a compact
quantum group that is neither commutative nor cocommutative. It was introduced
independently by Soibelman and Vaksman [169] as the dual of the g-deformed
enveloping Lie algebra U, (s11,), and by Woronowicz [194] as a deformation of the
compact Lie group SU,(C) or, more precisely, of the C *-bialgebra C(SU,(C)). A
comparison between these approaches can be found in [133].

We shall follow the approach of Woronowicz and present the construction of the
compact quantum group SU ,(2), describe the corepresentation theory, and deduce
some results on the Haar state.

For further information, we refer to the following literature: A gentle introduc-
tion to the g-deformed enveloping Lie algebra U, (su,), the Hopf algebra SU,, (2),
and their interrelation can be found in [79]; for a comprehensive treatment, see [24],
[80]. An introduction to g-deformations, their relation to Poisson—Lie groups, and
to functions on g-deformed quantum groups is given in [24], [84]. The harmonic
analysis on SU,,(2) and relations to g-special functions were studied in many pa-
pers, see, for example, [83], [108], [109], [169]; comprehensive treatments can be
found in [80], [183].

Note that in the literature, the deformation parameter y is usually denoted by ¢,
and the quantum group SU,(2) is denoted by a variety of different symbols. Com-
mon notation for the underlying algebraic compact quantum group includes, for
example, SU,(2), @4(SU>), C[SU;],.

6.2.1 Definition and first properties

Recall that the compact Lie group SU,(C) consists of all matrices of the form

8ay) = (;‘j _dy)’ where @,y € C and aa + yy = 1.

Define a,c € C(SU2(C)) by a(g(q,y)) := @ and ¢(g(q,y)) := . Then the C*-bi-
algebra C(SU,(C)) together with the unitary matrix

= (‘j ‘ai*) € Ma(C(SU(T)) 6.2)

is a C*-algebraic compact matrix quantum group (Example 6.1.9). The corre-
sponding algebraic compact quantum group is the Hopf x-algebra of represen-
tative functions Rep(SU,(C)) C C(SU,(C)). As a C*-algebra or *-algebra,
respectively, C(SU,(C)) and Rep(SU,(C)) are isomorphic to the universal uni-
tal commutative C *-algebra or *-algebra generated by elements a, ¢ that satisfy
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a*a + c¢*c¢c = 1. A short calculation shows that the counit and antipode of
Rep(SU,(C)) are given by

ela)=1, elc)=0, S@)=a*, S@*)=a, Sk)=-c, S(*) =-c*.

Definition 6.2.1. For i € [—1, 1], denote by SU,(2) the universal unital C *-alge-
bra generated by elements a, ¢ subject to the condition that the following matrix is

unitary:
a —uc*
U= .

If u is as above, then

S a*a+c*c —pa*c* +c*a*
“ \—pca+ac prcc* +aa* )’

N aa* + p2c*c ac* —pc*a
uu = * * * * .
ca* —pa*c cct+ara

Hence u is unitary if and only if a and c satisfy

a*a +c*c =1, aa* + p*c*c =1, 6.3)
c*c = cc*, ac = uca, ac® = pc*a.

Lemma 6.2.2. Let A be a x-algebra and v € My(A). If u € [—1,1]\ {0}, then
the following conditions are equivalent:

. I Ak
i) v= (‘C’/ 5/6* )forsomea’,c’ € A;

i) v= FoF~, where F = (_,f_l (‘)).

Proof. A short calculation shows FUF~! = (_Mvjz T ) O

vi2 v
Proposition 6.2.3. For each € [—1, 1]\ {0}, there exists a unique *-homomor-

phism A: SU,(2) — SU,(2) ® SU,(2) such that (SU,(2), A, u) is a C*-alge-
braic compact matrix quantum group, and A is determined by

A@)=a®a—puc*®c, Alc)=c®a+a*Qc. (6.4)
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Proof. The matrix v € M>(SU,(2) ® SU,(2)) given by v;; = D> ; ujx ® ug; is
unitary (Lemma 6.1.12) and has the form

/ &3
a  —uc
v = where
(cl a/* ) ’

The universal property of SU,,(2) yields a *-homomorphism

ad=a®a—puc*Qec,
c=c®a+a*Qc.

A:SUL(2) — SUL(2) ® SUL(2)

such that A(a) = a’ and A(c) = ¢’. Thus, condition i) of Definition 6.1.1 is satis-
fied. Condition ii) — invertibility of # — follows from Lemma 6.2.2, and condition
iii) is trivially satisfied. O

Definition 6.2.1 and Proposition 6.2.3 yield an entire family (SU(2)) 4e(0,1] of
compact matrix quantum groups which can be considered as a continuous defor-
mation of SU;(2) = C(SU,(C)) [17]. From now on, we fix p:

Assumption. The deformation parameter p is some fixed element of [—1, 1]\ {0}.

Remark 6.2.4. Let (A, A4) be a C*-bialgebra with a unitary corepresentation
matrix v € M,(A). Denote by (e;, e2) the standard basis of C? and put e; :=
ex®e; € C2®C?fork,l = 1,2. Thenthe elementdet,, := e13— ez € C2®C?
can be considered as a p-deformed determinant, and the following conditions are
equivalent:

. Ik
i) v= (Z, Z,C* )forsomea’,c’ € A,

i) the corepresentation §: C?> ® C? — C? ® C? ® A corresponding to v K v
preserves det,, in the sense that §(det,) = det, ®1.

Indeed, writing § and det,, in terms of the basis e}, €12, €21, €22, one can check:

V11 v12 Uil V12 0
.. v v v v 1
i) < 11 12 21 V22 _
V21 V22 V11 V12 —M —H
Ua1 V22 V21 U22 0
* *
V11 V12 0 V11 Va1 0
* *
V21 U2 1 v v 1 .
<:> — " 11 « 21 <:> 1)
V11 V12 —M Vip Uyop —H
* *
U221 U222 0 Via Usp 0
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Denote by SU2(2) C SU,(2) the *-subalgebra generated by a and ¢, and
by Ay the restriction of A to SUg(Z). Then (SUZ(2), Ay, u) is the algebraic
compact matrix quantum group associated to (SU,(2), A, u) (Proposition 6.1.8).
By Remark 6.1.2 ii), the counit and the antipode of (SUﬁ (2), Ap) are given by

éo(a) = 1. €olc) =1,

* * * —1 % (65)
So(a) =a”, So(a”) =a, So(c)=—pc, So(c™) =—p c”.

Foreachk € Z and m,n € N, put
. akexmen, k>0,
hemn == a*CRexmen e ),

Proposition 6.2.5. The family (axmn)k.mn is a basis of SUY, (2).

Proof. Using equation (6.3), one can check that the family (axmn)k,m,» spans
SUZ (2). We show that this family is linearly independent. Let H be a Hilbert
space with orthonormal basis (e,s)reN sz, and define a’, ¢’ € £(H) by

ders =1 —pu?e_15 ces:=pue sy forallr € N,seZ.

Straightforward calculations show that @’ and ¢’ satisfy the relations (6.3). Hence
there exists a *-homomorphism 7 : SU,,(2) — £(H) mapping a to @’ and c to ¢’
A short calculation shows that forallk € Z, m,n € N, and r > k,

k-1

n(akmn)er,o = ( 1_[ V 1— /L2r+8gn(k)21 )/'Lr(m+n)er—k,n—m-
=0

Consider a non-trivial finite linear combination x = Zk,m,n Aemn@imn € SUg (2).
We claim that 7(x) # 0. Indeed, if k, m,n are chosen such that Ag,,, # 0 and
Aiomrnr = 0 whenever m’ + n’ < m + n, then

. 1
rlggo W(er—k,n—mh[(X)er,O) = Akmn 7 0. U

6.2.2 Corepresentations and their weights

The corepresentation theory of the compact quantum group SU,(2) is very similar
to the representation theory of the compact Lie group SU, (C). It can be determined
either via a differential calculus or via harmonic analysis and special g-functions.
We shall follow the first approach, which is the original one of Woronowicz [194];
for the second approach, see, for example, [80, Section 4.3].
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In this subsection, we formulate the main result of Woronowicz in terms of
weight functions of corepresentations and draw some immediate conclusions con-
cerning tensor products and characters of irreducible corepresentations. The proof
of the main result, which involves the differential calculus mentioned above, is
given in the next section.

Let us start with the definition of the weight function associated to a corepre-
sentation of SU,,(2). This definition involves an analogue of the maximal torus of
the compact Lie group SU,(C):

Proposition 6.2.6. i) Denote by z € C(T) the identity function. There exists a
unique morphism of compact quantum groups nwt: SU,(2) — C(T) such that
wr(a) =z and w(c) = 0.

ii) For each { € T, there exists a unique *-homomorphism 0 : SU,;(2) — C
such that 0z (a) = ¢ and 0¢(c) = 0. Forall {,{" € T, one has 0¢ * 0 = O .

Proof. Immediate from the definition of SU,,(2) and equation (6.4). O

Let v be a corepresentation operator of SU,,(2) on a finite-dimensional Hilbert
space H. Then (id ®r)(v) is a corepresentation operator of C(T), which corre-
sponds to a representation

pp: T — £(H), ¢ (id®0:)(v),

(see Example 5.2.5). Since every representation of T is a direct sum of represen-
tations of the form ¢ — X, where k € Z, the space H decomposes into a direct
sum

H >~ @Hk, where Hy = {n € H | p,(£)n = Fpforall ¢ € T},
keZ

For each k € Z, we call Hy the kth weight space of v. If Hy # 0, we call k a
weight of v. The maximal k € Z that is a weight for v is called the highest weight
of v. We shall see that up to unitary equivalence, v is completely determined by
the weight function

Wy:Z — N, k+ dim H.

Lemma 6.2.7. Let v and w be finite-dimensional corepresentation operators of
(SUL(2), A). Then forallk € Z,

Wy (k) = Wy(k) + W (k). Womw(k) = Y Wio(p)Wa(q).
pta=k
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Proof. Foreachk € Z,denoteby Hy, Ky, (H® K)y,and (H ® K), the kth weight
space of v, w, v B w, and v X w, respectively. The first equation above follows
from the evident relation (H @ K); = Hj ® Kji. The second one will follow
once we proved (H ® K)g = D, — Hp ® Kq. Writingv = 3" fr ® v, €
LH)®SU(2)andw = ) g5 @ wy € £(K) @ SU,(2), we find that for each
teT,

PoRw (§) = Z(fr & gs)eé'(vrws) = Z frez (vr) ® gsgé'(ws) = pv(§) ® pw(0).

The relation P, ,_ Hp ® K4 € (H ® K)y follows easily. Summing over k and
comparing dimensions, we find that this inclusion is an equality for each k. O

The key to the corepresentation theory of SU,,(2) is the following result:

Theorem 6.2.8. Up to equivalence, there exists for each n € N precisely one
irreducible corepresentation matrix u@y € Mpy1(SUL(2)), and the associated
weight function Wy := Wy, is given by

1, ke{-n,2—n,...,n—2,n},

Wiy (k) =
(n)( ) 0, otherwise.

(6.6)

The proof of this theorem is outlined in the next section.

Corollary 6.2.9. i) Up to equivalence, every finite-dimensional corepresentation
of (SU,(2), A) is completely determined by its weight function.

ii) For each n € N, the comultiplication A restricts to a corepresentation )
on Vipy = spanfa*c* |k +1 =n} C SU?L(Z) that is equivalent to uy).

iii) u(y >~ u.

V) Uy W U@y = U(m—n|) B U(m—n|+2) B - B upnirn—2) B Unin) for all
m,n € N.

Proof. 1) Since every corepresentation is equivalent to a direct sum of irreducible
ones (Theorem 3.2.1) and the weight function behaves additively (Lemma 6.2.7),
it suffices to show that the coefficients d, of a finite linear combination W =
> n dn W) can be reconstructed from W. But equation (6.6) implies that d,, =
Wm) — W(n + 2) foralln € N.

ii) Equation (6.4) shows that A(V(,)) S V() ® SU,(2) and

(id @) (A(@*c*)) = e @ X' forallk,l € N.

Consequently, §,) is a corepresentation with weight function W,).

iii) This follows immediately from ii) and equation (6.4).

iv) It suffices to check that the weight functions of the left- and of the right-hand
side are equal, and this can easily be verified using Lemma 6.2.7. O



148 Chapter 6. Examples of compact quantum groups

The characters y () := y(u(n)) of the corepresentations u ) (n € N) enjoy the
following properties:

Proposition 6.2.10. i) ) = 1, yq1) = a + a*, and foralln,m € N,

X X)) = X(m—n]) T X(m-n|+2) t =+ Xn+n—2) + Xn+n)- (6.7)

ii) For eachn € N,

*

), where t := 2 arccos (a —;a ) . (6.8)

sin (5

2
sin (11)

iii) The unital homomorphism C[X] — SU,(2) given by X +— () is injective.

AX(n) =

iv) For each n € N, there exists a unique f, € C[X] of degree n such that
X = fa(x))- The family (fn)nen is a basis of C[X].

Proof. 1) ya) = x(u) = a + a* because u(;) =~ u. The decomposition formula
for the product y () X (») follows from Corollary 6.2.9 iv) and Proposition 3.2.14.

ii) For each n € N, put s¢,) = sin((n + 1)¢/2). We have to show that
Sn)/S0) = X() forall n € N. Using the relations

sin(2y) = 2sin(y) cos(y), sin(x £ y) = sin(x) cos(y) % cos(x) sin(y)
forx = (n + 1)t/2, y = t/2, and inserting 2 cos(t/2) = a + a* = y(1), we find
Sy = 25(0) €0s(t/2) = s X(1):  S(r+1) T S—1) = 28(m) €08(1/2) = S(m) X (1)-

On the other hand, equation (6.7) implies x (,+1) + X (n—1) = X)X () foralln € N.
Hence y(n) = S()/s(0) foralln € N.

iii) By Proposition 6.2.5, the powers )(’(11) = (a + a*)" (n € N) are linearly
independent.

iv) Equation (6.7) shows that span{y,) | n € N} = span{)(?l) | n € N}. This
relation implies the existence of polynomials f, € C[X]such that £, (x1)) = x@m)
foralln € N and span{f, | n € N} = C[X]. Uniqueness of (f,), follows
from iii), and linear independence from the fact that the family () (,)) is linearly
independent (see Proposition 3.2.15). O

Proposition 6.2.11. For each f € Cy(R),

2
h(f(xqy) = %/;2 f(x)vV4—x2dx.
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Proof. By the Stone—Weierstrass Theorem, it suffices to prove the assertion for all
the functions f,, € C[X] (n € N) defined in Proposition 6.2.10 iv). By Proposi-
tion 3.2.15,

() = (o) xm) = So.n-

We substitute ¢ = 2 arccos(x/2), x = 2cos(t/2), use equation (6.8), and get

1 [? Ji a2
_ )
o /_2 fa(x)V4 —x2dx

1/0 sin (411) -2[sin (1) |- (= sin (1)) dt

27 s1n( )
1

_/0 sin (2411) sin (1) dt = 8o . .

2n

6.2.3 Corepresentations and differential calculi

In this subsection, we outline a proof of Theorem 6.2.8, following the approach
of Woronowicz [194]. The basic idea behind his approach is to use a differential
calculus for SU,(2) in a similar way as one uses the Lie algebra su, to determine
the irreducible representations of SU, (C).

Let us briefly recall the classical situation. Every continuous representation 7 of
SU,(C) is smooth and determined by the associated representation D of the Lie
algebra su,. The complexification of this Lie algebra is spanned by the matrices

1 0 0 1 0 O
m=(o %) x=(00) v=(5 o)

which satisfy [H, X] = 2X, [Y, H] = 2Y, [Y, X] = H, see [55, Lecture 26], [61,
Section 2.9]. Thus 7 is determined by the infinitesimal generators Ag := D (X),
Ay ;= Dn(H), Ay := Dn(Y), and the preceding commutator relations and the
unitarity of & imply

[A1, Ao] = 240, [A2,A1] =242, [A2, Ao] = A1,

6.9
AT = A, —AL = A, ©

The analysis of these relations, which is straightforward and explained in almost
every book on Lie groups or Lie algebras, leads directly to the classification of all
irreducible representations of SU, (C).

Let us now turn to the quantum group SU,(2) and construct a replacement
for the Lie algebra s11,. The basic ingredients are algebra homomorphisms fy, f1,
]{2: SU?L (2) — C andlinear maps yo, x1, X2: SUIOL (2) — C, which are determined

y

foa) = fala) = ™', fola®) = fala®) = . fila) =p~% fil@®*) = p?,
Jr(©) = fir(c® =0 fork =0,1,2,
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and
xo(c®) =—p7' xi@®) =—p® qi@) =1, yalc) = —u.
xk(x) =0 for all other cases where k € {0, 1,2}, x € {a,a”,c,c*},

Xe(xy) = xi(¥) fi () + €0(x) g (y) forall x,y € SUY(2).
For the precise construction of these maps, see [194].

Theorem 6.2.12. Denote by I' the free left module over SUg (2) with three gener-
ators w1, Wy, W3.

i) T is a bimodule over SUZ (2) with respect to the right multiplication given
by wrx = (fx * X)wg forallk =0,1,2 and x € SU?L(Z).

it) Themap d : SU?L (2) = T given by x — Y ; (xk * X)wy is a derivation, that
is, d(xy) = d(x)y + xd(y) forall x,y € SU2(2). Moreover, d(x) = 0 if
and only if x € C1.

iii) There exists a unique involution on I" such that (xd(y)z)* = z*d(y*)x* for
allx,y,z € SUZ(Z). Moreover, wf = w,, 0] = —w1, @) = w L.

Proof. See [194, Section 2]. O

The next step is the construction of an n-th order differential calculus for arbitrary
neN. LetI'?:= SU?L(Z) andput [®" :=T ®su9,2) """ BsuY (2) I' (n factors I')
forn > 1. Then I'® := ;2 , ['®" carries a natural structure of a x-algebra.
Denote by S C I'® the *-ideal generated by the elements

wo ® Wy, w1 Rwy, Wy ws,

wr @ wo + 1rwo @ wa, w1 ® wo +,u4wo R w1, w2 ®wp +M4w1 Q w2
(here, we omitted the subscripts at the tensor symbols), and put ' := I'®/S.
Since S is spanned by homogeneous elements, I' is a graded *-algebra again, that
is, ' is a direct sum of the subspaces '\ = I'®" /(I'®" N §), where n € N, and
rAnpAm ¢ pAaltm) (DA% — A% foralln,m € N. Evidently, I\° = SUY,(2)
and T'"! = I'. We denote the multiplication in ' by the symbol “A”, and call
elements w € T, where n € N, homogeneous of degree |w| = n.
Theorem 6.2.13. i) I'" is graded-commutative in the sense that o N o' =
(=DMl A @ for all homogeneous w,w’ € T

il) The map d : SUg (2) — TN extends uniquely to a *-linear map d : T —
' such that d o d = 0 and for all n € N and all homogeneous w,w’ € T,

AT C TND - d(w A ') =d@) Ao’ + (=1)1®w A d).

iii) d (wo) = wo Aw1 /(W2 +1), d(w1) = pwo Aws, d(w2) = w1 Awa /(W2 +1).
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Now we apply the differential calculus that we have just developed to the study
of corepresentations. To every corepresentation matrix v € M, (SUZ (2)), where
n € N, we associate infinitesimal generators

A} = (xx(vij))i,j € My(C), wherek =0,1,2,
and an element AY := ), A}wi € M, ().
For each complex vector space V, let us identify M, (V') with M,(C) @ V.

Proposition 6.2.14. Letv € M, (SU?L 2) = M,(C) ® SUg (2) be a unitary co-
representation matrix.

i) (id®d)(v) = vA?, (d®d)(v*) = —A"v*, and A’AY = —(id ®d)(A"),
(AY)* = —A,.

ii) Let w € Mm(SUEL(2)) be a corepresentation matrix and T € My, ,(C).
Then Tv = wT & TAY = AYT.

Proof. 1) These equations follow, in the order in which they are listed, from the
relations

dvij =Y (e * vipox = Y _virxe)ox = Y _(vAD)jjwr  foralli, j,
k k,l k
0=({d®d)(v*v) = ({d®d)(v*)v + v*({d ®d)(v) = (id ®d)(v*)v + A",
0= ({d®d)*(v) = (id ®d)(v) A" + v(id ®d)(A") = V(A" A" + (id ®d)(A")),
AV)*v* = (v4AY)* = ([dRd)(v)* = ([dRd)(v*) = —Av*.
ii) First, wTv* € My, »(C) if and only if TAY = A™ T because both conditions
are satisfied if and only if the following expression is O:

(id ®d)(wTv*) = (id ®d)(w)Tv* + wT(id d)(v*) = w(AY'T — TA)v*.
Butif wTv* € My, »(C), then T = (id @¢€)(w) T (id ®¢)(v)* = (id ®¢)(wTv*) =
wT v* because (id ®¢)(v) = 1 and (id ®¢)(w) = 1. O

Theorem 6.2.15. Let v € M,,+1(SU2 (2)) be a unitary corepresentation matrix.
Then the infinitesimal generators Ay, AY, A} satisfy

WAZAL — T AYAY = AT,
pPATAG — 2 AGAY = (1 + ) Ag,
pPAGAY — AT A = (1 + p?) A,

—(Ag)* = A3,
(AV)* = AV

Ifv is irreducible, there exists a basis (§_p,&_pia, ..., En2, &) of C" 1 such that
Abk = —Ciw1bkra,  AVSk = dibk.  Apbk = perbi—  forall k,

where dig = (W = 1)/(u™> = 1), ¢ = /(™% — p") (=" — p2%) /(W2 = 1)
iflnl < 1, and dy =2k, cx = pu((n + D(n —k + 1)Y2if |u| = 1.
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Proof. The relations for the infinitesimal generators follow easily from Proposi-
tion 6.2.14. A careful analysis of these relations, which can be found in [194], leads
to the explicit form given in the second part of the theorem. O

Note that for u = 1, the relations on the infinitesimal generators given above
coincide with the relations given in equation (6.9).

The explicit form of an irreducible corepresentation given above allows us to
compute the associated weight function and thereby prove the key result of the
preceding section:

Proof of Theorem 6.2.8. Let v € M, 1(SU},(2)) = M,11(C) ® SUY(2) be an
irreducible unitary corepresentation matrix. Foreach weight k of v, denote by py the
orthogonal projection onto the kth weight space. Then (id @) (v) = Y 4 p«k ®:zk.

Assume that || < 1. Define a linear map ¢: C[z,z7!] — C by z¥
(u=2k —1)/(u=2 — 1). We claim that y; = ¢ o 7. This relation implies

Ay = ({dex)) =) () =Y peu™ =D/ (2 - 1),
p p

and comparing with the description of A} given in Theorem 6.2.15, we find

1, ke{-n,2—n,...,n—2,n},

v(k) im(m p) 0, otherwise.

So it suffices to prove that y; = ¢ o m. We verify this equation for the basis
elements (axpq)k,p,q (see Proposition 6.2.5). Let k € Z and p,g € N. By
[194, Equation (2.5)], x1(akpq) = (f1(akpq) — 60(akpq))/(:“_2 — 1). Using
the multiplicativity of f; and €o, we easily find fi(axpq) = 81,,054,0#_2" and
€0(arpq) = 6p,084,0. Therefore,

X1(@kpg) = 8p.08q.0(0™ K = 1)/ (™2 = 1) = 85,084,00(z%) = ¢(TT(@kpq))-

The case || = 1 is treated similarly. O

6.2.4 Modular properties of the Haar state

The results on the corepresentation theory obtained in the preceding sections al-
low us to describe the Haar state of SU,(2) and the modular characters ( f7)zec
introduced in Theorem 3.2.19:

Proposition 6.2.16. i) The automorphisms ( f2);ec are determined by

fe@) = |pn|7%, fz(@") = |pl*, fz(c) =0, f:c*)=0 forallzeC.
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ii) Forall z € C,

fexa=|u|Fa=ax* f;, f;*xa*=|ulfa* =a** f3,

fexe=ulTc. cx fr=|ulfe. frrct =|ufc”

—Z %

o fr = ul Tt

Proof. 1) By equation (6.5), the matrix Sg(u) := (S3(u;j))i,; is equal to

a pu2c*
MZC a* .

A short calculation shows that the matrix F := diag(|p|™!, |i1|) satisfies u
F~1S2(u)F. Moreover, Tr F > 0. By the proof of Theorem 3.2.19, f(u;;)
(F?)j; fori, j = 1,2. The claim follows.

ii) Combine i) and equation (6.4). O

The next proposition describes the values of the Haar state on the basis elements
(Akmn) k. m.n» Which were defined by

akexmen, k>0,

Hemn == a*CRexmen e ),

Theorem 6.2.17. The Haar state h of SU,,(2) is given by

h(agmn) = Sk,08mn(1 — u?)/(1 — p>m+2), (6.10)

For every function f € C(a(c*c)),

o0
h(f(e*e)) = (1 =) Y u2 f (), ©.11)
k=0
Proof. Let k € Z, m,n € N, and z € C. Using Proposition 6.2.16 ii) and
multiplicativity of f;, we find

|(—k+m—n)z |(—k—m+n)zakmn

fz *Adgmn = |/L Akmn, Akmn * fz = “’L

On the other hand,
h(fz * agmn) = (h @ f2)(A(akmn)) = fz(Dh(@kmn) = h(akmn)

and similarly h(agmn * fz) = h(agmn). Consequently, A(axmn) = Ounlessk = 0
and m = n.

It remains to compute the value of & on the elements b,, := c¢*™¢™ for all
m € N. By Theorem 3.2.19 v),

W2 h(aa*by) = W2 h(a*bu(fi x a * 1)) = 2" h(a*bpa),
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and from equation (6.3), one easily deduces

2m+2aa*b 2m+2bm _ 2m+4b

n m = i n mt1, WA bma = by — by

Combining these relations, we find (b, ) (> 12 — 1) = h(bpy1) (W™ —1).
Using the relation 4(bg) = h(1) = 1, we obtain equation (6.10). This equation
implies that equation (6.11) holds whenever f has the form f(x) = x™ for some
m € N. Since such functions are linearly dense in C(o(c*c)), equation (6.11)
holds for all f € C(o(c*c)). O

6.3 Products of compact quantum groups

The free product and the tensor product of compact quantum groups were intro-
duced by Wang [185], [186], [187]. We briefly outline these general constructions,
describe the irreducible corepresentations of a product in terms of the irreducible
corepresentations of the two factors, and compare the algebraic and C *-algebraic
versions.

Free products of compact quantum groups

Let A and B be unital algebras. The free (unital) product of A and B is a unital
algebra A * B with embeddings ty: A < A % B and tp: B <— A % B such that
for each unital algebra C and each pair of unital homomorphisms f: A — C and
g: B — C, there exists a unique unital homomorphism f * g: A * B — C such
that (f*g)oty = f and (f *xg)otp = g, thatis, the following diagram commutes:

A2~ 4xB<2-B
/
f f*g g
\v
C.

Routine arguments show that A * B is uniquely determined up to isomorphism, that
A x BP =~ (A % B)°P, and that A * B carries a unique structure of a *-algebra
such that the embeddings ¢4 and tp become *-homomorphisms whenever A and B
are x-algebras.

The free product of unital C *-algebras is defined similarly — just replace algebras
and homomorphisms by C *-algebras and *-homomorphisms.

We adopt the following notation: for each n € N, we denote by i4: M, (4) —
M, (A = B) the map given by (u;;);,; — (ta(ui;));,;. Likewise, we define ip.

Throughout this subsection, we treat the algebraic and the C *-algebraic setting
in parallel and use the symbol “®” to denote the algebraic tensor product of *-
algebras and the minimal tensor product of C *-algebras.
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Theorem 6.3.1. Let (A, Ay) and (B, Ap) be algebraic or C*-algebraic compact
quantum groups. Then there exists a unique comultiplication A on A x B such that
(A, Ayq) = (B,Ap) := (A x B, A) is a compact quantum group and the maps 14
and g are morphisms of compact quantum groups.

Proof. By the universal property of A x B, there exists a unique *-homomorphism
A: Ax B — (A * B) ® (A x B) such that the following diagram commutes:

ta B

A Ax B B

(ta®tq)oA 4 é (tp®LB)oAp
~ P

(A* B)® (A * B).

The coassociativity of A4 and A p immediately implies that A is coassociative.

If (A, A4) and (B, Ap) are algebraic compact quantum groups, then (A * B, A)
is a Hopf *x-algebra. Indeed, if €4, S4 and €p, Sp denote the counit and the antipode
of (A, Ay) and (B, Ap), respectively, then the maps € := €4 xep: A * B - C
and S := (1400 0 Sy) * (tgor 0 Sp): A* B — A x B°P =~ (A * B)°P are a counit
and an antipode for (4 * B, A), as one can easily check.

Let us show that (A * B, A) is a compact quantum group. The C *-algebra/x-
algebra A * B is generated by t4(A) and tp(B), and by Theorem 3.2.12 or 5.3.11,
respectively, A and B are generated by the entries of unitary corepresentation ma-
trices. But if u is a unitary corepresentation matrix of (A, Ay) or (B, Ap), then
T4(u) or ip(u), respectively, is a unitary corepresentation matrix of (4 x B, A).
Applying Theorem 3.2.12 or Theorem 5.3.11 again, we find that (A * B, A) is a
compact quantum group. O

Corollary 6.3.2. If (A, Ag,u) and (B, Ap, v) are compact matrix quantum groups,
then sois (A * B, A, T4(u) Big(v)). O

The Haar state of (A % B, A) turns out to be the free product of the Haar states of
(A, Ayg) and (B, Ap). The free product of states was introduced by Voiculescu; it is
a fundamental concept in free probability theory [184]. Let us briefly recall how it
is defined. If ¢ and v are states on *-algebras/C *-algebras A and B, respectively,
then there exists a unique state ¢ * ¥ on A x B, called the free product of ¢ and ¥,
such that

) (@xy)owy=¢and(¢*y)oip=1;

ii) if ¢y, ..., ¢, are elements of ker ¢ or ker ¢ and no adjacent elements belong
to the same algebra 4 or B, thenc; ...c, € ker(¢ * ¥);

see [184, Chapter 1]. In the algebraic setting, the existence of ¢ * i is easy to
show; in the setting of C *-algebras, one can define a free product of the GNS-
constructions for ¢ and ¥, which yields a GNS-construction for ¢ * . The image
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of A % B under the GNS-representation for ¢ * v is called the reduced free product
of (A, ¢) and (B, ¥); it is denoted by (A4, ¢) * (B, ¥).

Proposition 6.3.3. Let (A, Aq) and (B, Ap) be compact quantum groups with
Haar states hyq and hp, respectively. Then the Haar state of the compact quantum
group (A * B, A) is equal to the free product hg * hp.

Proof. We only need to show that h := hy * hp is left-invariant. Let (u%),
and (vP) g be maximal families of non-trivial pairwise inequivalent irreducible
corepresentation matrices of (4, A4) and (B, Ap), respectively. Denote by W C
A * B the subset of all elements of the form

w:wg/llj]...wl?;"jn € Ax B, (6.12)
where n > 1, each wl?'”’?jm is a matrix entry of some i4(u®) or ig(v#), and no
adjacent factors are taken from the same algebra 4 or B.

By Theorem 3.2.12 or 5.3.11, the unit 1 € A * B and the set W span (a
dense subspace of) A « B. Evidently, i(1) = 1 = (id ®h)(A(1)). We show that
h(w) =0 = (id ®h)(A(w)) for each w € W, and then the claim follows.

By Corollary 3.2.7, hA(u;.’;.) =0= hB(v,’fl) forall o, i, j and B, k,[. Combin-
ing this relation with condition ii) in the definition of the free product of states, we
get h(w) = 0 for each w € W. Moreover, if w is as in (6.12), then

(d®h)(Aw) = Y W/, - wln ) hy o wlt ) =0. O
ki,kn

The irreducible corepresentations of a free product are easily determined. Given
acompact quantum group (A, A), let us call a maximal family of pairwise inequiva-
lent non-trivial unitary irreducible corepresentation matrices a representative family.

Proposition 6.3.4. Let (A, Aq) and (B, Ap) be compact quantum groups with
representative families (u®)q and (v#) g, respectively. Then a representative family
for (A = B, A) is given by all corepresentation matrices of the form

w" XK} whn (6.13)

where n > 1, each wY™ belongs to (i4(u%)) or (ip (vﬂ))ﬂ, respectively, and no
two adjacent factors are taken from the same family.

Proof. Denoteby hy and h g the Haar states of the compact quantum groups (A4, A4)
and (B, Ap), and recall from Proposition 6.3.3 that the Haar state & of (A x B, A)
is equal to the free product i4 * hp.

‘We show by induction on n that for every corepresentation matrix w as in (6.13),
the associated character y(w) satisfies 2(y(w)* y(w)) = 1; then w is irreducible
by Corollary 3.2.16.
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For n = 1, the assertion is evident because w = w?! is irreducible. So, let
n > 1 and assume that the assertion holds for n — 1. By Proposition 3.2.14, y(w) =
X1---Xn» Where yx := y(w¥%) for k = 1,...,n, and by Corollary 3.2.7 and
Proposition 3.2.15, h(xx) = 0 = h(y) fork = 1,...,n—1,and h(x7x1—1) = 0.
Using condition ii) in the definition of the free product # = hy * hg, we find
h(xy .. x5(ix1 —Dx2... xn) = 0, and inserting the induction hypothesis, we
obtain

hGrw)* x(w) =h(xy .. xaxix102---xn) =h(xp .o x3x2--- xn) = L.

Thus every corepresentation of the form given in (6.13) is irreducible. Evidently,
the entries of the corepresentation matrices given in (6.13) include all elements of
A x B of the form given in (6.12). Therefore these matrix entries and the unit
1 € A * B span (a dense subspace of) A x B. From Corollary 3.2.8 or 5.3.9, it
follows that every non-trivial irreducible corepresentation matrix of A * B has, up
to equivalence, the form given in (6.13). O

Let us briefly clarify the relation between the algebraic and the C *-algebraic
free product. Recall from Section 5.4 that to every CQG (A, A), one can associate

* an algebraic CQG (A4g, Ag) = (4, A)y,
* a universal and a reduced C *-algebraic CQG (4,,A,) = (A4,A), and
(A;, Ar) = (A, A),, respectively.
Proposition 6.3.5. Let (A, Ay) and (B, Ap) be compact quantum groups.

i) ((A,A4) * (B,AB))o = (A, Ag)o * (B, Ag)o.
i) ((A,A4) * (B, Ap))u = (A, As)y * (B, AB)y.

iii) Denote by hy and hp the Haar states of (A, Aq)r and (B, Ap);, respectively.
Then (A x B), = (A;,h4) * (B, hp).

Proof. Assertion i) follows easily from Proposition 6.3.4, ii) from the definitions,
and iii) from Proposition 6.3.3. O

Corollary 6.3.6. Let (A, Ag) and (B, Ap) be CQGs, and denote by hy, hp the
Haar states of Ay, By, respectively. There exists a comultiplication A, on (Ay, hy)*
(B, hp) such that ((Ay, hq) * (By,hp), A;) is a reduced C*-algebraic CQG and
the natural maps A, B — (A, hy) * (B, hg) are morphisms of CQGs. O

Tensor products of compact quantum groups. To each pair of compact quantum
groups, one can associate a tensor product which is a compact quantum group again.
We briefly summarize this construction; the main results can be proved by similar
techniques as used in the case of a free product.
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We adopt the following notation. Let A and B be algebras/C *-algebras. We

denoteby A ® B the algebraic tensor product/the maximal C *-tensor product, and
(max)

byig,tp: A —> A ® Bthenatural mapsgivenbya —>a ® lpanddb > 14 ® b,
(max) (max) (max)
respectively. As before, the minimal tensor product of C *-algebras C and D is

denoted by C ® D. For eachn € N, we denote by ig: M,(A) > M,(A ® B)

(max)
the map given by (u;;);,; — (ta(u;;));, ;. Similarly we define ip. A representative
Sfamily for a compact quantum group is a maximal family of pairwise inequivalent
non-trivial unitary irreducible corepresentation matrices.

Proposition 6.3.7. Let (A, Ay) and (B, Ap) be compact quantum groups.

i) There exists a unique comultiplication A on A ® B such that
(max)

(A4, AA) ® (B Ap):=(A ® B,A)

(max)

is a compact quantum group and 14 and (g are morphisms of CQOGs.

ii) Denote by hq and hp the Haar states of (A, A4) and (B, Ap), respectively.
Then the Haar state of (A @ B,A)ishgy ® hp.

(max) (max)

iii) If (u®)y and (vﬂ)ﬁ are representative families for (A, Ayg) and (B, Ap),
respectively, then (14 (u*) X ip (vﬂ))a,ﬂ is a representative family for (A ®
B A) (max)

iv) If (A, Ag,u) and (B, Ap,v) are CMQGs, then (A @ B, A, T4(u) Big(v))
(max)
is a CMQG.

v) In the notation introduced before Proposition 6.3.5,

(@) ((4, AA) ® (B,AB))o = (A, AA)o ® (B,Ap)o;

max de
() ((4, AA) ® (B Ap)u = (4, AA)u ® (B AB)u;
© A,®Br;(A(®)B),. O

Corollary 6.3.8. Ler (A, Ay4), (B, Ap) be CQGs. Then there exists a unique
comultiplication A, on Ay @ By such that (A; ® By, A;) is a C*-algebraic CQG
and the natural maps A, B — A, ® B, are morphisms of CQGs. O
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6.4 The free unitary and the free orthogonal quantum groups

The free unitary quantum groups are universal compact matrix quantum groups
which contain every other compact matrix quantum group as a quantum subgroup,
very much like the unitary groups contain every other compact Lie group as a Lie
subgroup. They were introduced by Wang [185], [186] and generalized by Wang
and Van Daele [179]. Wang and Van Daele also introduced the free orthogonal
quantum groups, whose definition was slightly modified by Banica [12]. In this
section, we shall only give a brief overview of the definition and some fundamental
properties.

Definition and first properties. The free unitary and the free orthogonal quantum
groups are defined as follows:

Definition 6.4.1. i) For each ' € GL,(C), we denote by A, (F) the universal
unital C*-algebra generated by elements u;; (1 < i, j < n) such that the matrices
u = (u;;);,; and FuF~! are unitary.

ii) We call a matrix F € GL,, (C) admissible if FF € R1. For each admissible
F € GL,(C), we denote by A,(F) the universal unital C *-algebra generated by
elements v;; (1 < i,j < n) such that the matrix v = (v;;);,; is unitary and
v=FuoF~ L

Remarks 6.4.2. i) In Definition 6.4.1 i), the matrix Fu F~! is unitary if and only
if

W' (F*FYa(F*F) ' = 1 = (F*F)u(F*F) 'u'".

In particular, A, (F) = A, (F') whenever F*F = F'*F’. Therefore, some au-
thors denote the C *-algebra A, (F) defined above by A,,(Q), where Q = F*F.

ii) In Definition 6.4.1 ii), the unitary matrix v satisfies v = Fo F~! if and only
if v* = (F*)~'v! F*, and this relations holds if and only if

VIF*u(F*) ™ =1 = F*u(F*) W',
iii) Evidently, A, (F) = A,(AF) for each admissible F andeach A € C, A # 0.

The C *-algebras A, (F) and A,(F) are compact matrix quantum groups:

Proposition 6.4.3. i) For each F € GL,(C), the C*-algebra A, (F) carries a
unique comultiplication A, that turns (A (F), Ay, u) into a C *-algebraic compact
matrix quantum group.

i) For each admissible F € GL,,(C), the C*-algebra A,(F) carries a unique
comultiplication A, that turns (A, (F), Ao, v) into a C*-algebraic compact matrix
quantum group.
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Proof. i) For each w € M, (A, (F)), put Ap(w) := (3 ; wix ® Wij); ;- By the
universal property of A, (F), it suffices to show that A, (u) and FA, (u)F~! are
unitary. But by Lemma 6.1.12, A, (u) and A, (Fi F~1) are unitary, and a similar
calculation as in equation (6.1) shows that A, (FuF~!) = FA,(u)F~!.

i) The proof is similar as for 1). O

Remark 6.4.4. Let (4, A, w) be a compact matrix quantum group and assume
that w = FwF~! for some F € GL,(C). Then w = FFwF-1F~! =
(FF)w(FF)™'. If FF ¢ C1, then by Schur’s Lemma (Proposition 5.3.4), w
is reducible. Moreover, it is easy to see that FF € C1 implies FF € R1. These
observations motivate the restriction to admissible F € GL, (C) in the definition
of Ay(F).

The quantum groups A, (F) are universal in the following sense:

Proposition 6.4.5. Let (A, A, w) be a C*-algebraic compact matrix quantum
group, where w € M, (A), n € N.

i) There exist an F € GL, (C) and a x-homomorphism f: A,(F) — A such
that f(u;;) = w;j; foralli, j. This f is surjective and a morphism of compact
matrix quantum groups.

il) If w is irreducible and w >~ w, then there exist an admissible F € GL,(C)
and a x-homomorphism [ : Ao(F) — A suchthat f(v;;) = w;; foralli, j.
This [ is surjective and a morphism of compact matrix quantum groups.

Proof. 1) By Theorem 5.3.3 1), w is equivalent to a unitary corepresentation matrix.
Hence there exists an F € GL,(C) such that Fw F~! is unitary. Now the existence
of f follows from the universal property of A, (F).

ii) The proof is similar to the proof of i), see also Remark 6.4.4. O

Definition 6.4.6. For each F' € GL,(C), we call (4, (F), Ay, u) the free unitary
C*-algebraic quantum group with parameter F. For each admissible F € GL,(C),
we call (4, (F), Ay, v) the free orthogonal C*-algebraic quantum group with pa-
rameter F.

The next result clarifies to which extent (A, (F), Ay, u) and (A,(F), Ao, v)
depend on F. To avoid ambiguities, let us index the generators u;;, v;; and the
comultiplications A,,, A, by F.

Proposition 6.4.7. i) Let F € GL,,(C) and F’' = FU for some U € U,(C). Then
(Au(F). A uF) = (Au(F), A 0,

ii) Up to similarity, (Ay(F), AF ,uf) depends only on the list of eigenvalues
(with multiplicity) of F*F.

iii) Let F € GL,(C) be admissible and U € U, (C). Then F' := UFU" is
admissible and (A,(F), AF ,vF) ~ (4,(F'), AF' vF").
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Proof. 1) Since the matrices U, u*", F'uf’(F')~! are unitary, soare w := Uuf U*
and Fo F~!' = FUuf'U*F~!. Consequently, we can define a *-homomorphism
f: Ay(F) — Ay, (F’) such that f(uf;) = wj; for all i, j. By similar arguments,
we can define a *-homomorphism A4, (F’) — A, (F) that is inverse to f. There-
fore, f is an isomorphism.

ii) This follows directly from i).

iii) The matrix F’ is admissible because F'F’ = UFU'UFU* = UFFU* €
R1. Moreover, the matrix w = U*v¥ U is unitary and satisfies Fw F -1 =
U*F'vF'F'/~lU = U*vF'U = w. Consequently, we can define a s-homo-
morphism f: A,(F) — A,(F’) such that f(vg) = wj; forall i, j. By similar
arguments, we can define a *-homomorphism A4,(F’) — A,(F) that is inverse
to f. The claim follows. O

For each admissible matrix F' € GL;(C), the compact matrix quantum group
(4,(F), Ay, v) coincides with the compact matrix quantum group (SU,(2), A, u)
introduced in Section 6.2:

Proposition 6.4.8. For each pu € [—1,1]\ {0}, the matrix F := (_Moﬂ é) is
admissible and (SU,(2), A, u) = (Ao(F), Ay, v). Moreover,

{(Ao(F), Ap,v) | F € GL,(C) admissible}
={(SULQ2). A u) | p € [-1. 1]\ {0}}.

Proof. This follows from Lemma 6.2.2, Proposition 6.4.7 iii), and elementary linear
algebra, see [13, Proposition 7]. O

The corepresentation theory of the free orthogonal quantum group. The co-
representation theory of the free orthogonal quantum group (A4,(F), A,) is very
similar to the corepresentation theory of (SU,,(2), A). It was determined by Banica
[12]. We shall outline the main results and the steps of the proofs.

We fix an admissible F' € GL,(C), where n € IN. To determine the corepre-
sentation theory of (A4, (F), Ay, v), we shall use the results on the corepresentation
theory of the C *-algebraic compact matrix quantum group (SU,,(2), A, u) that were
obtained in Section 6.2. From now on, u# denotes the fundamental corepresentation
matrix of SU,(2).

Proposition 6.4.9. dim Hom(v®", v®") < dim Hom(u®", u™") for all r € N.

Proof. We outline the main steps of the proof; for details, see [12]. Let us fix some
notation. We put H := C” and define

e I, :=idgye, forall p € N;
*E:C>H®HbYyE(l):=3;; Fjie; ®ej;
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Vg =1, @ E®I,;: H®P+D _ gOWp+2+d) forall p, q.

Step 1. Denote by Z the category with objects H®" (r € N) and morphism
sets Z(H®", H®S) C £(H®", H®%) consisting of all finite linear combinations
of compositions of maps of the form 7, V, 4, fo 7 where p, ¢ € N. This category
carries the structure of a concrete monoidal W*-category [195], and as such cor-
responds to a compact matrix quantum group [195, Theorem 1.3] which is given
by the same relations as A, (F). Hence, Hom(u™", u®*) = Z(H®", H®*) for all
r,s € N.

Step 2. Using Step 1, one shows that Hom (1™, u®") is generated (as a *-alge-
bra) by the I, (r € N) and by the elements f; := I;—; ® P ® I,_s_1, where
s=1,....,r—1and P := EE*/||E(1)|?>. These elements satisfy

i) f2=fr=fiforalll <s <r—1,
i) fsfr = frfsforalll <s,t <r—1with|s—¢| > 2,
i) Bfsfifs = fsforalll <s,t <r—1with|s—t]| =1,
B = |E()||*/||F F||?. These are just the relations defining the Temperley—Lieb
Algebra Ag ,, see [71]. Consequently, dim Hom(ugr, u'g’) <dim Ag ;. Itis well
known that the dimension of Ag , is the Catalan number C, = (2r)!/(r!(r + 1)!)

[71, Aside 4.1.4].
Step 3. By Corollary 3.2.16 and Proposition 6.2.11,

1 2
dim Hom(v®", v®") = hgu(x ()" x(v)") = E[ X2 V4 — x2dx,
-2

where hgy denotes the Haar state of (SU,(2), A). A routine calculation shows that
this integral is equal to the Catalan number C;; see, for example [12, Remarque
after Corollaire 1]. Summarizing, we obtain

dim Hom (u®",u®") < dim Ag, = C, = dim Hom(v®", v®"). O

Denote by (u())ren the irreducible corepresentation matrices of (SU(2), A)
given in Theorem 6.2.8, and by (y(r))ren the associated characters. By Proposi-
tion 6.2.10 iii), the subalgebra C[y(u)] C SU,(2) generated by y(u) = x(1) is just
the polynomial algebra. Therefore we can define a unital homomorphism

®: Clxw)] — Ao(F),  x(u) = x(v).

Theorem 6.4.10. For each r € IN, there exists an irreducible corepresentation
matrix vy of (Ao (F), Ao) such that x(v)) = P(x())-

Proof. For r < 1, the assertion is satisfied with vy = 1 and v(;) = v. We prove
by induction on r that there exists an irreducible corepresentation matrix vy such
that v,—1) X v >~ v—2) Buygy and y(vey) = ®(x¢)) forall r > 2.
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Assume that the assertion holds for all s < r. Using Frobenius reciprocity
(Proposition 3.1.11), the relation v ~ v, and the induction hypothesis for r — 1, we
find

Hom(v(—2), v(r—1) B v) = Hom(v—2) B v, v—1)) # 0.

Since v(,—z) is irreducible, it follows from Theorem 5.3.3 that v, —1) Kv >~ v, _,)H
v(r) for some corepresentation matrix v(,), and by Proposition 3.2.14 and 6.2.10 i),

1) = xWe—1))x() = x(e—2) = PUxe—nxa) — Xr—2) = ®(x))-

We show that Hom(v(), v()) has dimension one, and this implies that v(;) is
irreducible. An inductive application of the formula () x(1) = X(s—1) + X(s+1)
for s < r (see Proposition 6.2.10 1)) shows that there exist numbers a(r,s) € N
such that

X@®) = 10y = 2o + Y a(r.9)xe)-

s<r
Applying @, we get
AP = 1) = 1) + D alr.9)x(ve). (6.14)
s<r

By Corollary 3.2.16, dim Hom (u®", u®") = 1 + > o<, a(r,s)?, and using irre-
ducibility of v(s) for s < r and Proposition 6.4.9, we find

dim Hom(vy)., v(r)) < dim Hom (0™, v®") — Za(r,s)z
s<r
< dim Hom(u®", u®") — Za(r, $)?=1. O

s<r

Remarks 6.4.11. i) For n = 2, we have vy € M,11(4,(F)), see Proposi-
tion 6.4.8 ii) and Theorem 6.2.8. For n > 3, one can show by induction that
V) € M;(Ao(F)) for z := (x"t1 — y"*t1)/(x — y), where x and y are the
solutions of the equation X2 —nX + 1 = 0.

ii) The proofs of Proposition 6.4.9 and Theorem 6.4.10 show that foreachr € N,
the algebra Hom (v®", v®) is the Temperley—Lieb algebra A4 B.r-

Knowing the characters of the corepresentation matrices v(), we can draw the
following conclusions:

Corollary 6.4.12. i) vy = 1, vq) = v, and forall r,s € N,

V() B V() = V(lr—sl) B V(r—s+2) B B UG45-2) B UG4s).
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ii) Every irreducible corepresentation matrix of (Ao (F), A,) is equivalent to
V() for some r € N.

iii) The unital homomorphism C[X]| — A, (F) given by X +— x(v) is injective.
iv) y(v) is semi-circular with respect to the Haar state h of (Ao (F), A,) in the
sense that

2
h(f(x(v))) = %/_2 f(x)V4—x2dx foreach f € Co(R).

V) (A4o(F), Ap) is not amenable if n > 2.

Proof. i) Clearly, x(v@)) = 1 and x(v(1)) = ®(x(u)) = x(v). Using the relation
X)) = P(y) fort = |r —s|,...,r + s and Proposition 6.2.10 i), we find

X)X () = xr=s) + XOr=s|+2)) + -+ XV +s—2)) + X VG +5))-

This relation, Proposition 3.2.14, and Corollary 3.2.16 imply the decomposition
formula for vy X v(y).

ii) By Lemma 6.1.5, every irreducible corepresentation of (A4, (F), A,) is con-
tained in v®” for some r € N, and formula (6.14) shows that v® is a direct sum
of copies of the corepresentations v() fors = 0,...,r.

iii) By Proposition 3.2.15, the family (x(v()))r is linearly independent, and
equation (6.14) implies that so is the family (y(v)"),.

iv) Using the Stone—Weierstrass Theorem, we see that it suffices to prove the
assertion for f € C([-2,2]) of the form x — x”, where r € N. Denote by
hgy the Haar state of SU,(2), and let a(r,0) be as in formula (6.14). Then by
Corollary 3.2.16 and Proposition 6.2.11,

h(x(v)") = dim Hom(v(, V@) = a(r, 0)

1 2
= dim Hom(u(g), u®) = hsy(x(u)") = E/ x" V4 —x2dx.
-2

v) Assume that n > 2 and that (4,(F), A,) is amenable. Then the Haar
state /1 is faithful, and iv) implies that the spectrum of y(v) is contained in the
interval [—2,2]. Hence n — y(v) is invertible. On the other hand, if (4,(F), A,)
is amenable, the counit € of the corresponding algebraic compact quantum group
extends to a x-homomorphism €¢: A,(F) — C, and €(n — y(v)) =n —n =0 by
Proposition 3.2.14, contradicting the invertibility of n — y(v). O

The corepresentation theory of the free unitary quantum group. The corepre-
sentation theory of the free unitary quantum group (A, (F), A,) was determined
by Banica [13]. We shall only state the main results; for the proofs see [13].
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Let us start with some preliminaries. We denote by N x N the free coproduct
of the monoid N with itself, by &, B € N * N the two canonical generators, and by
e € N x N the neutral element. Thus N % N can be identified with the set of all
words in @ and 8, where e corresponds to the empty word and the multiplication is
given by concatenation. Finally, we denote by x > X the unique antimultiplicative
involution on N % N defined by ¢ :=e,@ := 8, B := «.

We fix an F € GL,(C), where n € N, and consider the free unitary quantum
group (Ay(F), Ay, u).

Theorem 6.4.13. i) There exists a family of pairwise inequivalent irreducible co-
representation matrices (Ux)xeNxN Of (Ay(F), Ay) such that

Ue =1, Ug=u, ug=1u, Uyx=1uz, uxXu, = E Ugp

a,b,c € NxN
x=ac,y=ch

for all x,y € N. Every irreducible corepresentation matrix of (Ay(F), Ay) is
equivalent to uy for some x € N x N.

ii) Denote by C{X, X*) the free unital x-algebra with generators X and X*.
Then the unital *-homomorphism C(X, X*) — A,(F) given by X — x(u) is
injective.

iii) y(u) is semi-circular with respect to the Haar state h of (Ay(F), Ay) in the
sense that

2
h(f(x(uw))) = %/;2 f(x)vV4—x2dx foreach f € Co(R).

iv) Assume that FF € R1. Denote by A, (F), and A,(F), the reduced C*-
algebraic quantum groups associated to A, (F) and A, (F), respectively, by h, ,
and hT the Haar states of Ao(F), and C(T), respectively, and by z € C(T) the
canonical generator. Then there exists an isomorphism of C*-algebraic compact
quantum groups Ay (F)r — (C(T), ht) * (Ao(F)r, hor) such that u;; — z * vj;
foralli, j.



Chapter 7
Multiplicative unitaries

Multiplicative unitaries are fundamental to the theory of quantum groups in the set-
ting of C *-algebras and von Neumann algebras, and to generalizations of Pontrjagin
duality. Roughly, a multiplicative unitary is one single map that encodes all struc-
ture maps of a quantum group and of its generalized Pontrjagin dual simultaneously.
In some more detail, the most important features of multiplicative unitaries are the
following:

* To every “reasonable” quantum group, one can associate a multiplicative
unitary (see Examples 7.1.4, 7.1.6, 7.1.7, and Theorems 8.3.1, 8.3.18).

* Out of every multiplicative unitary, one can construct a dual pair of von Neu-
mann bialgebras and (if the unitary is well-behaved) a dual pair of “reduced”
C *-bialgebras (see Section 7.2). Moreover, one can define a dual pair of
“universal” C *-bialgebras, using the concept of a representation and a core-
presentation of a multiplicative unitary [7, Appendice].

These two constructions facilitate the transition

* between the three guises of a quantum group (see Sections 4.3, 8.3.4 and
Theorems 5.4.5, 7.2.14);

* from a quantum group (in form of a C *-bialgebra/von Neumann bialgebra)
to the dual quantum group. This is the first key step in generalized Pontrjagin
duality (see Section 8.3.3). The second step in that duality — the identification
of the bidual — can also be achieved via the associated multiplicative unitaries
(see Theorem 8.3.15 and its proof).

Further important features of multiplicative unitaries are:

* Some examples of quantum groups are most easily constructed via a multi-
plicative unitary (see, e.g., Section 8.4).

 If a multiplicative unitary is modular, then one can construct from it an-
tipodes on the associated “reduced” C*-bialgebras (see Section 7.3.2). Un-
der favorable circumstances, one can also construct Haar weights on these
C *-bialgebras (see [205] and [67, Section 1.4]).

* Multiplicative unitaries play a central r6le in the construction of reduced
crossed products for coactions, in the construction of dual coactions, and in
the proof of Baaj—Skandalis duality (see Chapter 9).
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In the duality theory of locally compact groups and of crossed products, first
examples of multiplicative unitaries were used for some time, before Baaj and Skan-
dalis introduced the general definition and developed a beautiful and rich theory
[7]. Building on their work, Woronowicz introduced the class of manageable mul-
tiplicative unitaries [201], which is particularly well adapted to operator-algebraic
approaches to quantum groups.

7.1 The concept of a multiplicative unitary

Multiplicative unitaries are easily defined in terms of one short equation, but without
a discussion of examples, the motivation for and the implications of this short
equation are difficult to grasp. Therefore let us first consider an algebraic variant
of a multiplicative unitary.

7.1.1 Motivation
Let (A, A) be a bialgebra. Consider the maps 77,7>: A © A — A © A given by

Ti(@a ©b) = A(a)(1 ©b) and Ta(a ©b) = (a © DA(D),

respectively. By Theorem 1.3.18, (A, A) is a Hopf algebra if and only if 7} and T,
are isomorphisms, and in that case, the counit and the antipode of (A4, A) can be
reconstructed from 77 or T3. If (4, A) is a Hopf algebra, we can even reconstruct
its multiplication and comultiplication from the map 77 — thus all structure maps
of an arbitrary Hopf algebra can be encoded by one single map. Let us explain in
detail how this reconstruction works.

For arbitrary a € A, f € A’, consider the linear map 7, : A — A given by

tra(b) == (f ®id)(Ti(a © b)) forallb € A.

Inserting the definition of 77, we find that 7, (b) = (f © id)(A(a))bforallb € A.
Denote by 7: A — Homy (A) the left regular representation, that is, 7 (c)b = ¢b
forallc,b € A. Thents, = n((f © id)(A(a))), and

spanf{ts, |a € A, f € A’y = n(A) = A as algebras,
because A is spanned by elements of the form ( f © id)(A(a)), where a € A and
f e A’ (simply let f = ¢).
The comultiplication A can be recovered from 77 as well: the formula

Ti((c © 1)(a © b)) = A(ca)(1 © b) = A(c)T1(a © b)

shows that (r © 7)(A(c)) = Ty (w(c) © id)T] ! forall ¢ € A.
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Implicitly, we recovered simultaneously with the Hopf algebra (A4, A) also the
dual algebra A’. However, this algebra can also be reconstructed directly from the
map T in a similar way as A: For arbitrary b € A, f € A’, consider the linear
map t}’,,b: A — A given by

t}’b(a) = (@G{d © f)(Ti(a ® b)) foralla € A.

Inserting the definition of 77 again, we find that t}, p(@) = (d © f(-b))(A(a)) =
f(-b)*aforalla € A. Foreach g € A’, denote by p(g) € Homg (A) the operator
given by a — g *x a. Then t]’,’b = p(f(-b)). The map p: A — Homy(A), g
p(g), is an algebra homomorphism by Lemma 1.3.10 and easily seen to be injective.
We have

spanitr, | b e A, f e A} =p(A") = A" asalgebras,

because A’ is spanned by elements of the form f(-b), where f € A’ and b € A
(simply let b = 14).

The comultiplication on A’ can only be defined in form of the dual Ay : A" —
(A ©® A)' of the multiplication map of A. However, we can extend the homomor-
phism p © p: A’ ® A’ - Homg (4 © A) to (A © A)’ by the formula

(p © P)(@)a ©b) := Y aqy © bywlae) © be).

and the calculation

(id © p(/)(Ti(a © b)) =Y am) © aba) f(a@be)
=Y Ti(aq) © bq) fla@be))
=Y Ti(ag) © bayAw(f)ae) © b))

shows that (p © p)(Aar(f)) = T;1(id © p(f))T; forall f € A'.
Let us add that this reconstruction procedure extends to algebraic quantum
groups after straightforward modifications.

7.1.2 Definition and examples
The definition of a multiplicative unitary involves the following leg notation:

Notation 7.1.1. Let H be aHilbert spaceand T € £(H ® H). We define operators
Tt2). Tiz3). Tiisp € £(H © H ® H) by the formulas

T[12] =T ®idy, T[23] = idy ®T,
T[13] = E[12]T[23]E[12] = E3[23]7“[12]2[23],
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where ¥ € £(H ® H) denotes the flip £ ® n — 1 ® &. Thus, the lower indices i,
J on Tj;;; indicate the two factors of the tensor product H ® H ® H on which T’
acts.

More generally, given an operator 7 € £(H ®k), an n > k, and indices 1 <
i1 <--+ < i < n, we define an operator T[;, ;] € L (H®") by letting T act on
the factors at the positions iy, . .., ig. Clearly, this notation can also be extended to
tuples of indices (i1, ..., i) that are pairwise distinct but not necessarily ordered,
for example, for k = n = 2, we put Ty = XTX.

Of course, the notation introduced above can also be applied to operators on
algebraic tensor products of vector spaces and, more generally, to morphisms in
any tensor category.

Definition 7.1.2. A multiplicative unitary on a Hilbert space H is a unitary V €
£(H ® H) that satisfies

Vi3 Vizs) = Viea1 a2y (7.1

Remarks 7.1.3. i) Equation (7.1) holds if and only if the following diagram com-
mutes:

HQH®H
V2 wH® V23]
HQ H®H H® H®H
(7.2)
V23 Vha
HRHQH H®H®H.

[13]

Therefore, (7.1) is called the pentagon equation.

ii) For every Hilbert space H, the identity idgg g is a multiplicative unitary
on H.

iii) Given a multiplicative unitary V' on a Hilbert space H, we can construct the
following new unitaries:

Opposite unitary. The operator VP := XV*¥ is a multiplicative unitary,
called the opposite of V. It will play an important rdle later on.

Unitary transformation. If K is a Hilbert space and U € £(H, K) a unitary,
then the operator W := (UQU)V(U*QU™*) € £(K® K) is amultiplicative
unitary on K. Two multiplicative unitaries V and W are called equivalent if
they are related this way.

Tensor product. If W is amultiplicative unitary on some Hilbert space K, then
the operator VW := V131 W4 € £(H ® K ® H ® K) is a multiplicative
unitary on H ® K.
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Let us consider some examples of multiplicative unitaries:

Example 7.1.4. Let G be a locally compact group with left Haar measure A and
right Haar measure A~1. For u = A, A7!, we identify L?(G, 1) ® L?(G, i) with
L?(G x G, ;. x i), where 11 x p denotes the product measure. Then the operators

Vg € £(LA(G. A ® LA(G,A7Y),  Wg € £(L*(G, 1) ® L*(G, 1)),
(V6O (x,y) := L(xy, »), (WaO)(x.y) = {(x. x7"y),

respectively, are multiplicative unitaries. Indeed, Vi and Wg are isometric because
A~ and A are invariant with respect to right or left translations, and their images are
dense because the maps (x, y) — (xy, y) and (x, y) — (x,x~'y) are homeomor-
phisms of G x G. The pentagon equations for Vg and Wg amount to associativity
of the multiplication in G and can be verified by straightforward calculations, for
example,

(VeraVen28)(x, y,.2) = Vena9(x, yz, z) = {(x(yz), yz, z)
and

Ven21VeusnVorza ) (x. y.2) = Vo Vo9 (xy, . z)
= (V310 ((xy)z,y,2) = {((xy)z, yz,2)

forall ¢ € L?2(G x G x G, A7 ' xA7 I xA™) = L2(G, A" H)®3 and all x, y,z € G.
Short calculations show that the multiplicative unitaries V5" and W' act as follows:

V5O, y) = E0e,yx™h) and  (WP0)(x, y) = {(yx, »).

The multiplicative unitaries that arise from groups as in the previous example
can be characterized as follows.

Example 7.1.5. A multiplicative unitary V' is called commutative if V[;3) commutes
with V]»3), and cocommutative if V|1, commutes with V[;3]. One easily verifies
that a multiplicative unitary V' is commutative/cocommutative if and only if VP is
cocommutative/commutative.

For every locally compact group G, the operator Vg is commutative and the
operator W is cocommutative. Baaj and Skandalis showed that for every commu-
tative multiplicative unitary V/, there exist a locally compact group G and a Hilbert
space K such that V' is equivalent to Vg K idxgx [7, Theorem 2.2], [8].

To every algebraic quantum group, one can associate two multiplicative uni-
taries:

Example 7.1.6. Let (Ag, Ag) be an algebraic quantum group with positive
right integral . Recall that v is faithful (Corollary 2.2.5). Denote by Hy the
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GNS-space for v, that is, the completion of Ay with respect to the inner product
{(a|b) := ¥ (a*b). Then the map
T]ZA()@A()—)A()QA(), a®b|—>A(a)(1®b),

extends to a multiplicative unitary V4, on Hy:

 Ti is isometric with respect to the inner product because v is right invariant:

foralla,b,c,d € Ay
(Ti(a @ b)|Ti(c © d)) = (¥ © Y)((1 © b¥)Ag(a™c)(1 O d))
=Y (a* )y (*d) = {a © blc © d);

* the image of T is dense in Hy ® Hy because it is equal to A9 © Ao;
* V4, satisfies the pentagon equation: for all a, b, c € Ay,

(Vag)121(Vao)131(Vag)231(@ © b © ¢)
= (AP @)1 0 A1 O 10 ¢)
= (Vag)231(Vap)pizi(a © b © c).

If ¢ is a positive left integral on (Ag, Ag), then the inverse of the map
Tz()pZA()@Ao—)A()@Ao, a®b|—>A(b)(a®1),

extends to a multiplicative unitary Wy, on the GNS-space Hy for ¢. Indeed, T2° P
is isometric because ¢ is left-invariant, T2°p has dense image because (Ag, Ag)
is regular, and the pentagon equation for Wy, is a consequence of the equation
(TZOP)[B](TZOP)[B](T;p)[lz] = (T2°p)[12](T2°p)[23] which is easily verified.

Example 7.1.7. Let (4, A) be a C *-algebraic compact quantum group with Haar
state h and associated GNS-space Hy, and define 77,7, : AQ A — A ® A by the
same formulas as above. Then 77 and (T2° P)~1 extend to multiplicative unitaries
V4 and W4 on Hy; the unitary V4 was used already in the proof of Theorem 5.4.5.
This example is related to the preceding ones as follows:

* Consider the algebraic compact quantum group (Ao, Ag) associated to (4, A)
(see Theorem 5.4.1). The restriction hg := h|4, is a left- and a right-invariant
integral on (Ao, Ao), and clearly Hy, = Hp,, V4 = Va,, Wa = Wy,.

* If G is a compact group and A = C(G), then H, = L?*(G, 1), where A
denotes the normalized Haar measure of G, and V4 = Vg, Wy = Wg,
because

(Th(g ® h)(x.y) = (A()A ® h))(x, y)
= (A@)(x. y) - (1@ h)(x,y) = g(xy)h(y)
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and

(T3 (g ® W) (x,y) = (Ah)(g ® 1))(x,y) = g(x)h(xy)
forallx,y € Gand g,h € C(G).

o If G is a discrete group and A = C*(G), then Hy, = [*(G) and V4 = W,
W4 = W, This can be deduced from the relations

T (Lx X Ly) = A(Lx)(l ® Ly) =Ly ® ny,
T,"(Ly ® Ly) = A(Ly)(Lx ® 1) = Ly, ® L, forallx,y € G.

Remark 7.1.8. Those multiplicative unitaries that arise from C *-algebraic compact
quantum groups were characterized by Baaj and Skandalis, see [7, Paragraphe 4].

7.2 The legs of a multiplicative unitary

Out of every multiplicative unitary, we shall construct a dual pair of von Neu-
mann bialgebras by a similar procedure like that presented in Section 7.1.1. If the
multiplicative unitary satisfies an additional regularity or manageability condition,
we can additionally construct a dual pair of bisimplifiable C *-bialgebras that are
weakly dense in the aforementioned von Neumann bialgebras. These von Neumann
bialgebras and C*-bialgebras are the legs of the multiplicative unitary.

Moreover, we construct a densely defined counit and antipode on these bialge-
bras, but it seems to be difficult to relate these maps to the usual axioms for the
counit and the antipode of a Hopf algebra.

7.2.1 Definition and first properties

Let V be a multiplicative unitary on a Hilbert space H. We define normal *-homo-
morphisms Ay, Ay: £(H) — L(H ® H) and subspaces Ag(V), Ao(V) <
£ (H) such that — under favorable conditions — suitable completions of fl\o(V) and
Ao (V'), equipped with the comultiplications A y or Ay, turn out to be C *-bialgebras
or von Neumann bialgebras, respectively. These constructions are motivated by and
should be compared with the reconstruction procedure discussed in Section 7.1.1.
To simplify notation, we shall frequently denote the identity map idg by 1, thinking
of it as the unit in £(H).

The comultiplications ZV and Ay. Consider the following normal *-homo-
morphisms:
Ay: E(H)—> £H®H), Ay:£(H)—> £(H Q H),

. g (7.3)
T V*1®T)V, T — V(T ® HV*.
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We shall usually omit the subscript “V”” and write A and A for &V and Ay,
respectively. Denote by “®” the von Neumann-algebraic tensor product. The
normal *-homomorphisms

ARid, AR id: L(H®H) > L(HOH)QL(H)=%(HQH® H)
and
dRA,Id®A:LE(HOH) > L(H)RL(HQH)=%H®HQH)

can easily be expressed in terms of V, for example,
A® iR =V*@NIQR)(V®I1) foralRe £(H ® H).
In succinct leg notation, we have forall R € £(H ® H):

(A ® id)(R) = VTz]R[23] V[lz]’ (A® id)(R) = V[12]R[13] V[Tz]v (7.4)

(id ® A)(R) 23 R[13] V[23] (id ® A)(R) = V[23]R[12]V[;3]'
Lemma7.2.1. (A® id)oA = (id ® A)oAand (AR id)o A = (id ® A) o A.
Proof. Let T € £(H). Inleg notation, (ﬁ ® id)(&(T)) takes the form

(A® id)(AT) = Vg Ay Vi = Vi Ve Tl e Vo

By the pentagon equation, this is equal to V[§3]V’i‘3]V[12] T[3 V[IZ]V V[23] But
V12]T3]V[12 = T[3]V[12]V 12] = T[3], whence

(A® id)(A(T)) = Vo Viis TV s Vizal
The assertion concerning A follows from a similar calculation. O

The algebras /’1\0 (V)and Aog(V). The subspaces fTo(V) and A (V') are obtained
from V' by the application of slice maps, which are reviewed in Section 12.4. Denote
by £ (H )« the set of all normal linear functionals on £(H ). We shall be interested
in the spaces

Ao(V) :=1{do |0 € L(H)s}, Ao(V):={ae |0 € L(H)+},
where for each v € £(H)«,

b = (id @w)(V) € L(H), aw:= (0 id)(V) € L(H).



174 Chapter 7. Multiplicative unitaries

In the following paragraphs, we shall frequently encounter calculations that
involve slice maps. In particular, we use (analogues of) formulas (12.2)—(12.5) and
relations like

(id ® w)(X)(id @ V)(Y) = (id ® w ® V)(X[121¥13])
= (id ® v ® 0)(Xp131Y[12)).

(id ®)(X)(v® id)(Y) = (v® id ® w) (X231 Y[12))
which hold forall X,Y € £(H ® H) and w, v € £(H )s; see also Remark 12.4.5.

Lemma 7.2.2. /i\o(V) and Ag(V') are subalgebras of £(H ), and each of the sets
Ao(VYH, Ag(V)*H, Ao(V)H and Ag(V)* H is linearly dense in H.

Proof. First, we show that Ag(V) is an algebra. Let w,w’ € £(H)«. Then
dply = (d @w)(V) - (d @)(V) = (id ®w Q ) (V121 V13])-

V*

We replace V, 23

(12] by V,

V[ (23] V[ 1 using the pentagon equation, and find

13] 12]

Aple = (id @ <§_§)a)’)(V[23]V[12] V[;B]) = (id ®w @) ((id ® A)(V))
(see formula (7.4)). The linear functional ®” := (0w ® w’) o A is normal, and
ol = (id @W")(V) = dur € Ag(V).

Next, assume that { € H is orthogonal to the set A\O(V)H . We show that ¢ = 0,
and this implies that the set Ao(V') H is linearly dense in H. For every §,n € H,
put wy ¢ := (n|-&). Then wy ¢ € L£(H )4, and by assumption,

0 = (Cldw, ) = (I(id ® wpe)(V)P) = ({ @ V(F ®§))

forall n, &, € H. Since V is surjective, this relation implies ({ @ 7| ® §') = 0
for all n, %', & € H, and hence { = 0.
The proofs of the remaining assertions are similar. O

The algebras A o(V) and Ao (V') need not be closed with respect to the involution
(iee, for example, [9, Remark 4.5]). To describe the adjoints of elements d, €
Ao(V) and ay, € Ag(V), we use the following simple result:

Lemma 7.2.3. i) For every w € £(H ), the linear map w*: £(H) — C given by
T +— o(T*) is normal. The assignment w — w* defines an involution, that is, a
conjugate-linear involutive map, on £ (H ).

i) (0 ® id)(R))* = (0* ® id)(R*) and ((id ® w)(R))* = (id @ ®*)(R*)
foreach R € £(H ® H).
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Proof. This follows from standard arguments and calculations, see also formu-
la (12.4). O

Example 7.2.4. For all n,& € H, one has (w;,¢)* = wg , because (wy)*(T) =

(n|T*E) = (§|Tn) foreach T € £(H).
The preceding lemma implies that for each w € £(H )«,
(Ap)* = (d @w™)(V*) and (ap)" = (0™ @ id)(V™). (7.5)
In general, these elements need not belong to //1\0(V) or Ag(V), respectively.
The left-right symmetry. The constructions introduced so far are symmetric in a
sense that is made precise in the following lemma. As before, ¥ € £(H ® H)

denotes the flip n®& — £®7n. Notethat Ads (SQT) = TS forall S, T € L(H)
since Z(S®T)EM®E =2Z(SERTn) =Tn® Séforalln,§ € H.

Lemma 7.2.5. We have
Ao(V®) = Ao(V)*, Ao(VP) = Ap(V)*,
Ayo = Ads oAy,  Ayw = Adx oAy.
Proof. The first and third equation follow from the fact that
(id ®w)(VP) = (id w)(ZV*Y) = (0 ® id)(V¥)
= (0" ® id)(V)* = (a0*)"
for every w € L(H )« (see equation (7.5)) and

Ayo(T) = VP*IQT)V® = SVE(1 ®@ T)EV*S
= SV(T ® HV*E = Ads(Ap(T))

for every T € £(H). The remaining assertions follow similarly. O

7.2.2 Well-behaved multiplicative unitaries
We shall primarily be interested in the following classes of multiplicative unitaries:
Definition 7.2.6. A multiplicative unitary V' on a Hilbert space H is
1) well-behaved if the following conditions are satisfied:
(a) the following spaces are C*-subalgebras of &£(H ):
A(V) := | - ||-closure of Ag(V), A(V) := || - ||-closure of Ao(V),
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(b) the restrictions of the *-homomorphisms A and A defined in equa-
tion (7.3) to A(V) and A(V'), respectively, turn A(V) and A(V) into
bisimplifiable C *-bialgebras,

©) Ve MAWV)® AWV));
il) weakly well-behaved if the following spaces are von Neumann algebras:
/fw(V) := w-closure of /TO(V), Ay (V) := w-closure of Ay(V),

where “w-closure” denotes the closure with respect to the weak operator
topology.

Informally, we call the spaces z‘i\o(V), /T(V), Ay (V)and Ag(V), A(V), Ap (V)
together with the restrictions of the homomorphisms Aand A, respectively, the left
leg and the right leg of V. In Section 7.3.1, we discuss two classes of (weakly)
well-behaved multiplicative unitaries — the (weakly) regular and the manageable
ones.

Reformulation in terms of ket-bra-operators. For later use in Section 7.3, we
reformulate the definition of the spaces A(V'), Ay (V) and A(V'), Ay (V) in terms
of ket-bra operators. More precisely, we combine the ket-bra notation with the leg
notation as follows. For each 1, § € H, we define operators

In)®id

M H=2C®H —— H®H, £ »nQ¢, (7.6)
and
id ®|§)
E)p: HxHQC —>H®H, 11 QE¢. (7.7)

Evidently, the adjoints (n|(1] := [7)[11" and (§][2) := |§)2)™ are given by

(Ml ® &) = ()" and  (El21(n’ ® §') = 1/ (€I§") (7.8)

for all ', & € H, respectively.

In terms of these maps, the operators d,, and a,, that comprise the spaces /fo )
and Ao (V') can be rewritten as follows. For a functional w € £(H )4 of the form
w=wys= (| &), where £, & € H,

dp = (id ® g &) (V) = (| V[E) 2,
and for a functional € £(H )« of theformw = w, , = (1'|-n), wheren,n’ € H,

Ao = (0y Q@ id)(V) = (' |1V ).



7.2. The legs of a multiplicative unitary 177

Lemma 7.2.7. i) The set {{£'|[1V |€)[2) | £, &' € H} is linearly dense in /’1\(V) with
respect to the norm and in /fw (V') with respect to the weak operator topology.

ii) The set {(n'|1VIn)uy | n.n' € H} is linearly dense in A(V') with respect to
the norm and in Ay, (V') with respect to the weak operator topology.

Proof. 1) Let w € £(H)«. Then there exist sequences (£,), and (&),), in H that
satisfy 3, 1612, 3, 6412 < oo, andw(T) = 3, {£,|T&,) foreach T € L(H).
Thus @ can be approximated in norm by finite linear combinations of maps of the
form wg g, where §,§ € H. Since |id @ v|| < |v]| for each v € £(H)«
(Proposition 12.4.4), (id ® w)(V) can be approximated in norm by finite linear
combinations of elements of the form (§'|[21V |€)[2), where &, & € H.

ii) The proof is similar to the proof of 1). O

The setting of von Neumann algebras. Evidently, every well-behaved multi-
plicative unitary is weakly well-behaved. But the definition of the term “weakly
well-behaved” seems to be much weaker than the definition of the term “well-
behaved”: It only involves an analogue of condition i)(a) and not i)(b) or i)(c). We
shall see that in the setting of von Neumann algebras, analogues of these conditions
are automatically fulfilled.

Given a Hilbert space K and a subset C € £(K), we denote by C’ := {S €
£(K)| ST =TS forall T € C} the commutant of C.

Proposition 7.2.8. Let V' be a multiplicative unitary on a Hilbert space H. Con-
sider the following von Neumann algebras:

Bu(V) = (Ao(V) + Ao(V)")",  Bu(V) = (Ao(V) + Ao(V)")".
i) The maps A and A defined in equation (7.3) restrict to normal x-homomor-
phisms

A: By(V) = Byp(V)®By(V), A: By(V) — By(V)® By (V).

ii) (Bw(V),A) and (Byw(V), A) are von Neumann bialgebras.
iii) V € By (V)® By (V).

For the proof of this proposition, we use the following lemma.

Lemma 7.2.9. Foreach X € £(H ® H),

X € (By VM) ®1) < [Xuz. Vs

X e(1® By(V)) < [X[12): V23]

Xe(1®By(V)) < [Xps. Vs

XeBuw() @) & [Xpi. Vi
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In particular, By, (V)Y = {T € $£(H) | [T ® 1,V] = 0} and B, (V) = {T €
LH)|[1®T, V] =0}
Proof. We shall only prove the first equivalence; the others follow similarly. By
definition, we have for all € L(H )«

X(do ® 1) = (id ® id ® w)(X[12)V13)),

(G0 ® DX = (id & id ® ) (V13 Xp12))-
Now the implication “=>" follows immediately from the fact that maps of the form

id ® id @ w, where @ € £(H)x, separate the elements of £(H @ H ® H).

Conversely, if X[12]V[13] = V[131X[12], then X[12V13] = V X[12] and hence

X(ag®1) = (id ® id ® ) (X[, /iy)
= (id ® id é’“’*)(V[E]X[lz]) =@, X
for all w € £(H )« (compare equation (7.5)). O

Proof of Proposition 7.2.8. We prove the statements concerning By (V); replacing
V by V°P, we obtain the corresponding statements for By, (V°P) = By (V).

i) We only need to show that foreachw € £(H)«and X € (Ew VN)® Ew 12)8
the operator A(d,) commutes with X. By the pentagon equation,

Ay) = V*(1 ® du)V = (id & id ® ®) (V{5 Viaz V12

o e (7.9)
= (id ® id @ ®)(V};3Vp3)-

On the other hand, X € (1 ® By (V))' N (Bw(V) ® 1Y, so that X[12) commutes
with V[131V[23] by Lemma 7.2.9. Therefore,

XA(ay) = (id ® id ® ©) (X5 V15 Vo3)
= (id ® id ® ®) (V13 Vo3 X[12) = Aldw) X.

ii) This follows from i) and Lemma 7.2.1. R
iii) We only need to show that V' commutes with (By, (V) ® By (V). Butif
X € (Bu(V)®Byw(V)), then X € (B, (V) ® 1)’ N (1 ® By (V)), so that X3
commutes with V[;5] and V[»3) by Lemma 7.2.9, and then X[;3; also commutes with
V13] = V[12 V[23]V V[23] .

Corollary 7.2.10. Let V' be a weakly well-behaved multiplicative unitary. Then
the maps A and A restrict to normal x-homomorphisms

A: Ay (V) = Ay (V)R Au (V) and A: Ay(V) — Ay (V) ® Au(V),

and (fl\w ), 3) and (A (V), A) are von Neumann bialgebras.
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Proof. The assumption implies that Ay (V) and A, (V) are equal to the von Neu-
mann algebras By, (V') and By, (V') defined in the proposition above. Now the claim
follows from that proposition. O

The left/right-symmetry again. The apparent symmetry in the definition of the
left and of the right leg of a (weakly) well-behaved multiplicative unitary V' is
related to the symmetry between V' and the opposite unitary V°P as follows:

Proposition 7.2.11. IfV is a well-behaved multiplicative unitary, then the opposite
multiplicative unitary VP is well-behaved and

(A(WV®), Aym) = (A(V), Ay)™ P, (A(V*®), Ayw) = (A(V), Ay)*P.

If V is aweakly well-behaved multiplicative unitary, then the opposite multiplicative
unitary VP is weakly well-behaved and

(Au (V). Ayor) = (Au (V). Ap)*. (Au(VP), Ayar) = (Au (V). Ap)*.
Proof. This follows immediately from Lemma 7.2.5. O

Remark 7.2.12. The proposition above shows that the symmetry between the two
legs of a (weakly) well-behaved multiplicative unitary V' is not perfect. If we would
replace either A by Adx oA or A by Adyx oA, then the passage between the left and
the right leg would amount to the passage between V' and V°P. This twist becomes
relevant when we consider coactions of C *-bialgebras and crossed products, see
Sections 9.3 and 9.4.

7.2.3 Examples

Let us determine the legs of some of the multiplicative unitaries introduced in
Section 7.1.2.

From the multiplicative unitary associated to a group, we recover the C *-bi-
algebras and von Neumann bialgebras discussed in Section 4.2:

Example 7.2.13. Let G be a locally compact group and consider the associated
multiplicative unitary Wi (see Example 7.1.4). Recall that Wg acts on the Hilbert
space L2(G, 1) ® L?(G, ) = L*(G x G, A x A) via (Wg{)(x,y) = &(x,x71y)
forall x,y € Gand ¢ € L?(G x G, A x 1), where A denotes the left Haar measure
of G as usual. We show that

A(Wg) = Co(G) and A(Wg) = C}(G) as C*-bialgebras. (7.10)

This implies that /fw (Wg) = L*®°(G) and Ay (Wg) = L(G) as von Neumann
bialgebras. Moreover, it is easy to see that Wg € M(Co(G) ® C;*(G)), so that
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W is well-behaved (and weakly well-behaved); see also Example 7.3.4 iii) and
Theorem 7.3.11. For the definition of the C *-bialgebras Cy(G), C;*(G) and the
von Neumann bialgebras L°°(G), L(G), see Example 4.2.1,4.2.2, and 4.2.4.

Let us prove (7.10). We compute the operator d, = (id ® w)(Wg), where
w=wgg= (&) forsomeé’ & e H:

(@) = (€laWalam) = [ F01 0608 ). di)
= [ EImweGT 0 da0) = e
forall € L2(G, 1) and x € G, where the function f: G — C is given by
10 = [ FOWH0) 4 = (€148 Torallx € 6.

Here, L, € £(L?(G,)) denotes the left translation operator £ > £(x~!-) as
usual. If we approximate £, in L?-norm by elements of C.(G), the function
f gets approximated in sup-norm by elements of C.(G). Therefore f belongs
to Co(G). Denote by mps: Co(G) — £(L?*(G, L)) the representation given by
multiplication operators. The calculation above shows that @, = mps(f), and by
Lemma 7.2.7,

AWg) € 7 (Co(G)) = Co(G).

If we replace £ by an approximate unit for the convolution algebra C.(G) <
L'(G, 1) (see Example 4.2.2) and choose £’ € C(G), then f converges in sup-
norm to &’. Therefore, the inclusion above is an equality.

Let us show that /T(W(;) =~ Cy(G) as C*-bialgebras. For all f € Co(G),

Awg (ma () = (s ® 7a0) (A6 ()
because

W@ mm (fNWe)(x.y) = (1 & mm (f)W6)(x. xy)
= f(xy) Wed)(x,xy) = f(xy)i(x,y)

forallx,y € Gand ¢ € L?2(G x G,A x 1) = L?(G, 1) ® L*>(G, ).
To determine A(Wg), we compute the operator a, = (0 ® id)(Wg), where
w = Wy, = (1| - n) forsomen,n € H:

(@) = (O WolnuH) = | TEWan ® ). 1) dae)
= [ TG00 6071 4 = LHw)
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for all £ € L%(G,A) and y € G, where g = 15 (pointwise product). Using
Lemma 7.2.7 and the relation L2(G, 1)L?(G, 1) = L'(G, 1), we conclude

A(Wg) = |- lI-closure of {L(f) | f € L'(G. 1)} = C}(G)

as C*-algebras.
Let us show that A(Wg) = C(G) as C *-bialgebras. As above, we denote by
L; € M(C}(G)), z € G, the left translation operators. The operators

Awg(Lz) = We(L: ® l)WG* and AC;(G)(LZ) =L, ®L,
are equal for all z € G, because

(Wo(L: ® DWGE)(x,y) = (L: @ DWGO(x,x7"y)
= (WO x,x7ly)
= ¢ x 27 Tly) = ((L: ® Lo)§)(x, y)

forallx,y € Gand¢ € L?2(G x G,A x 1) = L?(G, 1) ® L*(G, A).

From the multiplicative unitary associated to an algebraic quantum group (see
Example 7.1.6), we obtain a C *-algebraic completion of the algebraic quantum
group and a C*-algebraic completion of its dual:

Theorem 7.2.14. Let (Ao, Ag) be an algebraic quantum group with positive right
integral . Then the associated multiplicative unitary V := Vy, is well-behaved.
In the notation of Example 7.1.6, we have:

i) Foreverya € Ay, the map Ay — Ag given by d — ad extends to a bounded
linear operator ww(a) on Hy. The map w: Ay — L(Hy), a — m(a), is an
injective x-homomorphism, and A(V) is the norm-closure of 7w (Ap).

il) The space Ag(Ag) + Ag © A9 C M(Ag © Ag) is a *-subalgebra, the
x-homomorphism & © w: Ay © A9 — £(Hy ® Hy) extends uniquely to
a *-homomorphism on this subalgebra, and

(m © m)(Ao(a)) = V(n(a) @ )V* = Ay (n(a)) foralla € Ay.
Denote by (fTo, 30) the dual algebraic quantum group of (Ag, Ag).

iii) Foreverya € A, the map Ao — Ao givenbyd — (id ©_ a)(Ao(d)) extends
to a bounded linear operator p(a) on Hy,. The map p: Ag — £(Hy), 4 —
o(a), is an injective x-homomorphism, and A(V') is equal to the norm-closure

of p(Ao)-
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iv) The space ﬁo(go) + /’1\0 o /1\0 < M(fl\o o /’1\0) is a *x-subalgebra, the
x-homomorphism p © p: Ag © Ao — £(Hy ® Hy ) extends uniquely to a
x-homomorphism on this x-subalgebra, and

(p © p)(Ao(a)) = V*(1 ® p(@)V = Ay (p(@)) foralld € Ay.

Proof. We first prove the assertions i)—iv) and then show that V' is well-behaved.
i) Let us determine the operator a, = (w ® id)(V) for a functional w of the
form w = wp = (b| - ¢), where b, c € Ay. Forall d € Ay,

apd = (blinVic)md = (bl Vic ® d)
=Y (bleay)eyd =Y Y (b*ca)ceyd.

that is, a,d = ad, where a := ) Y (b*c(1))c(z). Since the map 7> (see Defini-
tion 2.1.9 on page 44) is surjective, the map A9 © Ay — Ap givenby b O ¢ —
Y v (b*cayce = (¥ ©id)((b* © 1)A¢(c)) is surjective as well.

The existence of the map 7 follows directly, and the density of 7w (A4) in A(V)
follows by Lemma 7.2.7. Evidently, 7 is a x-homomorphism. It is injective,
because A is non-degenerate and v is faithful (Corollary 2.2.5): For every non-
zero a € Ay, there exists a d € Ag such that ad # 0, and then ||7(a)d|? =
(m(a)d|n(a)d) = ¥ (d*a*ad) # 0.

ii) The first assertion follows easily from the fact that A9 © A9 € M(Ag © Ap)
is an ideal, and the remaining assertions follow from the relations

Vib®c)=Ao(b)(1 ©c) and V(w(a)b ®c) = Ao(a)Ao(b)(1 O ¢),

which hold for all a, b, ¢ € Ay.
iii) Let us compute the operator d,, = (id ® )(V), where w = wp = (b - ¢)
with b,c € Ag. Foralld € Ay,

dod = (blyVIc)d =Y day(bldec)
=Y dayy(b*dye) = (id © @)(Ao(d)),

where @ = ¥ (b* - ¢) € (Ap)’. Using the modular automorphism ¢’ of ¥ (see
Remarks 2.2.18), it is easy to see that the linear span of the subset {y/(b* - ¢) |
b,c € Ag} € (Ag) coincides with Ay.

The existence of the map p follows directly, and the density of ,o(ffo) in A V)
follows by Lemma7.2.7. Next, we show that p is a x-homomorphism. Letd, l; € ffo
andc,d € Ag € Hy. Since ab = (ao l;) o Ay (see equation (2.10) on page 59),

p(@)p(b)d = ((id ® @) o Ag o (id © b) o Ag)(d)
= (idoa o b(AP ) = p@abyd.
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Define i € Ag by d(e) := a(e*) forall e € Ag. Then

(p@cld) = Y- w(ctydalem) = Y w(chd)ilch).

Inserting Lemma 2.2.12 and the relation d o So = a* (Lemma 2.3.10), we find

D o w(eydalesy) = (c*dm)a(So(dw)) = (c|p@*)d).

Consequently, 7 is a x-homomorphism.
Finally, since the set (A9 ©® 1)Ag(Ag) spans Ag ® Ay, and since

w(e)p@)d = (id © a)((e © 1)Ag(d)) foralle € Ay,

the *-homomorphism p is injective. R R R R

iv) The first assertion follows easily from the fact that A9 © Ag € M(Ag © Ap)
is an ideal, and the remaining assertions follow from the relations V(b ® ¢) =
Ao(b)(1 © ¢) and

(id ®p@)V (b ®c) = (id ©id © a) (AL ()1 © Ag(c))).
which hold for all @ € A and b, ¢ € Ao.
To complete the proof that V' is well-behaved, we need to show that V' belongs
to M(A(V) ® A(V)). Leta,b,c,d € Ay, and put d := (-a). Then
V(p(@) @ n(b))(c & d) = Y Vicay¥ (c@a) ® bd)
= ZC(I) [C) C(2)bdlﬂ(C(3)a).

Choose b/, a} € Ag suchthath ® a = 3_; Y (a}) )b} © (a})(2)- Then
> ey © copbdy(caa) =YY cay © coya)wbidy (e @) @)
i
=YY cylca) ©bjd
i

=Y (0@) ® n (b)) (c ® d),

where a; = ¥ (-a}). Consequently, V(p(Ag) © 7(Ag)) € p(Ag) ® m(Ap), and a
similar argument shows that V*(p(/fo) O 7(Ag)) < p(/fo) © n(Ao)- O
In Example 7.3.4 iv) and Theorem 7.3.11, we shall see again that the multiplica-

tive unitary V studied above is well-behaved. A detailed analysis of the preceding
example can be found in [94].
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7.2.4 The dual pairing, counit, and antipode of the legs

We now consider additional structural properties of the legs of a multiplicative
unitary and construct a densely defined dual pairing, counit, and antipode. Up to
minor modifications, the dual pairing satisfies all equations that characterize a dual
pairing of Hopf *x-algebras. Thus, this dual pairing gives a precise meaning to the
vague idea that the two legs of a multiplicative unitary are dual to each other.

Before we introduce the pairing, let us recall some terminology. Let X and
Y be complex vector spaces. We say that a bilinear map (-|-): X x Y — C is
non-degenerate if for every non-zero xo € X and every non-zero yy € Y, there
exist y € Y and x € X such that (xo|y) # 0 and (x|yg) # 0.

Proposition 7.2.15. Let V' be a multiplicative unitary on a Hilbert space H. Then
the bilinear map (-|-): Ao(V) x Ag(V) — C given by

(dwlay) == (VR w)(V) = w(ay) = v(dw) (7.11)
is separately o-weakly continuous, non-degenerate, and extends to bilinear maps

(-]-]: Ao(V) x Ap(V) > C and [-|'): Aw(V) x Ao(V) = C,
R R R (7.12)
(aana) = (,l)(a), (aﬂaU) = U(a),
that are o-weakly continuous in the second or first variable, respectively. For all
w, 0 € L(H)y,a € Ay(V), andv,v' € £(H)y, a € Ay(V),

(Gwlorla] = (@ @) (A@) and [dlayay) = (VB V)(A@).  (7.13)

Proof. Evidently, formula (7.11) defines a bilinear map (- |-): Ao (V) x Ag(V) —
C that is separately o-weakly continuous. This bilinear map is non-degenerate
because the natural pairing £(H ) x £(H )« — C is non-degenerate, and it extends
uniquely to Ag(V)x Ay (V) and Ay, (V) x Ag(V') because of the separate continuity.
The first formula in (7.13) follows immediately from the proof of Lemma 7.2.2,
and the second formula can be proved by similar calculations. O

Next, we construct a counit and an antipode on the legs of a weakly well-behaved
multiplicative unitary V. In the formulation of the following proposition, we use the
pairings defined in equation (7.12), the fact that the identity operator idy belongs
to Ay (V) and Ay, (V), and equation (7.5) from page 175.

Proposition 7.2.16. Let V be a weakly well-behaved multiplicative unitary on a
Hilbert space H.

1) There exist algebra homomorphisms

é: Ag(V) > C, gy (do|idy] = w(idp),
€: Ag(V) —> C, ay > [idg |lay) = v(idgy).
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ii) There exist conjugate-linear algebra antihomomorphisms
S: Ag(V) = Ap (V). do = (id ® 0)(V) > (id ®w)(V*) = (d*)*.
S: Ag(V) > Ap(V), ap = (v® id)(V) > (v ® id)(V*) = (ap+)*.
Forallw,v € £(H)x,
[S(@)*lav) = (@olav*] and (Gu]S(@v)*] = [a0*lav).

If V is well-behaved, then S(Ao(V)) € A(V) and S(Ag(V)) € A(V).

Proof. We only prove the claims concerning € and S:foreand S, the corresponding
assertions follow similarly.
i) Equation (7.13) shows that for all w, w’ € £(H ),

(Aole |idg] = (0 ® ©")(A(dg)) = w(idg) ©'(idx) = (Gw]ida] - (@w|idg].

Therefore, € is a homomorphism.
ii) First, we find from equation (7.5) that

(@® id)(V*) = (ap+)* € Aog(V)* C Ap(V)* = Ay (V)

forall w € £(H)«. If V is well-behaved, we can replace Ay (V) by Al (V) in this
equation.

Let us show that the assignment S:de — (id @ w)(V*) is well defined. By
equation (7.5), we have for all w, v € L(H )«

(dolay™] = w(ay™) = o((V* @ id)(V")) = v*((ild ®w)(V")).

Assume that d,, = 0. Then the left-hand side of the equation above, and hence also
the right-hand side, is zero. Since functionals of the form v*, where v € £(H )«,
separate the elements of £(H ), we must have (id ® w)(V*) = 0. Therefore, S is
well defined. Moreover, the calculation above shows that

(@wlav*] = v((id ® 0)(V*)*) = v(8(dw)*) = [S(@w)*|av).

Finally, let us prove that S is an antihomomorphism. Given w,®’ € £(H ),
put 0"’ == (0 ®w’) o A. Then Awle = dg by the proof of Lemma 7.2.2, and
using the definition of S and the pentagon equation, we find

S$(dw)S(dw) = (id ® 0 ® ) (V{3 Viy)
=(d ®w ® »')((id ® A)(V™))
= (id ®0")(V*) = S(4e) = S (lwde). O
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The antipodes S and S introduced above are unbounded and therefore difficult to
handle. If V' is manageable or modular, then S and S extend to closed maps and can
be described in terms of objects that are more tractable: a unitary antipode, which
is an involutive x-antiautomorphism, and a scaling group, which is a one-parameter
group of automorphisms, see Section 7.3.2. R

It seems to be difficult to relate the maps €, € and S, S constructed above to the
usual axioms for the counit and the antipode of a Hopf algebra; several obstacles
were discussed in the beginning of Chapter 4. In the following remark, we indicate
some possible interpretations of these axioms.

Remark 7.2.17. Let V' be a weakly well-behaved multiplicative unitary on a Hilbert
space H. Consider the maps € and S constructed in Proposition 7.2.16.

In order to formulate an analogue of the counit identity (€9 © id) o Ay = id =
(id © €g) o Ag of a Hopf algebra (Ag, Ag) for the map €, we need to extend the
maps € © id and id ® €, which are initially defined on the algebraic tensor product
Ao(V) © /TO(V) only, to A(XO(V)). To do so, we approximate € pointwise by
normal linear functionals as follows. Since Ay, (V') containsidg and Ag(V') isdense
Ay (V) with respect to the o-weak topology, there exists a net (vy,), in £ (H )« such
that the elements a, := a,,, converge o-weakly to idg. Then

€(ayp) = (4p|idy] = lim (4ylay) = limv,(d,) forallw € £(H)x.

This equation suggests that we should extend the maps € ® id and id © € to the
1mage of A by approximating them pointwise by maps of the form v, ® id and
id ® v, respectively. Thus we claim that for all € £(H ),

(vy ® id)(A(de)) —kly> 4o and (id ® vy)(A(dw)) o-weakly .

Let us prove this claim. Inserting the relation A(d,) = (id ® id ® ®) (V31 V231)
(see equation (7.9) on page 178) into the left-hand sides, we find

(1 ® id)(A(dw)) = (Uy ® id ® ) (Viaa)Viza) = (id @ 0)((1 ® ay)V),
(id ® vy)(A(G0)) = (id B vy ® ) (Vi3 Viza) = (id @ 0)(V(1 ® ay)).

Now the claim follows from the fact that (1 ® a,)V and V(1 ® a,) converge
o-weakly to V as v tends to infinity and that id ® w is o-weakly continuous.
Consider the antipode axiom mgo (Sg ©® id)oAg = nooeg = moo(id ® Sp)o
Ao of a Hopf algebra (4, Ag). The relations A (dy) = (id ® id ® w)(Vi131Vi23))
and S((id ® @')(V)) = (id ®w)(V*), o € £(H)x, suggest to think of the
undefined expressions (S ® 1d)(A(aw)) and (id ®S )(A(aw)) as being equal to

(id ® id @)a))(V[E]Vm]) and (id ® id @a))(V[IB] V[zﬂ),
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respectively, forallw € £ (H)«. 'These identifications furthermore suggest to think
of the expressions m((S ® id)(A(dy))) and m((id ®S)(A(ay))), which are not
defined again, as being equal, respectively, to

(id ®)(V*V) and (id @ 0)(VV™).

Now, since V is unitary, the last two operators are equal to (id ® w)(idggy) =
idg w(idyg) = idg €(a,). Of course, these symbolic identifications and calcula-
tions are not precise and can only serve as a motivation.

We conclude this subsection with two examples:

Example 7.2.18. Consider the legs of the multiplicative unitary Wg associated to
a locally compact group G (see Example 7.1.4 and 7.2.13). We calculate the dual
pairing and the maps €, S and €, S for operators of the form

de = (id @ w)(Wg), where ® = wgs ¢ for some £, &' € L*(G, 1),
and
a, = (v® id)(Wg), where v = w,y , for some 1,7’ € L*(G, }).

The calculations in Example 7.2.13 showed that
do = mp (f), where f € Co(G) is given by f(x) = (§'| L&) forall x € G,
ay = L(g), where g € L'(G, 1) is given by g(x) = 7/(x)n(x) forall x € G.

Here, ps denotes the representation by multiplication operators and L denotes left
convolution. R
The dual pairing (-|-): Ao(Wg) x Ag(Wg) — C is given by

(dolay) = v(dw) = (0'|7m (f)n) = /Gg(X)f(X)dl(X)‘

The maps € and € are given by

€(do) = o(id) = (§'€) = f(e). e(av) = v(id) = (n'ln) = /Gg(X)dMX);

here, e € G denotes the unit. Finally, similar calculations as in Example 7.2.13
show that

$(aw) = mu (f). where f € Co(G) is given by f(x) = (§'|L,—1€) = f(x™1).
S(ay) = L(g), where § € L'(G, 1) is given by g(x) = g(x " Hs(x)"L;

here, § denotes the modular function of G.

A comparison with Example 4.2.2 shows that the maps €, Sande, S are given
by the same formulas like the counit and the antipode of the C *-bialgebras Cy(G)
and C(G), respectively.



188 Chapter 7. Multiplicative unitaries

Example 7.2.19. Consider the legs of the multiplicative unitary V' := V4, asso-
ciated to an algebraic quantum group (Ao, Ag) with positive right integral ¥ (see
Example 7.1.6 and Theorem 7.2.14). We calculate the dual pairing and the maps €,
S and €, S for operators of the form

dp = (id ® w)(V), where w = w, 4 for some ¢, d € Ao,
and
ay = (V® id)(V), where v = w,, s for some e, f € Ay.

The calculations in the proof of Theorem 7.2.14 showed that
4o = p(@), where d = ¥ (c* - d) € Ay,
ay = m(a), where a = Z v(e* fiy) fiz) € Ao

for the definition of 7 and p, see Theorem 7.2.14.
The dual pairing (-|-): Ao(V) x Ag(V) — C is given by

(dolav) = o(av) = (c|r(a)d) = Y (c*ad) = a(a);
thus it extends the natural pairing //1\0 x Ag — C. The map € is given by
€(do) = 0(id) = (c|d) = Y (c*d).

Using the modular automorphism of ¥ (Remark 2.2.18 1)) and the explicit formula
for the counit € of (Ao, AO) given in Proposition 2.3.3), it is easy to see that
Y(c*d) = €o(a). Thus the map € corresponds to the counit €g of Ap. Likewise,
the map € defined in Proposition 7.2.16 corresponds to the counit €y of (Ag, Ap):

€(ay) = v(id) = (e|f) = ¥ (" f) = €o(a).

Let us compute S(Ge) = (de=)* and S(ay) = (ay+)*. Using the relations w* =
w4, V* = wr, and the calculations in the proof of Theorem 7.2.14, we find

S(aw) = p(b)*, where b = y(d* - ¢),
S(ay) = w(b)*, where b = Y ¥ (f*ew)e).

Denote by §0 and Sy the antigode of (/fo, 30) and (Ag, Ag), respectively. By
definition of the involution on Ag,

b*(x) = Y(d*So(x)*c) = Y (c*So(x)d) = a(Sp(x)) forall x € Ao,
and hence S(p(4)) = p(So(d)). Using positivity of ¥ and Lemma 2.2.12, we find
= (¥ ®id)(A(e")(f ® 1) = (¥ ® So)((¢* ® DA(S)) = So(a),
and therefore S(7(a)) = 7 (So(a)).
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7.3 Classes of well-behaved multiplicative unitaries

Evidently, it is desirable to have simple general criteria that tell whether a given
multiplicative unitary is (weakly) well-behaved or not. The first such criterion —
regularity — was introduced by Baaj and Skandalis [7]; variants were studied in [4],
[5], [44]. Some examples of multiplicative unitaries are regular, but other important
examples are not (see Example 7.3.4 v)) — regularity is too restrictive to cover all
multiplicative unitaries that arise from C *-algebraic quantum groups.

In [201], Woronowicz introduced a manageability condition that is particularly
well adapted to C*-algebraic quantum groups. In particular, the multiplicative
unitary of every locally compact quantum group is manageable, see Section 8.3 or
[91], [110]. For some examples of quantum groups, it is easier to construct a mul-
tiplicative unitary which is not manageable but satisfies a more general modularity
condition that was introduced by Soltan and Woronowicz in [142].

In this section, we discuss all these criteria and show that each of them is
sufficient for the well-behavior of the multiplicative unitary under consideration.

7.3.1 Regular multiplicative unitaries
Let V' be a multiplicative unitary on a Hilbert space H. We consider the space
Co(V) :={(0®id)(VI) | w € L(H)+} S L(H),
where ¥ € £(H ® H) denotes the flip n ® £ — £ ® n as usual. Put
E(V) := || - ||-closure of €y(V), €y (V) := w-closure of €y(V),

where w-closure denotes the closure with respect to the weak operator topology.
Note that (0 ® id)(VE) = ((id Qw) o Ads)(VE) = (id @ w)(ZV) for all
o€ L(H)x.

Definition 7.3.1. A multiplicative unitary V' on a Hilbert space H is called
e regular if X(H) = €(V),
o semi-regular if X(H) C €(V),
o weakly regular if £(H) = €y (V).
Remark 7.3.2. If V is regular, then it is also semi-regular. Moreover, if V

is semi-regular, then it is also weakly regular, because in that case, £L(H) =
w-closure of K (H) C w-closure of €(V) = €, (V).

Before we explain the relevance of the conditions introduced above, let us refor-
mulate the definition of the spaces € (V') and €, (V') in terms of ket-bra operators
and consider some examples. Recall the maps

1501 0pz1: H—> H®H and  (¢|p), (Clpj: H® H— H, where € H,
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that were introduced in the formulas (7.6)—(7.8) on page 176. In terms of these maps,
we can rewrite an operator (o ® id)(V ) € € (V), where w = w,y ¢ = (/] - £)
with n/, € € H, as follows:

(0 ® id)(VE) = (n'IyV ZI€)
= (V&)
= (21ZVI1E)2) = (id @ w)(ZV).

Lemma 7.3.3. Let V be a multiplicative unitary on a Hilbert space H. Then the
set {(n' V€)1 | . &€ € H} € £(H) is linearly dense in € (V') with respect to
the norm and in €, (V') with respect to the weak operator topology.

Proof. The proof is virtually the same as the proof of Lemma 7.2.7. O

Examples 7.3.4. i) For every Hilbert space H, the operator idg g is regular. This
follows from the relation

(' lmidaen 1§)2Dn = (0 |(h ® §) = (7'|n)§  forall n.&,n' € H.

ii) If V is a (weakly) regular multiplicative unitary on a Hilbert space H, then
its opposite VP = IV *X is (weakly) regular again. Indeed, by Lemma 7.2.3, we
have for every w € £(H )«

(0 ® id)(VPE) = (0 ® id)(ZV*) = (0* ® id)(V X))*,

and hence Cy(VP) = Co(V)*.

iii) The multiplicative unitaries Vg and W associated to a locally compact
group G (see Example 7.1.4) are regular. We prove this for Wg; for Vg, the proof
is similar. Let n/,§ € L?(G, A). The operator (n'|[1)Wg |€)[2] is determined by

(' ImWe E)am (v) = /GW(WGOI@%))(XJ)M(X)
=/ 7(@)n(x)Ex"y)dA(x) forallne L%(G,A).
G

Thus, (n'|[11We |£) 2] is an integral operator with kernel K,y ¢ : GxG — C givenby
Ky (v, x) = 7/ (x)E(x~1y). Itiseasy tosee that K, ¢ belongsto L?(G xG, Ax1),
and the space of all integral operators with kernel in L2(G x G, A x 1) is a dense
subspace of K (L2(G, L)) [28, 11, Proposition 4.7]. Combining these observations
with Lemma 7.3.3, we find that € (W) is contained in K (L?(G, A)). A standard
argument shows that the linear span of functions of the form K,y ¢, where 1/, £ €
L?(G, ), is dense in L?(G x G, A x L), and therefore, € (W) = K (L?*(G, 1)).

iv) The multiplicative unitaries V4, and Wy, associated to an algebraic quantum
group (Ao, Ag) (see Example 7.1.6) are regular. We prove this for V' := Vj,; the
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proof for Wy, is similar. Let us use the notation introduced in Example 7.1.6 and
Theorem 7.2.14. An operator of the form (c|[;1V |b)[2], where b,c € Ay, acts on
an element a € Ay as follows:

(clVIb)pa = (clyVa®b) =Y (clagy)amb =Y _ ¥ (c*aq)apb.

Using the modular automorphism ¢’ of ¥ (see Remark 2.2.18 1)), we can rewrite
the right-hand side in the form

Y ¥laayo' (€)agb = (¥ 0 id)(Ao(@) (@' (c*) © b)).

Since the map Ag © Ag — Ag © Ao, ¢’ © b’ — A(c")(1 © b’), is surjective (see
Definition 2.1.9), we can write 0’ (c*) © b = Y _; Ao(c])(1 © b)) withc], b] € Ao.
We insert this equation into the expression above, use right-invariance of ¥, and
find

(clmVIb)a =Y (¥ @id)(Ao(ac)(1 © b)) = >y (ac)b].

Define ¢/ € Ag by ¢/* := o' (c¢}). Then ¥ (ac!) = y(c/*a) = (c/|a), and

(clmV b}z a = Z(Cf/|a)b§-

i

This equation shows that the operator (c|[;7V'|b)[2] is compact. By Lemma 7.3.3,
€(V) € K(Hy). Reversing the preceding transformations, we find that this
inclusion is an equality.

v) The bicrossed product construction [9] yields examples of multiplicative
unitaries that are semi-regular but not regular, and examples that are not even semi-
regular, see [9, Theorem 3.11 and Section 4].

vi) The multiplicative unitary of the quantum group E,,(2) is semi-regular but
not regular, see [4], [5] or Section 8.4.2.

Semi-regularity, regularity, and weak regularity have interesting implications
on the legs of a multiplicative unitary. Most importantly, every (weakly) regular
multiplicative unitary is (weakly) well-behaved. The proof of this result, which is
given at the end of this subsection, and the proofs of the other results discussed in
the remainder of this subsection all use similar techniques:

Given a multiplicative unitary V' on a Hilbert space H, we perform purely alge-
braic manipulations on operators between threefold tensor products of the Hilbert
spaces H and C like, for example, H@ HQ® HLCQ H® H, H  C® C. Of
course, we can always neglect the factor C wherever it occurs, but the algebraic
manipulations will be easier to follow if we do not make such identifications during
the calculations. To streamline the presentation, we adopt the following notation:
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* We extend the leg notation to operators between different spaces in a similar
way as in formulas (7.6)—(7.8) on page 176; for example, we denote the
operator

idc®§)Ridg: CRC®H -CQH®H

by |€)[2) and its adjoint by (& |[2;. The symbols |£)[2] and (§|[2; will also denote
the operators idyg ®|£) ® idy, idy ®|¢) ® idc, idc ®|€) ® idc and their
respective adjoints; from the context, it will be clear which of these operators
we refer to.

* We put

|H):={[§) |§ € H} = K(C.H)
and

(H]:=={(nl|neH}=K(HC),

and apply the leg notation to the spaces (H | and | H) in the obvious way.

* We indicate identifications of tensor products that involve C as a factor and
identifications of operators on such tensor products by the symbol “="; for
example, H@C=H=CQ Hand £(HQRC,CQ H) = £(H).

Let us illustrate this notation by some examples that will be used later on.
s K(H)=KHSC,CQH) = [lH)[z](H|[1]].
* By Lemma 7.3.3,
eV) = [(HmVIH)p] = [(HIgVSIH)m] = [(HlZVIH)
In particular, V is regular if and only if

[(H|mVIH) @] = [|H)@(HIm] (7.14)

* By Lemma 7.2.7, A(V) = [(H|3V|H) ] € £(H ® C) = £(H).

The following results explain the relevance of Definition 7.3.1. In the proofs,
we permanently use Lemma 12.5.3. First, we study the space € (V).

Lemma 7.3.5. Let V be a multiplicative unitary on a Hilbert space H. Then the set
C(VYE(V) islinearly dense in € (V'), in particular, € (V') and €, (V') are algebras.
Furthermore, €(V)YH and €(V)* H are linearly dense in H.
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Proof. With respect to the identification £(H) = £(H CQC,CRC® H),

[e(VYEWV)] = [(Hl21Vies H ) 31(H 111 V2 1 H ) 21
(H ® H|1121Vie31Vinal | H ® H) 23]
(
(

H ® H 121V Vina Vel H ® H) 3|
H Q® H|ux Vs lH ® H)psy| = [(H Vs H )] = €(V).

[
[
[

Moreover,

[EV)H] = [(H|yV(H ® H)] = [(H|(H ® H)] = H,
[C(V)*H] = [{H|xV*(H ® H)] = [(H|2)(H ® H)] = H. O
Proposition 7.3.6. If V is a semi-regular multiplicative unitary, then €(V) is a
C*-algebra.

For the proof of this proposition, we use the following result:

Lemma 7.3.7. Let H be a Hilbert space and C C £(H ) anorm-closed subalgebra
such that C*C C C and CC* C C. Then C is a C*-algebra.

Proof. We only need to prove C* C C. Forevery ¢ € C, there exists a sequence of
polynomials ( p,), such that ¢ = limy, cp,(c*c), and then ¢* = lim, p,(c*c)c* €
[c*CccrlcC. O

Proof of Proposition 7.3.6. Let H denote the underlying Hilbert space of V. By
definition,
(V)T = [{Hny Viag | H) sy (H i) Vi ) ]
CLCOHRC,CRC®H).

Since V is semi-regular, [|H)[3](H|[2]] c [(H|[2] V[23]|H)[3]]. Thus

[eVYeV)] € [(H Iy Vs (H |y Viosy | H ) iz Vi H D g
= [(H ® Hljy V13V Vg H ® H)py3].

v

23"

(12 Therefore

By the pentagon equation, V}, 5 1= V[’;z] Vioay-

[EVYE(V)*] € [(H ® HlypViin Vs H © H)pyy]
= [(H ® H|[12] V[23]|H ® H>[13]]
= [(Hl Vi3l H) 3] = €(V).

A similar calculation shows that [€(V)*€ (V)] is contained in € (V). Now the
assertion follows from Lemma 7.3.5 and Lemma 7.3.7. O
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For a general multiplicative unitary V', the space € (V') need not be closed under
involution. If it is, then also /T(V) and A(V') are closed under involution, as we
shall see in the next lemma, but there exist multiplicative unitaries for which this is
not the case [9, Remark 4.5].

Lemma 7.3.8. Let V be a multiplicative unitary that satisfies €(V)* = €(V).
Then A(V) and A(V') are C*-algebras.

Proof. Let H denote the underlying Hilbert space of V. By Lemma 7.2.2, AO(V)
and Ag(V) are algebras; thus we only need to show that A(V)* = A(V) and
A(V)* = A(V). Let us prove the first equation. By assumption, the space

B:=[(H|yV(1 ® €(V))V*|H)p] € £(H & C)

is self-adjoint. Inserting the definition of € (V') and using the pentagon equation,
we find

= [<H|[3] 1131 (H |21 Vizay | H ) 31V 12]|H>[2]]
[(H ® Hlps Vg Vo Vi H ® H) g
[(
[(

H ® H |5 Vi Vs H ® H)pas]
H ® Hlppy ViiyglH ® H)ppay] = [(Hlig ViiglH) ] = A"

Since B was self-adjoint, so is Al (V). The assertion concerning A(V') can be proved
similarly. Alternatively, apply the preceding proof to V°P, and use Example 7.3.4 ii)
and Lemma 7.2.5. O

Corollary 7.3.9. Let V be a semi-regular multiplicative unitary. Then Al (V) and
A(V) are C*-algebras.

Proof. Combine Proposition 7.3.6 with Lemma 7.3.8. O

The following result is due to Enock [44, Proposition 3.12], who proved it in a
much more general setting, see Theorem 10.3.18 in Section 10.3.

Theorem 7.3.10. If V is a multiplicative unitary that satisfies €, (V)* = €, (V),
then V is weakly well-behaved. In particular, every weakly regular multiplicative
unitary is weakly well-behaved.

Proof. Similar calculations as in the proof of Lemma 7.3.8 show that /fw(V) is
closed under involution — simply let [ - | denote the weakly closed linear span instead
of the norm closed linear span, and use Lemma 12.5.3. Since //fw(V) acts non-
degenerately on H (Lemma 7.2.2), it is a von Neumann algebra. Replacing V
by V°P, which is regular by Example 7.3.4 ii), we find that also A, (V') is a von
Neumann algebra; here, we use Lemma 7.2.5. O
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The main result of this subsection is the following theorem of Baaj and Skandalis
[7, Théoréme 3.8]:
Theorem 7.3.11. Every regular multiplicative unitary is well-behaved.

We divide the proof into several steps. From now on, let I/ be a regular multi-
plicative unitary on a Hilbert space H. To simplify notation, we put 4 := A(V).

Lemma 7.3.12. A is a C*-algebra.

Proof. This follows immediately from Corollary 7.3.9, but let us give an alternative
proof that is more direct. By definition,

[AA™) = [(H |3y Vi3 H) 3y (H gy Vi H ) ] € £(H @ C® C).
Since V is regular, we can replace | H )(31(H |[2] by (H |[2]V]23]| H )[3] in the middle:
[AA™] = [(H3)Vius)(H i) Vias) 1 H ) 13) Vi H ) ]
= [<H ® H|[23]I/[13]I/[23]I/[T2 |H ® H)[23]]-

We use the pentagon equation to replace V[13] V[23 V[12] by V[12 V[23]’ and obtain
[AA*] = [(H ® H o Vi Vios 1 H ® H) ]
= [(H ® H|[23]I/[T2]|H ® H)[23]] = 4*.
This equation implies A* = A and AA C A. O

Lemma 7.3.13. i) [(A® (H|)V] = [A® (H|| € £(H ® H, H ® C).
i [VA®|H)]=[A®|H)]| < £(HQ®C,HQ H).
Proof. 1) By definition,
[(A® (H)V] = [(H 2 Viaz) H )2y (H |13 Vi1
CLHR®CRC,HRC®H),
and by the pentagon equation,
[(A® (H|)V] = [(H ® HlpaViiz) Vs H) 2]
[{(H ® Hl25Via3 V1o Vs H ) ]
[(H ® Hlp3 Vg Vs H) -
We move (H |[3] to the right of V[;,], use regularity of V', and find
[(A® (H)V] = [(H|[2]V[12](H|[3] ‘/[;3]|H>[2]]
= [(H g Vo H)py(Hz] = [A @ (H]].

ii) Multiply the equation in i) by V'* on the right, take adjoints, and identify A*
with A using Lemma 7.3.12. O
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Lemma 7.3.14. [(A® DA(A)] = [A® A] = [A(A)(1 ® 4)].
Proof. The definition of A and A together with the pentagon equation imply
8(1‘/1\) =V*'(1e® A\)V = [V[Tz]<H|[3]V[23]|H)[3]V[12]]
= [(H gV Vion Vo) H ) 31
= [(Hli3)V3 Vs H) ] € £(H ® H ® C).

We insert this relation into the left- and right-hand side of the equation that we want
to prove, apply the previous lemma, and obtain

[(A® DAA)] = [Any(H |3y Vias) Viest 1 H ) 3]
= [Any(H |13 Vien | H) 3] = [A® 4]
and
A1 ® A)] = [(Hlz Vs Vies) | H )z Ap ]
= [(Hlm Vs H)pdp ] = [A ® 4], O

Proof of Theorem 7.3.11. If V is a regular multiplicative unitary, then AV)isa
C*-algebra by Lemma 7.3.12, and (A(V), A) is a bisimplifiable C *-bialgebra by
Lemma 7.2.1 and Lemma 7.3.14. Replacing V' by V°P, we obtain the respective
statements for //l\(VOP) = A(V), see also Lemma 7.2.5.

It remains to show that V' € M(ff(V) ® A(V)). Lemma 7.3.13 implies that
V is a multiplier of /T(V) ® K (H), and a similar argument shows that V' is a

multiplier of K(H) ® A(V). Therefore, Vg = V[Tz] Vios Yz V[;3] belongs to

M(A(V) ® X(H) ® A(V)). The claim follows. O

For completeness, we cite the following result of Baaj [5, Théoreme 3.12]. The
proof involves similar techniques as presented above. Recall that a symmetry in a
C*-algebra is a self-adjoint unitary.

Theorem 7.3.15. Let V be a multiplicative unitary on a Hilbert space H and
assume that

i) V is semi-biregular in the sense that K (H) is contained in
span{(w ® id)(VI) | w € £(H)«}
and
span{(id @ w)(VE) | w € L(H)+}:

ii) V is balanced in the sense that there exists a symmetry U € £ (H) such that
(U H)V(U ® 1)X is a multiplicative unitary.

Then V is well-behaved.



7.3. Classes of well-behaved multiplicative unitaries 197

7.3.2 Manageable and modular multiplicative unitaries

The manageability condition and the more general modularity condition were in-
troduced by Woronowicz [201] and by Soltan and Woronowicz [142], respectively.
They are particularly well adapted to unitaries associated to quantum groups and can
be considered as modifications of the regularity condition discussed in the previous
section.

We formulate the manageability and the modularity condition and show that
every modular multiplicative unitary is well-behaved, building on the proofs given
in the preceding section. Moreover, we discuss the polar decomposition of the
antipode for a modular multiplicative unitary, but omit the proof. All results are
taken from [201] and [142].

The manageability and the modularity condition involve the conjugate of a
Hilbert space and unbounded self-adjoint operators; a standard references for the
latter are, for example, [28], [75], [136]. We denote the con]ugate of a Hilbert space
Hby H H and the canonical conjugate-linear isomorphism H — Hby& — S thus,
A = M} and (77|§) (&|n) forall n,& € H and A € C. Foreach T € £(H),
the map & +— TE defines an operator 7 € :C(H) and the map 7 + T is a
conjugate-linear -isomorphism £(H) — £(H).

The precise formulation of the manageability and the modularity condition may
appear a bit mysterious at first glance; therefore we begin with a motivation. Let V
be a multiplicative unitary on a Hilbert space H. Then the regularity condition can
be expressed in terms of the map

®: B(H)s — B(H), o~ (0®id)(VX).

Indeed, V is regular if and only if ®(B(H )) is a dense subset of K (H ). Assume
that H has finite dimension. Then H ® H can be identified with B(H ), via
n O &= (n-§&)), and with B(H) vian © § = [§)(n|. With respect to these
identifications, ® corresponds to the linearmap V: H © H — H © H given by

V@ ok = Zn O & (mVIEp = Ds”

If ', &', n! € H are as above and 1, £’ € H, then

(f © &V o) = E 1N mVIER =Y (& 0] n)

i

=Y (1o of)=H0& VI 0f).

The existence of such a relation, modified by an additional scaling operator, is the
key idea of modularity and manageability:
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Definition 7.3.16. A multiplicative unitary V' on a Hilbert space H is modular if
there exist positive self-adjoint (not necessarily bounded) operators Q and Q on H
and a unitary operator V on H ® H such that

i) ker Q = ker Q = {0};
i) V(O ® 0V =08®0:
iii) forall n,7’ € H and £ € Dom(Q 1), & € Dom(Q),
(' @EIVn®E) =MeQ¢IVir® 07'8).  (7.15)

We call V manageable if we can choose Q = Q.

The opposite of a modular or manageable multiplicative unitary is modular or
manageable again:

Proposition 7.3.17. Let V. be a modular/manageable multiplicative unitary on a
Hilbert space H and Q, Q,V as in the definition above.

h7*0eo =080
ii) Forall £,§' € H and € Dom(Q~1), n € Dom(Q),

i @ENVH®E) =(0n®E|V (01 @§)).

iii) The multiplicative unitary V°F = LV *X is modular/manageable.

Proof. i) Let 1 € R. Since V*(Q ® Q)V = O ® Q, the unitary 0! ® Q'’
commutes with V. Therefore the left-hand side of equation (7.15) does not change

when we replace 7, £, n, & by Q''n/, Q''¢’, Q''y, Q€. and
(0 ® 0" QF'|V (0 ® 0" 07'6)) = (T QE'IV(f ® 07'¢))
for all n, neH and § € Dom(Q~!), & € Dom(Q). Consequently, V/ commutes
with 01 ® Q' = (Q)™"' ® Q' and, since t € R was arbitrary, also with Q ® Q1.
ii) For £ € Dom(Q~!) and ¢’ € Dom(Q), the formula follows directly from i)
and equation (7.15), and f for arbitrary E &’ € H by a simple contlnulty argument.
iii) The relation V' * (Q®Q)V = Q®Q implies (V)" (Q(X)Q)VOp = Q®Q
and by ii), we have for all £, € H and € Dom(Q H,ne Dom(Q)
(VPE @MIE@N) = @&V R®E))
={0n®¢ V(01 ®))
= (V¢ ® 07')|E ® On).
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We put VP =32V, conjugate the equation above, and find

ERNVPE @) = (E® 0n|VPE® 07 ). O

The first main result concerning modular unitaries is the following theorem of
‘Woronowicz and Soltan [201, Theorem 1.5], [142, Theorem 2.3]:

Theorem 7.3.18. Every modular multiplicative unitary is well-behaved.

Before we give the proof, let us state the second main result concerning modular
unitaries.

For each well-behaved multiplicative unitary V, we defined an antipode
S: Ag(V) — A(V), where 4o(V) = {(0 ® id)(V) | ® € £(H)«} € A(V),
by

S((w® id)(V)) = (0w ® id)(V*) foreach w € £(H)«,

see Section 7.2.4. If V' is modular, much more information about this antipode is
available. Most importantly, it can de described in terms of a *-antiautomorphism
R: A(V) — A(V) called the unitary antipode, and of a one-parameter group of
automorphisms (z;); of A(V') called the scaling group. We only state the result and
refer to [201, Theorem 1.5] and [142, Theorem 2.3] for the proof. For background
on one-parameter groups and their analytic generators, see Section 8.1.3.

Theorem 7.3.19. Let V' be a modular multiplicative unitary on a Hilbert space H
and Q, Q, V as in Definition 7.3.16.

i) Themap S: Ao(V) — A(V) extends to a closed linear map S: Dom(S) C
A(V) — A(V).

ii) Dom(S) € A(V) is a subalgebra and S(ab) = S(b)S(a) for all a,b €
Dom(S).

iii) S(Dom(S)) = Dom(S)* and S(S(a)*)* = a for all a € Dom(S).

iv) The map S admits the following polar decomposition: S = R o T;/5, where
R is a x-antiautomorphism of A(V') and t;, is the analytic generator of a
one-parameter group T = (T;):eRr Of *-automorphisms of the C*-algebra

A(V).
V) R commutes with t; for all t € R; in particular; Dom(S) = Dom(z;/2).
vi) R and t are uniquely determined by S.

vii) Aoty = (1, Q1) o Aforallt € R,and Ao R=X0(R® R)o A, where
Y: A® A —> A ® A denotes the flip map.
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viii) Let V and O be the operators related to V as in Definition 7.3.16. Then

@) t(a) = 0%'aQ7 %" forallt € R, a € A(V).

(b) Denote by VT®R the image of V under the extension of the *- annhomo—
morphism A(V) @ A(V) — éC(H) QAV), X®Y — X @ R(Y),
to the multiplier algebra. Then V* = V T®R,

Remark 7.3.20. Replacing the unitary V' by its opposite V°P, we obtain a closed
extension of the map S: /TO(V) — /T(V) introduced in Proposition 7.2.16 with a
similar polar decomposition as above.

In the remainder of this subsection, we prove Theorem 7.3.18. We fix a mod-
ular multiplicative unitary V' on a Hilbert space H and choose Q 0, V as in
Definition 7.3.16.

The strategy of the proof is to establish a “Q-weighted regularity” for V
(Lemma 7.3.23) and to follow the proof of Theorem 7.3.11, replacing usual regular-
ity by the modified version. The formulation of this Q-weighted regularity involves
Hilbert—Schmidt operators; two standard references are [75, Section 2.7] and [113,
Section 2.4]. Put

HSo(H) :={p e £(H)|pH < Dom(Q ") and
Q~'p is of Hilbert—Schmidt class}.

This is a Banach space with respect to the Q-weighted Hilbert—Schmidt-norm

lollo = 107 pll2 = (Tr(p* 0 2p))/*

here, || - || denotes the usual Hilbert—-Schmidt norm, and Tr denotes the usual trace.
The space #S o (/) can be described as follows:

Lemma 7.3.21. An operator p € £(H) belongs to HS g (H) if and only if there
exists a vector ¥(p) € H @ H such that

(E'lon) = (1 ® QE'|W(p)) forallE" € Dom(Q), ne€ H.

The correspondence p — Y(p) is alinear isometric bijection #S g (H) — H®H.

Proof. This follows easily from the well-known bijective correspondence between
H ® H and the space of all Hilbert—Schmidt-class operators on H, see [75, Propo-
sition 2.6.9]. O

Example 7.3.22. For each 7 € H and £ € Dom(Q™!), the operator p :=
|€)(n'| belongs to J#S o (H): its image is evidently contained in Dom(Q~!), and
O~ Y&V (| = |Q 7€) (1| is a Hilbert—Schmidt operator. Since

(&lpn) = (E1E)(0'In) = (1® Q&'Iy ® 07'€) forall §’ € Dom(Q), 1 € H,
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the condition of the previous lemma is satisfied with U(p) = n/ ® Q'£.
The linear span of all operators of the form |£)(n'|, where " € H and § €
Dom(Q 1), is dense in HS o (H) because H © Dom(Q) is dense in H ® H.

The next lemma shows that ' satisfies a Q-weighted regularity condition:

Lemma 7.3.23. For each ¥ € H and & € Dom(Q~Y), the operator p =
("'l V )21 belongs to HS o(H), and the linear span of all operators of this
form is dense in HS o (H).

Proof. Let 1, &, p be as above. Then for all & € Dom(Q) and n € H,

(Elpon) = (f @EV(®E)) = (1® Q&'IV(N ® 07'¢)).

This relation shows that the condition of Lemma 7.3.21 is satisfied with Y(p) =
Vi @ Q7§ e H ® H. The linear span of all operators of this form is dense in
HS o (H) because V is unitary and H © Dom(Q) isdensein H @ H. O

Given a subset X C H#HSo(H) € £(H), we denote by [X]p € H#HSo(H)
and [X] € £(H) the closure of the linear span of X, taken with respect to the
Q-weighted Hilbert—Schmidt norm or the usual operator norm. Example 7.3.22
and Lemma 7.3.23 imply the following analogue of equation (7.14) (page 192):

[IDom(Q™ ) (H|lo = #So(H) = [(H|m V |Dom(Q )], (7.16)

The following proposition allows us to adopt the proof of Theorem 7.3.11 to
Theorem 7.3.18:

Proposition 7.3.24. i) Let £’ € Dom(Q) and p € HS o(H). Then the operator
T:=({yV(1®p) € LH ® H, H® C) satisfies |T|| < [|Q&'| - pllo-
i) [(H|;21 V(1 ® X)] = [(H|[;21 V(1 ® [X]p)] for each subset X C HS o (H).

Proof. i)Letn,n’ € H and £ € Dom(Q™!). Then pé € Dom(Q~!) and
WITM®E) = (f ®EVH® pf)) = (1® Q&' IV( ® Q7' p§)).
Since || V]| = 1and [|Q o[l < Q" 'pll2 = |loll@, the equation above implies

(1T @) = lInll - 1QEI - In'll - el - &1

Since Dom(Q™!) is dense in H, the inequality extends to all £ € H. Using an
orthonormal basis (e;); of H and the decomposition H ® H = @, Ce; ® H, it
is easy to deduce that |[(n|T¢)| < [|Q€"[| - Il - Ipllg - lI¢]l for all n” € H and
teH®H.
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ii) By statement 1), [(§'|;2) V(1 ® X)] = [(§'|121 V(1 ® [X]p)] for every & €
Dom(Q), and since Dom(Q) is dense in H,

[(H|z V(1 ® X)] = [(Dom(Q)|zV (1 ® X)]
[(Dom(Q)[21V(1 ® [X]o)]
= [{(HlizV(1 ® [X]o)]: O

Proof of Theorem 7.3.18. The proof proceeds along the same line as the proof of
Theorem 7.3.11; let us briefly indicate the necessary modifications. The first step
is to show that A = A(V) is a C *-algebra. Since Dom(Q~!) is dense in H,

~

[AA] = [(H | Vi) H) 13 H g Viigg 1D )
= [(H113yV1131/ Dom(Q ™) 13y (H 1) Vg H ) 9]

By Proposition 7.3.24 ii) and equation (7.16), we can replace the middle term
| Dom(Q 1)) (31(H |21 by {H |21 V23| Dom(Q ™)) 3:

~

[AA4%] = [(H |31 Va3 H |2y Vias) | Dom(Q ™) 3y Vi | H ) -

Now we replace Dom(Q~!) by H again and proceed as in Lemma 7.3.12.
The rest of the proof of Theorem 7.3.11 carries over similarly. |



Chapter 8
Locally compact quantum groups

The theory of locally compact quantum groups developed by Kustermans and Vaes
[87], [88], [91], [158] provides a comprehensive framework for the study of quantum
groups in the setting of C*-algebras and von Neumann algebras. It includes a far-
reaching generalization of the classical Pontrjagin duality of locally compact abelian
groups that covers all locally compact groups.

The theory developed by Kustermans and Vaes builds on work of Kac, Vainer-
man, Enock, Schwartz, Baaj, Skandalis, Van Daele, Woronowicz, and many others.
Itis technically demanding, and the proofs of the main results are long and involved.
Therefore we only present a survey and refer the reader to the original articles [87],
[91], [93], [158] for details. Other surveys are [88], [§9], [92]. In our presentation,
we shall profit from the material developed in the preceding chapters of this book,
in particular in Chapters 2 and 7, which motivates many constructions in the theory
of locally compact quantum groups. Some background on C *-algebras and von
Neumann algebras used in this chapter is summarized in the appendix.

Every locally compact quantum group appears in several guises:

* as a locally compact quantum group in the setting of von Neumann algebras,
* as areduced C *-algebraic quantum group, and

* as a universal C*-algebraic quantum group,

see also Section 4.3. The first and second of these variants have a similar flavor;
they will form the topic of this chapter. For a discussion of the third variant, see
[87].

8.1 The concept of a locally compact quantum group

A locally compact quantum group is a von Neumann bialgebra or C *-bialgebra
equipped with a left and a right Haar weight. These Haar weights are analogues
of the left and the right Haar measure on a locally compact group and of the left
and the right integral of an algebraic quantum group. As indicated in Chapter 4,
these Haar weights are absolutely fundamental for the development of the theory.
Unfortunately, up to now, the existence of Haar weights on a given C *-bialgebra or
von Neumann bialgebra can not be deduced from a reasonable set of assumptions
but has to be postulated as an axiom. The situation improves if one starts from a
multiplicative unitary, see [205] and [67, Section 1.4]. A fundamental tool for the
treatment of the Haar weights is the celebrated Tomita—Takesaki theory.
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We begin this section with a brief introduction to weights on C *-algebras and
von Neumann algebras. Then we define locally compact quantum groups in the
setting of von Neumann algebras and summarize the main results of the Tomita—
Takesaki theory that are fundamental to the theory of locally compact quantum
groups. In the setting of C*-algebras, similar results do not hold in general and
have to be incorporated into the definition of the Haar weights in form of addi-
tional assumptions. The section closes with the definition of reduced C *-algebraic
quantum groups.

8.1.1 Weights

The prototypical example of a Haar weight on a von Neumann bialgebra or C*-
bialgebra is integration of functions on a locally compact group G with respect to
the Haar measure A. Unless G is compact, not every element of the von Neumann
algebra L°°(G, A) or the C*-algebra Cy(G) is integrable, and the integral is well
defined only on a dense subspace or on the cone of positive functions. Likewise,
a weight on a C*-algebra or von Neumann algebra is first defined on the cone of
positive elements and then extended to a linear map on the subset of integrable
elements. The precise definition subsumes von Neumann algebras as special C *-
algebras:

Definition 8.1.1. Let 4 be a C*-algebra. Denote by A7 the set of all positive
elements of A. A weight on A is a function ¢: AT — [0, oc] satisfying

i) ¢p(a +b) =¢p(a) + ¢(b) foralla,b € AT;
ii) ¢(ra) = r¢(a) forall r € [0,00) anda € A™.
The weight ¢ is called faithful if ¢ (a) # 0 for each non-zeroa € A™.
Let ¢ be a weight on a C *-algebra A. We use the following standard notation:
. eM; :={a € AT | ¢(a) < oo} isthe setof all positive ¢-integrable elements;
* Ny :=1{a € A| p(a*a) < oo}is the set of all ¢p-square-integrable elements;
* My := span M; = span N, q;" N is the set of all ¢-integrable elements.

It is easy to check that [Ny is a left ideal and that Mg is a *-subalgebra of 4 [121,
Lemma 5.1.2]. Moreover, ¢ extends uniquely to a linear functional on Mgy [121,
Lemma 5.1.2], which we denote by ¢ again.

The theory of weights subsumes classical integration theory and is generally
considered as non-commutative integration theory.
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Example 8.1.2. Let X be alocally compact space with a Borel measure yt. Then in-
tegration with respect to u defines a weight on the von Neumann algebra L°*° (X, u),
which we denote by 1 again:

w(f) ::/deu forall f € L®°(X,pn)*.

Evidently, M, = L1(X, ) N L®°(X, ) and N, = L2(X, ) N L®(X, p).

Unbounded weights are difficult to handle. To retain some control, one usually
imposes some of the following conditions:

Definition 8.1.3. A weight ¢ on a C *-algebra 4 is
* lower semi-continuous if the subset {a € AT | ¢(a) < A} C A is closed for
every A € RT;
* densely defined if M; is dense in A™ (or, equivalently, if Ny or M is dense
in A);
* proper if ¢ is non-zero, densely defined, and lower semi-continuous.
A weight ¢ on a von Neumann algebra M is
* normal if the subset {a € Mt | ¢p(a) < A} C M is o-weakly closed for
every A € RT;

* semi-finite if eM; is dense in M T (or, equivalently, if Ny or My is dense in
M) with respect to the o-weak topology;

* n.s.f. if ¢ is normal, semi-finite, and faithful.

8.1.2 Locally compact quantum groups in the setting of
von Neumann algebras

A locally compact quantum group in the setting of von Neumann algebras is sim-
ply a von Neumann bialgebra equipped with a left invariant and a right invariant
n.s.f. weight. The definition involves the cone of positive normal linear function-
als on a von Neumann algebra M, which we denote by M, and slice maps (see
Section 12.4).

Definition 8.1.4. Let (M, A) be a von Neumann bialgebra. A weight ¢ on M is
o left-invariant if ¢ (0 ® id)(A(a))) = w(1)¢(a) foralla € M, w € M ;

e right-invariant if ¢((id ® w)(A(a))) = o(1)¢(a) foralla € M}, w €
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A locally compact quantum group (in the setting of von Neumann algebras) is a
von Neumann bialgebra (M, A) that has a left-invariant n.s.f. weight and a right-
invariant n.s.f. weight.

For a motivation of the invariance conditions, see Section 2.2.1. As in the case
of algebraic quantum groups, uniqueness of the Haar weights can be shown once
the existence is settled; however, the proof is much more involved and depends on
a fair amount of the theory of locally compact quantum groups.

Theorem 8.1.5. For every locally compact quantum group in the setting of von
Neumann algebras, the left-invariant n.s.f. weight and the right-invariant n.s.f.
weight are unique up to positive constants.

Proof. This is stated in [158, Section 1.14]; a proof is given in the setting of C*-
algebras, and that proof carries over to the setting of von Neumann algebras. [

Definition 8.1.6. The invariant n.s.f. weights of a locally compact quantum group
in the setting of von Neumann algebras (which are uniquely determined up to some
constant) are called its left and its right Haar weight, respectively.

Classical examples of locally compact quantum groups are the von Neumann
bialgebras associated to a locally compact group:

Example 8.1.7. For every locally compact group G, the von Neumann bialgebras
L°°(G) and L(G) introduced in Example 4.2.4 are locally compact quantum groups.
Let us describe their Haar weights.

The left Haar weight ¢ and the right Haar weight i of L°°(G) are given by

$(f) = /G fdr. v(f) = jG fda~' forall f € L®(G)*,

where A and A~! denote the left and the right Haar measure of G, respectively.
Invariance of ¢ and of V¥ follows immediately from the translation invariance of A
and A~!, see also Section 2.2.1.

The von Neumann bialgebra L(G) has a Haar weight ¢ that is both left- and
right-invariant; it is given by

(I £ ll2)?, there exists f € L?(G, A) such that

(TE() = o FOEETy)dA(x)
forallé € C.(G), y € G,
00, otherwise,

¢(T*T) =

for every T € L(G)™, see [121, Section 7.2.7] or [148, Section VIL.3]. A short
calculation shows

H(L(g)) = g(e) forall g € C.(G) suchthat L(g) € L(G)™.
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8.1.3 The modular automorphism group of a weight

Every n.s.f. weight on a von Neumann algebra has a modular automorphism group
that measures the deviation of the weight from being a trace. This automorphism
group is reviewed in the following paragraphs. Standard references are, for example,
[21], [76], [121], [144], [147], [150].

The Haar weights ¢ and v of a locally compact quantum group (M, A) need
not be traces, that is, we can neither expect ¢(a*b) = ¢(ba™) forall a,b € Ny
nor ¥ (a*b) = y(ba*) for all a,b € Ny. Recall that for every left integral ¢o
on an algebraic quantum group (Ag, Ag), there exists a modular automorphism oy
such that ¢g(a*b) = ¢ (bog(a™)) forall a,b € Ay (Theorem 2.2.17). A deep and
fundamental result of the celebrated Tomita—Takesaki theory says that every n.s.f.
weight on a von Neumann algebra admits a similar modular automorphism group.
This modular automorphism group is essential for the development of a satisfying
theory of locally compact quantum groups.

Let us proceed to the precise definitions and statements. The modular automor-
phism group of an n.s.f. weight is a particular instance of the following concept:

Definition 8.1.8. A one-parameter group of x-automorphisms on a C *-algebra A
is a family & = (oy);eRr of *-automorphisms of A that satisfies o5 0 oty = g4 for
all 5,7 € R. The one-parameter group « is called

* norm-continuous if for every a € A, the map R — A given by t — «;(a) is
continuous;

* strongly continuous if A is a von Neumann algebra and for every a € A4,
the map considered above is continuous with respect to the strong operator
topology on A.

Remark 8.1.9. The term “strongly continuous one-parameter group” is frequently
also used for one-parameter groups of automorphisms of general Banach spaces
that are norm-continuous in a similar sense as above.

We shall be interested in analytic extensions of one-parameter groups. These
extensions involve analytic functions that are defined on horizontal strips on the
complex plane of the form

Iz):={yeC:|Sy| <|3z|]} cC, wherez e C.

Given a C*-algebra/von Neumann algebra A, let us call a function f: I(z) — A
norm-regular/strongly regular if it is

i) analytic on the interior of /(z), that is, for every yy in the interior of /(z), the
limit limy ., (f(») — f(¥0))/(y — yo) exists w.r.t. the norm topology;
ii) norm-bounded on /(z);
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iii) norm-continuous/o-strongly-* continuous on /(z).

For the definition of the o-strong-* topology, see Section 12.3. From the Identity
Theorem of complex analysis, it follows that two functions f, g: I(z) — A that
are norm-regular/strongly regular and coincide on R € /(z) must coincide on /(z).

Definition 8.1.10. Let o be a norm-continuous/strongly continuous one-parameter
group of automorphisms on a C *-algebra/von Neumann algebra A. For each z €
C\ R, put

Dom(w;) := {x € A | there exists f: I(z) — A norm-regular/strongly
regular such that f(¢) = a,(x) forall ¢ € R},

and define a; : Dom(w;) — A by a;(x) := f(z), where f is as above. Note that
the function f is uniquely determined and «; is well defined.

The family («;)zec is called the analytic extension of «, and the elements of
(\,;ec Dom(c;) are called analytic.

Proposition 8.1.11. Let o be a norm-continuous/strongly continuous one-para-
meter group of automorphisms on a C*-algebra/von Neumann algebra A, and let
v,z e C.

1) The analytic elements are dense in A with respect to the norm/o-strong-x*
topology.

ii) Dom(a;) € A is a subalgebra and ., : Dom(a;) — A is an algebra homo-
morphism.

iii) Dom(a;)* = Dom(wz) and az(a™) = a;(a)* for all a € Dom(a;).
V) 0z 00 =0y 00; = dzyqy forallt € R.
v) Dom(ery o @z) = Dom(ery4;) N Dom(a;) and oy (az(a)) = oy4z(a) for
all a € Dom(ay o ;). If y and z lie on the same side of the real axis, then
Oy 00y = Olyz.
vi) If y € I(z), then Dom(a;) € Dom(cy).
vil) @y is injective, Ima; = Dom(a_y), and ;"' = ar_.

viil) «; is closed with respect to the norm topology/o -strong-* topology.
For the definition of closed maps, see Section 8.2.

Proof. Statements ii)—viii) follow without much work from the definition, see the
Preprint [86]. For the proof of statement i), see also [121, Section 8.12]. O

Remark 8.1.12. Every norm-continuous/strongly continuous one-parameter group
a on a C*-algebra/von Neumann algebra is uniquely determined by the map «;,
which is called the (analytic) generator of «.
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Given the preceding definitions, we can formulate the main result of Tomita—
Takesaki theory:

Theorem 8.1.13. Let ¢ be an n.s.f. weight on a von Neumann algebra M. There
exists a unique strongly continuous one-parameter group of automorphisms o on M
such that

i) o leaves ¢ invariant, that is, ¢ o o, = ¢ forallt € R;
i) ¢(x*x) = ¢ (0i/2(x)07/2(x)*) for all x € Dom(0;/,).
Furthermore, ¢(ax) = ¢(xo_;(a)) in the following two situations:
a) a € Dom(o_;) and x € Mg; in that case, ax and xo_;(a) belong to My;
b) x € Ny N J\fq;‘, ae JV(;‘ NDom(o_;), and o_;(a) € Ny.
The one-parameter group o is called the modular automorphism group of ¢.
For an illustration, consider the following simple example:

Example 8.1.14. Let ¢ be an n.s.f. weight on the von Neumann algebra M, (C),
where n € N. Elementary linear algebra shows that there exists a positive definite
matrix § € M, (C) such that

¢ (x) = Tr(x8) = Tr(§"/2x8'/2?) = Tr(sx) forall x € M,(C)",

where Tr: M, (C) — C denotes the usual trace. Note that ¢ extends to a positive
linear map on M, (C) by the same formula as above. We claim that the modular
automorphism group o of ¢ is given by

or(x) = 8"x87"" forall x € M,(C), t € R.

Note that 8¢ is unitary for each ¢ € R, so that o; is a x-automorphism.
Let us prove the claim. The weight ¢ is invariant with respect to o because

#(0:(x)) = (87 x87") = Tr(§7x878) = Tr(x87186) = Tr(x8) = ¢(x)

for all x € M, (C). Evidently, the analytic extension of ¢ is given by o,(x) =
§12x877 for all x € M, (C) and z € C. Therefore, 0;/5(x) = §~'/2x§'/2 and

B (0112 (X)01/2(x)*) = (5~ /2x81/2 . §1/2x*571/2)
= Tr(x8x™) = Tr(x*x8) = ¢(x*x)

for all x € M, (C). These equations show that ¢ satisfies conditions i) and ii) of
Theorem 8.1.13. Furthermore, ¢ (ax) = ¢ (xo_;(a)) forall a,x € M, (C):

¢(ax) = Tr(ax8) = Tr(x8a) = Tr(x8ad~18) = Tr(xo_;(a)d) = ¢p(xo_;(a)).
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8.1.4 Reduced C *-algebraic quantum groups

For the Haar weights of a reduced C *-algebraic quantum group, the existence of a
modular automorphism group has to be assumed.

Definition 8.1.15. A proper weight ¢» on a C *-algebra A is a KMS-weight if there
exists a norm-continuous one-parameter group o on A such that conditions i) and
ii) of Theorem 8.1.13 hold. As in the setting of von Neumann algebras, the one-
parameter group o is called a modular automorphism group for ¢.

References for KMS-weights on C *-algebras are, for example, [90], [91], [121],
[1501], [158].

Every KMS-weight on a C *-algebra satisfies the analogue of the second part of
Theorem 8.1.13:

Theorem 8.1.16. Let ¢ be a KMS-weight on a C*-algebra A. If ¢ is faithful,
then the modular automorphism group of ¢ is uniquely determined. Moreover,
¢(ax) = ¢(xo_;(a)) in the following two situations:

a) a € Dom(o_;) and x € Mg, in that case, ax and xo_;(a) belong to My;

b) x € Ny NN, a € Ny NDom(o—;), and o—i(a) € Ny.

Given a C*-algebra A, we denote by A7 the cone of all positive linear func-
tionals on A.

Definition 8.1.17. A reduced C*-algebraic quantum group is a C*-bialgebra
(A, A) that satisfies the following conditions:

i) the following two sets are linearly dense subsets of A:

{(w ®@id)(A(@)) |w € A%, a € A}, {([dRw)(Aa)) | w € A%, a € A};

ii) there exists a faithful KMS-weight ¢ on A which is left-invariant in the sense
that ¢ (0 ® id)(A(a))) = w(1)¢(a) forallw € A} anda € M;;

iii) there exists a KMS-weight ¥ on A which is right-invariant in the sense that
¥ ((id ®w)(A(a))) = w(1)Y(a) forallw € A% anda € M;;

Remarks 8.1.18. i) In conditions ii) and iii), ® ® id and id @@ denote slice maps
as defined in Proposition 12.4.1. To define w(1), one extends w to the unitization
(or multiplier algebra) of A, see Corollary 12.1.2, and finds (as for any positive
functional) w(1) = ||w||. Finally, note that (v ® id)(A(a)) and (id @w)(A(a))
belong to A by condition i), so that we can apply ¢ or V¥, respectively.

ii) The KMS-condition on the weights in ii) and iii) can be replaced by a condition
that first seems to be weaker, but turns out to be equivalent: the weights ¢ and
need only be approximate KMS-weights [91].
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iii) If (A, A) is abisimplifiable C *-bialgebra, then condition i) above holds. This
follows easily from Proposition 12.4.3. Conversely, every reduced C *-algebraic
quantum group is a bisimplifiable C *-bialgebra, as we shall see in Proposition 8.3.2.

iv) For locally compact quantum groups in the setting of von Neumann algebras,
an analogue of condition i) is automatically satisfied, see [93, Proposition 1.4] or
[158, Proposition 1.14.5].

v) The KMS-weight v in ii) turns out to be faithful, see Remark 8.3.9.

As in the setting of von Neumann algebras, one can show:

Proposition 8.1.19. For every reduced C*-algebraic quantum group, the faithful
left-invariant KMS-weight and the right-invariant KMS-weight are unique up to
positive constants.

Proof. The proof involves a large amount of the theory of locally compact quantum
groups, see [91, Theorems 7.14, 7.15] or [158, Theorems 1.10.1, 1.10.2]. O

Definition 8.1.20. The invariant KMS-weights of a reduced C *-algebraic quantum
group (which are uniquely determined up to some constant) are called its left and
its right Haar weight, respectively.

Classical examples of reduced C *-algebraic quantum groups are the C *-bialge-
bras associated to a locally compact group:

Example 8.1.21. For every locally compact group G, the C *-bialgebras Cy(G)
and C¥(G) introduced in Example 4.2.2 are reduced C *-algebraic quantum groups.
The Haar weights on Co(G) coincide with the restrictions of the Haar weights on
L°°(G); trivially, they are traces. The Haar weight on C;*(G) coincides with the
restriction of the Haar weight on L(G). Its modular automorphism group can be
described as follows [150, VII, Proposition 3.1]: Denote by § the modular function
of G (see Section 2.2.3), and consider the function §’ for each ¢ € R as a unitary
multiplication operator on L2(G, ). Then o;(x) = 8/ x87%* for all x € C*(G)
andtr € R.

Example 8.1.22. Every reduced C *-algebraic compact quantum group (A4, A) is
a reduced C*-algebraic quantum group. To prove this, we only need to show that
the Haar state & of (A, A) is a KMS-state. Denote by

* (H, A, ) the GNS-construction for /;

* (u%)q amaximal family of pairwise inequivalent irreducible unitary corepre-
sentation matrices of (4, A);

* (Ao, Ap) the Hopf *-algebra of matrix elements of finite-dimensional core-
presentations, that is, Ag = span{ugl |, k, 1}

* (f2)zec the family of characters on Ay defined in Theorem 3.2.19;
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* (02).ec the family of automorphisms (not necessarily *-automorphisms) of
Ap given by 62(a) = Y fiz(a@))a) fiz(a()); in the notation of Corol-
lary 3.2.20, 62 = pjz.iz.

We show that the family (6);er extends to a norm-continuous one-parameter
group ¢ on A and that ¢ is a modular automorphism group for /. The extension is
implemented by a one-parameter group of unitaries on H which is constructed as
follows. Consider the map

Vo: A(Ap) — A(Ao), Ala) — A(02;(a)).

Let « be arbitrary. Then Hy := span{A(uy;) | k, 1} has finite dimension and
Vo(Hy) € H, because

oﬂi(ug,) = Zfl(uzm)u‘,xnnfl(u‘;l) for all k, [

m,n
by equation (5.6). By Corollary 3.2.20, we have for all a,b € Ag

(A(D)|VoA(a)) = h(b*0?;(a)) = (hoc®)(0} (h*)a)
= h(0%(b)*a) = (VoA (b)|A(a)).

Thus Vo|g, is self-adjoint.

Since H = @, Hy (Proposition 3.2.6, 3.2.9), there exists a unique self-adjoint
operator V on H such that V|g, = Vy|g, for all «. A short calculation shows that
ViZn(a)V™i? = 7(02(a)) foralla € Ay, z € C. Now we can conclude:

e Since Vit is unitary for each + € R, we can extend for each t € R the
s-automorphism o of Ag to a x-automorphism o, of A by the formula
7(os(a)) = Vig(a)V'L.

* Since Ao is dense in 4 and ¢ o 6) = 0, for all 5, € R, we have
05 00y = 0544 forall s, ¢t € R.

* Since for each b € Ay, the map C — C,z +— f;(b), is holomorphic, the
map R — Ag <> A given by ¢ + 0?(a) = o(a) is norm-continuous for
each a € Agy. Since each o; has norm 1, it follows that for each a € A, the
map R — A given by ¢t — 0;(a) is norm-continuous.

Thus we obtain a norm-continuous one-parameter group 0 = (0;);er on A.

Let us show that o satisfies conditions i) and ii) of Theorem 8.1.13. By Corol-
lary 3.2.20, we have h(o,(a)) = h(a) for all @ € Ay and hence for all a € A. Let
a € Dom(0;/3). By Proposition 8.1.11,

h(0i/2(@)01/2(a)*) = h(o—i/2(a*)*0_i/2(a*)) = (V2 A@*)|V2A(a*)).
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We need to show that this is equal to h(a*a) = (A(a)|A(a)). Since the map
V1/2 and the map A(A4g) — A(Ao), A(a) — A(a*), are compatible with the
decomposition H = @, Hy, we may assume that a € Ag. But for a € Ay,
Corollary 3.2.20 implies

1(0112(@)0112(@)*) = h(©),(@)0),(@)*) = h(o7,(@)0° ,(a*))
— 1(02,,(a")0°, 5 (@) = h(a*a).

More generally, every algebraic quantum group gives rise to a reduced C*-
algebraic quantum group:

Example 8.1.23. Let (4o, Ag) be an algebraic quantum group with dual (//1\0, &0).
In Example 7.1.6 and Theorem 7.2.14, we associated to (Ag, Ag) a well-behaved
multiplicative unitary V' whose right and left leg (A(V), A) and (/T(V), &) were
completions of the algebraic quantum group (Ao, Ag) and its dual (Ao, Ag), re-
spectively. Kustermans and Van Daele showed that these C *-bialgebras are reduced
C *-algebraic quantum groups [94].

Further examples of locally compact quantum groups are discussed in Sec-
tion 8.4.

8.2 Additional prerequisites

Before we can proceed in the theory of locally compact quantum groups, we need
to review several preliminary concepts and tools related to unbounded linear maps
and weights.

Closed and densely defined operators. We will often encounter linear maps
that are not continuous and not everywhere defined, as, for example, the analytic
extensions of one-parameter groups. Let us fix some related terminology.

Given topological vector spaces E and F, a densely defined linear map from E
to F is a linear map 7: Dom(7') — F whose domain of definition Dom(7’) is a
dense subspace of E. We write T: Dom(7) € E — F in order to indicate the
domain and range of 7. Such a map T is called closed if it satisfies the following
equivalent conditions:

i) the graph G(T) := {(e, T'(e)) | e € Dom(T')} is a closed subspace of £ ® F';

ii) if (ey), is a net in Dom(7’) that converges to some element e € E and the
net (T'(ey)), converges to some element f € F, then e € Dom(T) and

T(e)=f.
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A subspace Eg € Dom(T) is called a core for T if the subset {(e,T(e)) | e €
Eo} € G(T) is dense. Evidently, every densely defined closed map is completely
determined by the restriction to some core.

The composition of densely defined linear maps is defined like the usual com-
position of partially defined maps; it need not be densely defined. Furthermore, the
composition of closed maps need not be closed.

Constructions with weights ([90], [91], [150], [158]). We need to define several
constructions with weights such as formation of tensor products or slice maps and
extension to multiplier algebras. The general idea is that all constructions that be-
have nicely for positive linear functionals on C *-algebras or normal positive linear
functionals on von Neumann algebras can be carried over to lower semi-continuous
or normal weights, respectively, by means of the following approximation result:

Lemma 8.2.1. A weight ¢ on a C*-algebra A is lower semi-continuous if and only

if

¢(x) = sup w(x) forallx € AT, where Fy = {w € AL |w < ¢pon AT}.
wE?¢

A semi-finite weight ¢ on a von Neumann algebra A is normal if and only if the
condition above holds with A% replaced by AY in the definition of F.

Let ¢ and ¥ be proper weights on C *-algebras A and B, respectively, and put
9p = (0,1) - Fy € Fy. The set G is naturally ordered; therefore it can be used
as the index set of a net.

* The extension of ¢ to the C *-algebra M (A) is the weight ¢ defined by ¢ (x) :=
SUPy e, @(x) for all x € M(A)T. Here, @ denotes the unique strictly
continuous extension of a functional w € A% to M(A), see Corollary 12.1.2.

* The tensor product of ¢ and v is the weight ¢ ® ¥ on A ® B defined by
(¢ @ ¥)(x) = sup{(w ® O)(x) |w € Fy, 0 € Fy}
forall x € (A ® B)™. This weight is proper.
* The slice map ¢ ® idp on M(A ® B) is defined as follows. Put
ﬂ;@d ={xeMA®B)"| s(;leig(lb (0w ® id)(x) exists in M(B)}

and
(¢ ®idp)(x) := s-lim (@ ® id)(x) forallx e M ygia:
WEGy
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where “s-lim” denotes the strict limit. Furthermore, let
= . =+ = ) " =+
M pgid *= span M ,gi4, N pgid == {xe M(AQ B) | x*x € M¢®id}.

Then ¢ ® idp extends to a linear map ¢ ® idp: J(¢®id — M(B).

Likewise, one can define a slice map id4 ®1.

Similarly, one defines tensor products and slice maps of n.s.f. weights on von Neu-
mann algebras.

GNS-construction for weights ([90], [91], [150], [158]). For a locally compact
quantum group, the Hilbert space associated to the left Haar weight plays a funda-
mental role. This space is a particular example of the following construction:

Definition 8.2.2. Let ¢ be a weighton a C *-algebra A. A GNS-construction for ¢ is
atriple (Hgy, Ay, my) consisting of a Hilbert space Hy, alinearmap Ag: Ny — Hy
with dense image, and arepresentation g : A — £(Hg) suchthatforalla,b € Ny
andc € A,

(Ap(D)[Ap(@)) = ¢p(b™a) and  74(c)Ap(b) = Ag(ch).

It is easy to see that for each weight, there exists a GNS-construction, and that
this construction is unique up to a unitary transformation. In general, the GNS-map
Ay of a weight ¢ is unbounded, but one still has some control:

Proposition 8.2.3. i) Let ¢ be a lower semi-continuous weight a C *-algebra with
GNS-construction (Hg, Ay, ). Then the map Ay is closed with respect to the
norm, and the representation 1y is non-degenerate.

ii) Let ¢ be a normal and semi-finite weight on a von Neumann algebra M with
GNS-construction (Hg, Ay, 7wy). Then the map Ay is closed with respect to the
o-weak topology on M and the weak topology on Hg, and the representation 1y
is normal and unital.

The Tomita—Takesaki theory [147] provides a detailed description of the GNS-
construction of an n.s.f. weight:

Theorem 8.2.4. Let ¢ be an n.s.f. weight on a von Neumann algebra M with
GNS-construction (Hg, Ay, my) and modular automorphism group o.

1) There exists a unique closed conjugate-linear operator T on Hy such that
Ag(Ng NNS) isacorefor T and TAy(x) = A (x™) forall x € Ny NNy

ii) The operator V := T*T is strictly positive. There exists a unique antiunitary
J_on Hg such that T = JVY2 OnehasJ = J* J2 =1,and JV'J =
Vit, JVY] =V~ forallt € R.
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iii) Jrg(M)J = my(M).
iv) Ag(o1(x)) = VIIAy(x) forall x € Ny andt € R.
V) JAg(x) = Ag(0i/2(x)*) for all x € Ny N Dom(a;/2).

vi) If x € Ny and y € Dom(0;/>), then xy € Ny and
Ap(xy) = Jmp(0i/2(¥))* T Agp(x).

For KMS-weights on C *-algebras, the following partial analogue holds:

Theorem 8.2.5. Let ¢ be a KMS-weight on a C*-algebra A with GNS-construc-
tion (Hgy, Ay, my) and modular automorphism group o. Then conditions i)-ii) and
iv)—vi) of Theorem 8.2.4 hold, and Jrg(A)J C 7y (A) .

The operators J and V above are called the modular conjugation and the mod-
ular operator of ¢, respectively. Usually, the modular operator is denoted by the
symbol A, which we reserve for the comultiplication.

8.3 Main properties

For every locally compact quantum group, one can construct:

* a counit in the form of a densely defined unbounded operator; since it only
plays a minor rdle in the theory, we will not discuss it;

* an antipode in the form of a densely defined unbounded operator and a polar
decomposition of this antipode into a scaling group and a unitary antipode;

* amodular element that relates the right to the left Haar weight;

a dual locally compact quantum group — this generalizes Pontrjagin duality
to the class of all locally compact quantum groups;

* a manageable multiplicative unitary which plays a fundamental rdle for the
development of the theory.

Furthermore, one can associate to every locally compact quantum group in the set-
ting of von Neumann algebras a reduced C *-algebraic quantum group and vice
versa. These transitions establish a bijective correspondence between the two
classes of bialgebras, see also Section 4.3. We focus on reduced C*-algebraic
quantum groups; the setting of von Neumann algebras is very similar.

All constructions discussed in this section are technical and involved; therefore
we only indicate some main ideas. The interested reader who is willing to spend
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some time and energy is referred to the original article [91] and to the thesis [158]
for proofs and details.

Throughout this section, let (A4, A) be a reduced C *-algebraic quantum group
with left Haar weight ¢ and right Haar weight 1. For motivation, we shall fre-
quently consider an algebraic quantum group (Ao, Ag) with left integral ¢¢ and
right integral 9. Let us stress that the algebraic quantum group and the reduced
C *-algebraic quantum group are not assumed to be related in any way. As before,
we denote the algebraic tensor product by “®”.

8.3.1 The multiplicative unitary

The multiplicative unitary of a locally compact quantum group plays a central role
in the theory. Most importantly, it facilitates the transition between the setting of
C *-algebras and the setting of von Neumann algebras, and the construction of the
dual of a locally compact quantum group.

To motivate the construction of the multiplicative unitary, we recall the defi-
nition of the multiplicative unitary Wy, of an algebraic quantum group (Ag. Ag)
(Example 7.1.6). The underlying Hilbert space of Wy, is the GNS-space for the
left integral on (Ao, Ao), and the adjoint (Wy,)* is given by

a®@b Agb)(a ©®1), wherea,b e Ag. (8.1)

How can this construction be adapted to the reduced C *-algebraic quantum
group (A4, A)? The underlying Hilbert space should now be the GNS-space Hy of
the left Haar weight ¢ of (A4, A), and formula (8.1) should be rewritten as

Agp(a) ® Ap(D) = (Ayp @ Ag)(A(D)(a ® 1)), wherea,b € Ny.
To make sense of the right-hand side, we need to extend the map
A¢@A¢SW¢®N¢—>H¢@H¢EH¢®H¢

to the subspace A(Ny)(Ngp ® 1) of A ® A. This can be done as follows. Consider
the weight ¢ ® ¢ on A ® A. Evidently, Ny © Ny C Npge, and one can show that

* themap Ay © A4 extends uniquely toaclosedlinearmap Ag @Ay : Mpggy —
Hy ® Hg for which Ny © N is a core;

o A(Np)(Nyp ® 1) C Nyge; this follows from the left-invariance of ¢.

Theorem 8.3.1. Let (A, A) be a reduced C*-algebraic quantum group with left
Haar weight ¢ and associated GNS-construction (Hy, Ay, 7y). Then there exists
a multiplicative unitary W on Hg such that

W*(Ap(@) ® Ag() = (Ag ® Ag)(AB)a® 1) foralla.b € Ny.
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Proof. The detailed proof is given in [91, Theorem 3.16, Proposition 3.18] and
[158, Theorem 1.3.1]; be prepared for a long reading. Using the left-invariance of
the left Haar weight ¢, it is not difficult to show that the formula above defines an
isometry W*. The hard part of the proof is to show that W* has dense image; this
step involves the right Haar weight. The pentagon equation for W follows easily
from the coassociativity of the comultiplication A. O

Recall that every multiplicative unitary gives rise to a left leg (/f w), AW) and
arightleg (A(W), Aw) (see Section 7.2).

Proposition 8.3.2. The representation g defines an isomorphism of the C*-bi-
algebras (A, A) and (A(W), Aw):

7(A) = span{(id @ w)(W) | 0 € L(Hy)s} = A(W),
(19 @ mp)(Aa)) = W*(1 ® my(a))W = Aw(nq;(a)) foralla € A.
Proof. See [91, Equation (4.2), Proposition 3.17] or [158, Proposition 1.3.4]. [

Later, we shall see that W is manageable (Proposition 8.3.10) and that its right
leg (A(W), Aw) is a reduced C*-algebraic quantum group again, namely, the
coopposite of the generalized Pontrjagin dual of (A4, A) (Section 8.3.3).

8.3.2 The antipode and modular properties

At first sight, it may be difficult to guess which construction known from the theory
of algebraic quantum groups can be used to define the antipode of a reduced C*-
algebraic quantum group. However, the antipode Sy and the left integral ¢y of an
algebraic quantum group (Ao, Ag) are related by the equation

So((id © ¢0)(Ao(b™)(1 © a))) = (id © ¢o)((1 © b*)Ag(a))

foralla,b € Ag (see Lemma 2.2.12).

To adapt this formula to the reduced C *-algebraic quantum group (4, A), we
use the slice map id4 ®¢ defined on page 214. To apply this slice map to products
of the form A(b*)(1 ® a) and (1 ® b*)A(a), we need to impose restrictions on b
and a. The following relations imply that it suffices to assume a, b € Ny:

A(N) gﬁid@q&’ M(A) © Ny gﬁid@qﬁv (ﬂid®¢)*‘/\7id®¢ gﬂid@qﬁ‘

The first of these inclusions can be deduced from the left-invariance of ¢, and the
second and third inclusion are obvious.

Alternatively, we can identify (A, A) with the left leg of the multiplicative
unitary W (Theorem 8.3.1) and define an antipode as in Proposition 7.2.16. Both
approaches turn out to be equivalent:
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Theorem 8.3.3. Let (A, A) be a reduced C*-algebraic quantum group with left
Haar weight ¢, right Haar weight \, and multiplicative unitary W. There exists a
unique closed densely defined linear map S : Dom(S) € A — A that satisfies the
following conditions:

i) span{(id ®9)(AD*)(1 ®a)) | a,b € Ny} C A is a core for S and
S((id®¢)(AD™)(1 ® a))) = ([d ®¢)((1 ® b*)A(a)) foralla,b € Ny.

ii) span{(y¥ ® id)((b* @ 1)A(a)) | a,b € Ny} € A is a core for S and
S((y ®1d)((b* @ 1)A(a))) = (Y ®id)(A(B*)(a ® 1)) foralla,b € Ny.

iii) {(id @ w)(W) | w € L(Hp)+} < mp(A) = A is a core for S and
S((d ® )W) = (id ® w)(W*) forallw € £(Hy)x.

Proof. See [91, Proposition 5.24, Corollary 5.35, Proposition 8.3] or [158, Propo-
sitions 1.6.4, 1.6.17, 1.8.6]. O

The preceding theorem characterizes the antipode, but the actual construction
and the polar decomposition of the antipode are given in the next theorem. The
starting point of this construction is an operator G on Hy which, roughly, satisfies
GAg(c) = Ay(S(c*)) for suitable ¢ € Ny. To define G without reference to the
antipode S, we insert the equation of condition 8.3.3 ii) into the desired equation
GAy(c) = Ap(S(c*)): for suitable a,b € Ny, the operator G acts by

Ag (¥ ®id)(AD™) (@ ® 1)) = Ap((¥ ® id)(A(@™)(b ® 1))).

To be able to apply the GNS-map Ay to the image of the slice map ¥ ® id on
both sides above, we need to impose restrictions on the elements @ and b. If
a,b e eNq;‘ ‘NW’ then also a, b € Ny, because Ny, is a left ideal, and hence the slice
map ¥ ® id can be applied in both sides of the equation above (see the discussion
before Theorem 8.3.3). Using a Fubini-type theorem and left-invariance of ¢, one
can furthermore show that in this case, the images (¥ ® id)(A(a*)(b ® 1)) and
(¥ ®id)(A(b*)(a ® 1)) belong to Ny.

Theorem 8.3.4. Let (A, A) be a reduced C*-algebraic quantum group with right
Haarweight r and left Haar weight ¢, and let (Hg, Ay, wg) be a GNS-construction

for ¢.
i) There exists a unique closed densely defined conjugate-linear operator G on
Hg such that span{A4 (Y ® id)(A(b*)(a ® 1)) |a.b € NjN, } € Hy is
a core for G and

GAy(¥ ®id)(A(D™)(a ® 1)) = Ag((¥ ® id)(A(a™) (b ® 1)))
foralla,b € N(; e/\/1/,. This operator satisfies G* = id.
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ii) The operator N := G*G is strictly positive. There exists a unique anti-
unitary I on Hg such that G = INV2, Moreover, I = I*, I? = 1, and
INI = N1,

iii) There exists a unique norm-continuous one-parameter group T of *-auto-
morphisms of A such that wy(t;(a)) = N "'ng(a)N' forallt € R, a € A.

iv) There exists a unique *-antiautomorphism R of A such that wg(R(a)) =
Ing(a)*1 foralla € A.

v) The operator S := Rt_;/, satisfies the conditions of Theorem 8.3.3.

Proof. See [91, Propositions 3.22, 5.11, 5.20] or [158, Propositions 1.4.1, 1.4.3,
1.4.14]. O

Let us point out the parallel between the operators N, I and the one-parameter
group t obtained above with the modular operator, the modular conjugation, and
the modular automorphism group of a weight w in Tomita—Takesaki theory: The
former are constructed from the map G in a similar way like the latter from the map
Ay(a) = Ap(a™), where a € N, N N5, and its polar decomposition.

Definition 8.3.5. The one-parameter group t and the maps R and S are called the
scaling group, the unitary antipode, and the antipode of (A, A), respectively.

Remark 8.3.6. We shall see in Proposition 8.3.10 that the multiplicative unitary
W of (A, A) is manageable. Therefore, an antipode for (4, A) and a polar decom-
position can also be obtained from Theorem 7.3.19. Comparing Theorem 7.3.19
with Theorem 8.3.3 and 8.3.4, we see that the antipode and its polar decomposition
constructed above differ from the antipode and the polar decomposition constructed
in Theorem 7.3.19 only in the sign for the parameter of the scaling group. However,
the constructions in this paragraph can not be avoided because they are used in the
proof of manageability of W.

Example 8.3.7. Let us compute the scaling group and unitary antipode of a reduced
C *-algebraic compact quantum group (A4, A). We shall use the same notation as in
Example 8.1.22. In particular, (Ao, Ag) denotes the associated algebraic compact
quantum group and Sy its antipode.

First, we determine G. Evidently, A(Ap) € Dom(G). By Lemma 2.2.12,

(h © id)(A(*)(a ® 1)) = So((h © id)(b* © 1)A(a))) foralla.b € Ao,

and consequently GA(a) = A(So(a™)) for all a € Ao as expected. Moreover,
Remark 3.1.10 iii) implies that GH, € H,,.
Let us determine G *. Using the relation s o So = h (Proposition 2.2.6 ii)), we
find
(A@)|GA(b)) = h(a*So(b*)) = h(So(b* Sy ' (a*)))
= h(b*Sy ' (a*)) = (A(B)|A(Sy " (a™)))
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foralla, b € Ay. Since G is conjugate-linear, the equation above implies G* A (a) =
A(Sy ' (a*)) foralla € Ag.
Using the relation % o Sp o % = SO_1 (Proposition 1.3.28), we find

NA(a) = G*GA(a) = A(Sy " (So(@a*)*)) = A(Sy*(a)) forall a € Ay.

For each z € C, define t0: A9 — Ao by a — f_i; xa * fi;. Then S§ = 2,

(Theorem 3.2.19 iv)) and hence NA(a) = A(rl.o(a)) for all a € A. Since tfrg, =
r£+z, for all z, z € C (Corollary 3.2.20),

N7"A(a) = A(x%(a)) foralla € Ao, t € R,

and since 70

n(w(a)) = N'a(@N" = n(r) (@) = n(fois ¥ a * fir)
foralla € Ay, t € R. Moreover, the unitary antipode of (4, A) is given by
R(a) = S(tij2(a)) = S(fij2 *xax f_1/2) foralla € Ay.

By now we have associated quite a number of structure maps to the reduced
C *-algebraic quantum group (4, A). Evidently, it is useful to collect as many
relations between these maps as possible. Let us denote by ¢® and ¥ the modular
automorphism groups of ¢ and ¥, respectively.

is an algebra automorphism for all z € C,

Proposition 8.3.8. i) t, R and S commute in the sense that S o R = Ro S and
toR=Rot, ;0S8 =Sort forallt e R;

i) T, 0® and 0¥ commute in a similar sense as above;

iii) R? = id4 and S? = ©_;;

iv) S is injective and S™! = Ti;2 0 R;

v) for all x,y € Dom(S), we have xy € Dom(S) and S(xy) = S(¥)S(x);

vi) for all x € Dom(S), we have S(x)* € Dom(S) and S(S(x)*)* = x;

vii) Ao R = Yo (R® R) o A, where X denotes the extension of the flip
a®b—b®a;

viii) forallt € R,
Aoa?z(r,@a?)oA, Aootw:(o;p@r_,)oA,
(@) oA=Aor =(0f ®0%) o0 A;

ix) ¢ o R is a right Haar weight and ¥ o R a left Haar weight;

X) there exists a scaling constant v > 0 such that

por, =v7'p, Yor =viy, ool =v'g, Yool =vly.
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Proof. See[91, Propositions 5.22, 5.23, 5.26, 6.8] or [ 158, Corollary 1.4.18, Propo-
sitions 1.4.20, 1.4.21, Theorem 1.8.1]. O

Remark 8.3.9. By statement ix) and Proposition 8.1.19, the right Haar weight of
areduced C *-algebraic quantum group is faithful.

Like every locally compact group and every algebraic quantum group, the re-
duced C *-algebraic quantum group (A, A) has a modular element § which relates
the left and the right Haar weight [91, Section 7], [158, Section 1.9]. This modular
element is an unbounded multiplier of the C *-algebra A, more precisely, an affili-
ated element (see Section 8.4.1). Roughly, § is the Radon—Nikodym derivative of
¥ with respect to ¢, and ¥ = ¢(8'/2 - §1/2). The following relations hold:

A@)=8®68, R(S) =61,
and forallt € R, a € A4,
n®) =5 of©®) =v's=0/0®). o @ =8"of @5

see [91, Proposition 7.12] or [158, Proposition 1.9.11]. For the precise definition
of the expressions above, see Section 8.4.1.

8.3.3 The duality of locally compact quantum groups

To every locally compact quantum group, one can associate a dual locally compact
quantum group. Furthermore, one can show that the bidual — the dual of the dual —
is naturally isomorphic to the initial locally compact quantum group. This is a
far-reaching generalization of Pontrjagin duality which covers all locally compact
groups. The most difficult step in this generalized Pontrjagin duality is the con-
struction of the Haar weights on the dual of a locally compact quantum group. The
bidual can then quite easily be identified via the associated multiplicative unitary.
Let us turn to the details.

As a C*-bialgebra, the dual of the reduced C *-algebraic quantum group (A4, A)
is constructed out of the multiplicative unitary W defined in Theorem 8.3.1: It is
the pair (4, A) := (A(W), Aw )P, in detail,

A :=pan{(o ® id)(W) | 0 € £(Hp)s} = AW) (8.2)
and
A@) ;= SW(@E @ HW*E = (Adg oAw) (@) forall a € 4, (8.3)

where ¥ € £(H ® H) denotes the flipn ® £ —> £ ® .

Proposition 8.3.10. The multiplicative unitary W is manageable.
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Proof. See [91, Proposition 6.10] or [158, Proposition 1.8.3]. The operators Q
and Q figuring in Definition 7.3.16 are related to the scaling group 7 and the scaling
constant v of (4, A): Q = Q = P'/2 where P is the strictly positive operator on
H defined by P*Ay(a) = v'/2Ay(t,(a)) foralla € Ny and ¢ € R. O

Corollary 8.3.11. (A, A) is a bisimplifiable C*-algebra.
Proof. This follows from Proposition 8.3.10 and Theorem 7.3.18. O

To prove that the C *-bialgebra (ff , 3) isareduced C *-algebraic quantum group,
we need to construct a left and a right Haar weight on it. It turns out to be easier to
identify the associated GNS-constructions instead of the Haar weights themselves.
These GNS-constructions can be obtained from the densely defined dual pairing
of the C*-algebras A = /T(W) and A = A(W) introduced in Proposition 7.2.15
by an approach that is motivated by the Plancherel Theorem for algebraic quantum
groups (Theorem 2.3.11).

Let us first illustrate the approach for an algebraic quantum group (Ag, Ag) with
left integral ¢po. Because of differing conventions, the left integral ¢o gives rise to a
right integral wo on the dual multiplier Hopf *-algebra (Ay, Ao) whereas the left
Haar weight ¢ of (4, A) will give rise to a left Haar weight ¢ on (4, A)

The Plancherel Theorem 2.3.11 states that

Jo(o(-ar)*o(-a2)) = golaja,) forallay.az € Ao.

We can rewrite this equation in terms of

* the GNS-map Ay, : Ag — Hy, of ¢o,

* the GNS-map A%: /TO — HVA,O of 1&0, and

« the natural pairing (-|-): Ag x A9 — C given by (@, b) — a(b)
as follows. Fori = 1,2, puta; := ¢o(-a;) and & := Ag,(a;). Then
(A,/}O(&l)m,/‘,o(&z)) = lﬁo(flmﬁ = polajay) = (Agy(ai)|Ag,(az)) = (E11€2),
and for i = 1,2, the vector §; can be characterized in terms of @; by the relation

(Ago(D)NEi) = (Ao (D) Agy(ai)) = ¢o(b*a;) = (a;|p™) forall b € Ay.

Thus, the GNS-map Ax/?o can be constructed out of the dual pairing Agx Ag > C
and the GNS-map A 4, without knowledge of Vo: put H o = Hg, and

Aj @) :=§ < (alb*) = (Agy(b)|E) forallb € Ao.
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Let us adapt this approach to the reduced C *-algebralc quantum group (4, A).
We define a dual pairing on a dense subspace of AxA. Forget that AO denoted an al-
gebraic quantum group before, and put Ag = {(w®id)(W) | w € £(Hg)«} C A.
Consider the pairing

(-1-]: Ao x A > C. (@ ® id)(W)[b] := (4 (b)).

This is just the dual pairing of Ag(W) = Ao and /T(W) = 14(A) = A defined in
Proposition 7.2.15; in particular, it is well defined. Put

Do(A) := {a € Ay | there is § € Hy with (4]b*] = (Ay(b)|§) forall b € N},
and consider the map A: DO(/A\) — Hgy given by
A@):=¢ & (a|b*] = (A (b)) forall b € N.

Theorem 8.3.12. 1) The map A extends uniquely to a closed densely defined linear
map A: Dom(A) € A — Hy for which Do(A) is a core.

ii) There exists a unique KMS-weight qAﬁ on A such that N 5= Dom(/A\) and
¢(a*b) = (A(a)|A(b))H¢ for all a,b € ,NA Moreover, there exists a unique
representation g A > £(Hg) such that (H¢, A, 7T¢) is a GNS-construction
for ¢>.

iii) The weightq’; is faithful and left-invariant with respect to A.

Proof. See [91, Propositions 8.13, 8.14, 8.15] or [158, Proposition 1.11.12, Theo-
rems 1.11.13, 1.11.14]. O

A right Haar weight on (/T , &) can be constructed by a similar procedure or by
means of the unitary antipode of (4, A). Thus, we arrive at the following important
theorem.

Theorem 8.3.13 ([91, Theorem 8.20], [158, Theorem 1.11.19]). ALei (A, A) be a
reduced C*-algebraic quantum group. Then the C*-bialgebra (A, A) defined by
(8.2) and (8.3) is a reduced C *-algebraic quantum group.

Definition 8.3.14. The reduced C *-algebraic quantum group (ff , ﬁ) is called the
reduced dual of (A, A).

The structure maps of (4, A) and of (/T, ﬁ) are related by many equations, see
[91, Section 8] or [158, Sections 1.11, 1.13]. R

The next theorem identifies the reduced dual (1:1\ , ﬁ) of (14/1\ , 3) This result is
a far-reaching generalization of the classical Pontrjagin duality of locally compact
abelian groups and may be considered as the most important result in the theory of
locally compact quantum groups.
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Theorem 8.3.15. Let (A, A) be a reduced C*-algebraic quantum group. Then the
C*-bialgebras (2, 3) and (A, A) are isomorphic.
In contrast to Theorem 8.3.13, Theorem 8.3.15 follows quite easily: One need

not construct an explicitisomorphism between the C *-bialgebras (/T , ﬁ) and (4, A),
but only compares the associated multiplicative unitaries.

Proposition 8.3.16. The multiplicative unitary W associated to the reduced dual
(A, A) coincides with TW* X,

Proof. Thisresult follows without much work from Theorem 8.3.12, see [91, Propo-
sition 8.16] or [158, Proposition 1.11.15]. O

Proof of Theorem 8.3.15. By the previous proposition, the multiplicative unitary
associated to (2, ﬁ) is equal to W = SW*S = W. By Proposition 8.3.2, the

C *-bialgebras (2 , 3) and (A, A) can be identified with the left legs of W and W,
respectively, and therefore they are isomorphic. O

8.3.4 Passage between the different levels

The theory of locally compact quantum groups in the setting of von Neumann
algebras is very similar to the theory of reduced C *-algebraic quantum groups;
both theories describe the same objects from different points of view. The equiv-
alence of both theories can be considered as a generalization of Weil’s theorem
[190, Appendice] which establishes a bijective correspondence between measurable
groups equipped with translation-invariant measures and locally compact groups.
In the following section, we sketch how this correspondence extends to locally com-
pact quantum groups and how one can pass back and forth between the setting of
C *-algebras and the setting of von Neumann algebras.

Let (A, A) be a reduced C *-algebraic quantum group. We shall associate to
(A, A) alocally compact quantum group (A, A) in the setting of von Neumann alge-
bras. As before, we denote by (Hg, Ag, 7s) the GNS-construction for the left Haar
weight ¢, and by W the multiplicative unitary associated to (A, A) (Theorem 8.3.1).
Since W is manageable (Proposition 8.3.10), it is well-behaved (Theorem 7.3.18),
and hence the pair (A. , Z) given by

A= m4(A4)" = Ay(W), A=Aw: x> W1 ®x)W,

is a von Neumann bialgebra (Corollary 7.2.10). The left Haar weight ¢ of (4, A)
can be extended to a left Haar weight ¢ on (A, A) as follows. Put ¥ = {w € A7 |
w(a) < ¢(a) foralla € Ay}. One shows:

* for every w € ¥y, there exists a unique @ € £(Hg)+ such that & (g (a)) =
w(a) forall a € A;
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* the formula ¢(x) = SUPgeg, W(X), X € AT, defines an n.s.f. weight on A

which is left-invariant with respect to A.

A similar procedure, applied to the right Haar weight of (4, A), yields a right Haar
weight on (A4, A). Thus, we arrive at the following result:

Theorem 8.3.17 ([158, Section 1.14]). The von Neumann bialgebra (A, A) is a
locally compact quantum group in the setting of von Neumann algebras.

Conversely, let (M, A) be alocally compact quantum group in the setting of von
Neumann algebras. We shall associate to (M, A) areduced C *-algebraic quantum
group (A, A). This can be done by a similar procedure as above:

* identify (M, A) with the left leg of a multiplicative unitary W in a similar
way as in Theorem 8.3.1 and Proposition 8.3.2,

* take the C *-bialgebra (A4, A) corresponding to the left leg of the multiplicative
unitary W, and

* restrict the Haar weights of (M, A) to (A4, A).

Let us state the main steps precisely. Denote by (Hg, Ay, mg) the GNS-con-
struction for the left Haar weight ¢ of (M, A).

Theorem 8.3.18. There exists a multiplicative unitary W € £(Hgy ® Hg) such
that W*(Ag(a) ® Ap(b)) = (Agp @ Ag)(A(b)(a ® 1)) forall a,b € Ng. This

multiplicative unitary is manageable.

Proof. See [93, Theorem 1.2] or [158, Theorem 1.14.2]; manageability is proved
similarly as in the setting of C *-algebras. (]

Here, the right-hand side of the equation characterizing W* has to be defined
carefully; this can be done as in the setting of C *-algebras, see the discussion before
Theorem 8.3.1. By Theorem 7.3.18, the unitary W is well-behaved, whence the
pair (A4, A) given by

A :=5pan{(o ® id)(W) | 0 € £(Hp)s} = AW),
A:=Aw:a—>W({1A®a)W,

is a bisimplifiable C *-bialgebra. Since A is a C*-subalgebra of w4(M) = M, we
can restrict the Haar weights of (M, A) from 7y (M) T to A™.

Theorem 8.3.19 ([93, Proposition 1.6], [158, Theorem 1.14.7] ). The restriction
of the left/right Haar weight of (M, A) from my(M) to A™ is a faithful KMS-
weight which is left-invariant/right-invariant with respect to A. In particular, the
C*-bialgebra (A, A) is a reduced C *-algebraic quantum group.
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The transition from a locally compact quantum group in the setting of von
Neumann algebras to the associated reduced C *-algebraic quantum group and the
reverse transition preserve the associated multiplicative unitaries. Thus we find:

Theorem 8.3.20. Theorem 8.3.17 and 8.3.19 set up a bijective correspondence (up
to isomorphism) between all locally compact quantum groups in the setting of von
Neumann algebras and all reduced C*-algebraic quantum groups.

Proof. See [93, Section 1.2] or [158, Section 1.14]. O

8.4 Examples of locally compact quantum groups

Like the general theory of locally compact quantum groups, the construction of
examples has a long history, is highly non-trivial, and often involves special tech-
niques. The development of the general theory and the construction of examples
happened in parallel, often influencing and stimulating each other.

Presently, the following examples are known. First, there exist two general
constructions that produce new quantum groups out of given ones:

* the bicrossed product construction [7], [157], [9], [162], [10], [166], and

* the quantum double and the double crossed product construction [7], [110],
[11].

In a purely algebraic framework, these constructions were introduced by Kac [74]
and Drinfeld [37], respectively, and studied by many authors; see, for example,
[107, Chapters 6, 7]. We shall not discuss these constructions here.

Second, there exist several quantum versions of classical groups, like

* the quantum group E,,(2) [197], [198], [196], [180], [4], [5], [117], [118],
(671,

* the quantum az + b group [204], [127], [141], [178], [205], [124],

¢ the quantum ax + b group [207], [126], [178], [205], [203], [135],

« the quantum group SU(1, 1) [81], [82],

* the quantum group GL,(C) [125], [123].
The construction of these examples requires a lot of hard work. Therefore we shall
only give an overview over the first two examples and refer to the original literature
for proofs and further details.

Roughly, the construction of the examples listed above can be described by the
following recipe:

1. Start with a classical group G of matrices, look at the Hopf *-algebra of
polynomial functions on G, and describe this x-algebra in terms of generators
and relations.
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. Deform the relations by some complex number p, consider the x-algebra Ag

generated by the generators and the deformed relations, and try to define a
comultiplication Ag: A9 — Ag © Ag such that (Ag, Ag) becomes a Hopf
x-algebra.

. Represent the generators of Ay by (possibly) unbounded closed operators on

a Hilbert space H, or, equivalently, construct a (universal) C *-algebra A with
generators (suitably interpreted) and relations as Ay.

. Construct a comultiplication A on A that agrees with Ag on the generators.

5. Find a left and a right Haar weight on (4, A).

Sometimes, one can proceed after Steps 1-3 as follows:

4.

5.

6.

Construct a Hopf *-algebra (Ao, ﬁo) that is dual to (A4g, Ag) by applying
Steps 1-3 to a dual of the Hopf *-algebra of polynomial functions on G (with
the same parameter u and Hilbert space H).

Using a magic formula that involves special functions of the operators in-
troduced in Steps 3 and 4/, construct a (manageable/modular) multiplicative
unitary W whose right (or left) leg is the desired C*-bialgebra (A4, A).

Construct the Haar weights on (A4, A) from the unitary W, see [205] and [67,
Section 1.4].

The first approach was developed for E,,(2) and SU 1(1,1) in [197], [4] and [81],
respectively. The second approach is particularly elegant; it was developed for the
quantum az + b- and ax + b-group in [204], [127], [141] and [207], [126], [205],
respectively, and chosen in [67] for £, (2).

Let us add several comments on the individual steps:

The deformation of the relations in Step 2 can sometimes be motivated by the
analysis of a natural coaction of (A, Ag), see, for example, the case £, (2)
(Section 8.4.2).

The unbounded operators constructed in Step 3 do (of course) not belong to
the C*-algebra A and are only affiliated with it, see Section 8.4.1.

The construction of the comultiplication A in Step 4 is often the most dif-
ficult step and requires a detailed analysis of tensor products of unbounded
operators.

Usually, the relations on the generators of Ay obtained in Step 2 have to be
complemented by additional spectral conditions depending on .

Steps 4, 5, and 5’ often involve advanced usage of special functions, which
itself constitutes a nice but non-trivial piece of mathematics.
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8.4.1 C*-algebras generated by unbounded elements

In the following sections, we want to describe C *-algebras of “functions on locally
compact quantum groups that vanish at infinity” in terms of generators, thought of as
“quantum coordinate functions”, and relations. In general, these generators will be
unbounded because the quantum groups are non-compact; in particular, they can not
belong to the C *-algebra itself. Therefore we have to discuss unbounded elements
that are affiliated with a C *-algebra and clarify in which sense such elements can
generate a C *-algebra.

Affiliated elements of C *-algebras. The affiliation relation was introduced by
Baaj [3] and Woronowicz [197]. We shall follow the treatment in [197] but omit
most of the proofs.

Let us start with an informal motivation. Briefly, an element 7' should be
affiliated with a C*-algebra A if bounded continuous functions of 7' belong to
M(A). In particular, we expect z(T') € M(A) for the function

2:C—>C, A A(l+|AP)7V2
Since 1 — |z(A)|?> = (1 + |A|?)"! for all A € C, we should have
2(T) =T~ |z(D)P)'2.

Definition 8.4.1. Let A be a C*-algebra and T: Dom(T) € A — A a densely
defined linear map. We say that T is affiliated with A and write T 1 A if there exists
azr € M(A) suchthat ||zr| < 1and forall x,y € A,

x e Dom(T)and y = Tx
<

1/2

there existsa € A with x = (1 — zj.zr) /?a and y = z7a.

In this case, the element z7, which is uniquely determined by 7, is called the
z-transform of T. The set of all affiliated elements of A4 is denoted by A".

Remarks 8.4.2. i) Beware that the sum and the product of two affiliated elements
of a C*-algebra need not be densely defined.

ii) There exists the notion of an affiliated element of a von Neumann algebra
which differs from the notion introduced above. If M is a von Neumann algebra
and T is an affiliated element of M in the C*-algebraic sense, then T € M (see
Proposition 8.4.3 iii)).

Proposition 8.4.3. Let A be a C*-algebra and T 1 A.

i) T is a closed linear map, Dom(T') C A is a right ideal, and T (ab) = T (a)b
foralla e Dom(T) and b € A.
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il) If |T|| < oo, then T € M(A).
iii) If A is unital, then T € A.

Proof. Statement 1) follows easily from the definition; for ii) and iii), see [197,
Proposition 1.3]. O

Example 8.4.4. Let X be a locally compact space. It is easy to see that for each
g € C(X), pointwise multiplication of functions by g defines an affiliated element
of the C*-algebra Cy(X), and every affiliated element of the C *-algebra Co(X) is
obtained this way.

Non-degenerate *-homomorphisms can be extended to affiliated elements. The
precise formulation of this result involves the concept of a core (see Section 8.2).

Proposition 8.4.5 ([197, Theorem 1.2]). Let A, B be C*-algebras, ¢: A — M(B)
a non-degenerate x-homomorphism, and T 1 A.

i) There exists a ¢(T)n B such that ¢(Dom(T))B is a core of ¢(T) and
¢(T)(p(a)b) = ¢(Ta)b for alla € Dom(T) and b € B.

ii) The z-transforms of T and ¢(T') satisfy z¢y = ¢ (zT).

i) If C is a C*-algebra and ¥ : B — M(C) is a non-degenerate *-homo-
morphism, then (Y o ¢)(T) = Yy (¢p(T)).

Each affiliated element has an adjoint:
Proposition 8.4.6 ([197, Theorem 1.4]). Let A be a C*-algebra and T v A.

i) There exists a unique T* v A such that for all a,b € A,
a € Dom(T*)andb = T*a < a*(Tx) = b*x forall x € Dom(T).

ii) The z-transforms of T and T* satisfy zr+y = (z1)*.
iii) If B is a C*-algebra and ¢: A — M(B) is a non-degenerate *-homo-
morphism, then $(T*) = ¢(T)*.

We shall be interested primarily in affiliated elements that are normal in the
following sense:

Lemma 8.4.7 ([197, pages 406, 407]). Let A be a C*-algebraand T v A. Then zr
is normal if and only if Dom(T) = Dom(T*) and (Ta)*(Ta) = (T*a)*(T*a)
forall a € Dom(T).

Definition 8.4.8. Let A be a C*-algebra and T n A. We call T normal if zr is
normal.
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Multiplication by the identify function idc € C(C) defines a normal affiliated
element m of Cy(C) (see Example 8.4.4) which is universal in the following sense:

Proposition 8.4.9 ([197, Theorem 1.5]). Let A be a C*-algebra and T n A. Then
there exists a unique non-degenerate x-homomorphism ¢ : Co(C) — M(A) such
that g7 (m) = T.

Definition 8.4.10. Let A bea C *-algebra, T 1 A normal, and ¢7: Co(C) — M(A)
as above. Then the spectrum of T is the set

o(T)={AeC| f(A)=0forall f € ker¢r} < C.

Proposition 8.4.11 ([197, Theorem 1.6]). Let A be a C*-algebra, T v A normal,
and define mr 1 Co(0(T)) by (im7 f)(X) = Af(A). Then there exists a unique
injective non-degenerate x-homomorphism yr: Co(c(T)) — M(A) such that
Yr(mr)=T.

Using the *-homomorphism 7, we can define the functional calculus for 7":

Notation 8.4.12. Let A be a C*-algebra, T n A normal, and ¥ as above. For
each f € Cp(0(T)), we define f(T) € M(A) by f(T) :=y¥r(f).

To describe the action of the comultiplication on the generators of our quantum
groups, we need to form tensor products of affiliated elements:

Proposition 8.4.13 ([206, Theorem 6.1]). Let A, B be C*-algebras and S n A,
T n B. Then there exists a unique S ® T 1 A ® B such that the algebraic tensor
product Dom(S) © Dom(T) C AQ Bisacorefor SQT and (S QT)(a®b) =
Sa ® Th for all a € Dom(S), b € Dom(T). Moreover, (S @ T)* = S* ® T*.

For later use, we note the following simple result:

Proposition 8.4.14 ([197, Proposition 0.2]). Let A be a C*-algebraanda € M(A).
If aA and a* A are dense in A, then there exists a unique unitary u € M(A) such
that a = ulal.

C *-algebras generated by affiliated elements. Given a C*-algebra A and ele-
ments T1p,...,T, € A, itis clear what we mean when we say that A is generated
by T1,...,T,. When T1,..., T, are no longer elements of the C*-algebra A but
only affiliated with it, the interpretation of this statement is no longer obvious.
Woronowicz introduced the following definition [200, Definition 3.1]:

Definition 8.4.15. Let A be a C*-algebra and Ty,...,T, n A. We say that A is
generated by Ty, ..., T, if for each Hilbert space H, each non-degenerate C *-al-
gebra B C £(H), and each non-degenerate x-homomorphism 7: A — £(H),
the relation 7(71),...,n(T,) n B implies 7(A)B = B, that is, & restricts to a
non-degenerate *-homomorphism A — M (B).
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Remark 8.4.16. Given a C *-algebra A and elements 77, ..., T, 1 A, itis not clear
whether there exists a C*-subalgebra B C M(A) such that Ty,...,T, n B and
such that B is generated by 771, ..., T,.

The following result illustrates the concept introduced above:

Proposition 8.4.17. Let A, B be C*-algebras, ¢: B — M(A) a non-degenerate
embedding, and S1,...,Spy n B. If $(S1), ..., (Sy) generate A, then ¢p(B) = A.

Proof. Let m be a faithful non-degenerate representation of A on a Hilbert space H .

Then 7(¢(S1)). ..., 7(@(Sn)) n 7(¢(B)) and hence 7 (A)m(¢(B)) = m(p(B)).
On the other hand, A¢(B) = A. Since = is faithful, the claim follows. O

If one wants to find out whether a C *-algebra is generated by certain affiliated
elements, the following criterion is useful:

Proposition 8.4.18 ([200, Theorem 3.3]). Let A be a C*-algebra, Ty, ..., Ty 1 A,
and assume that

i) T1,...,T, separate the representations of A: if my and w, are non-degen-
erate representations of A on a Hilbert space H, then w1 = m, if and only if
mi(T;) =ma(Ty) for j =1,....n;

ii) there exist ry,...,ry € {(1 + Tj*TJ-)_l,(l + TjTj*)_1 |j=1,...,n} C
M(A) such thatry ...r, € A.

Then A is generated by Ty, ..., T,.
The following examples illustrate this criterion in simple cases:

Examples 8.4.19. i) Let A be a unital C*-algebra and 71,...,T, € A. Itis easy
to see that if the space of all *-polynomials in 1 and 71, ..., T, is dense in A4, then
the conditions of Proposition 8.4.18 hold and A is generated by 77, ..., T, in the
sense of Definition 8.4.15.

Conversely, if A is a C*-algebra generated by elements T4,...,T, n A and
IT1],...,|Tx]| < oo, then A is unital, T1,...,T, € A, and the space of all
*-polynomialsin 1 and 77, ..., T, isdense in A. Indeed, in that case, 71, ..., T, €
M (A) (Proposition 8.4.3 ii)), and if B € M(A) denotes the closure of the space of
all x-polynomials in 1 and 77, ..., T, then B = A by Proposition 8.4.17.

ii) Let X be a locally compact space and T3,...,7, € C(X). Then the
C*-algebra Co(X) is generated by Ty, ..., T, ifand only if Ty, . .., T, separate the
points of X and limy—oo Y i, |Ti (x)|* = oco. The “if” part follows easily from
Proposition 8.4.18; for the “only if” part, see [200, Example 2 after Theorem 3.3].

Further results and applications related to the presentation of C*-algebras in
terms of generators and relations can be found in [200].
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8.4.2 The quantum groups E, (2) and E,, (2)

The quantum group E,(2) was constructed by Woronowicz via the first approach
outlined in the introduction to this section: He starts from a double cover of the
group of motions of the Euclidean plane, deforms the associated Hopf *-algebra of
polynomials functions, and constructs a C *-bialgebra E,,(2) with similar genera-
tors and relations like that Hopf x-algebra. These relations are complemented by
additional spectral conditions on the generators which ensure that the comultipli-
cation is well defined [197].

Woronowicz also studied the corepresentation theory of the C *-bialgebra £, (2),
constructed the Pontrjagin dual £ 1 (2) as a C*-bialgebra [196], and studied its co-
representation theory in a joint work with Van Daele [180].

Another fundamental contribution was made by Baaj, who found the Haar
weights on the C *-bialgebras £, (2) and E 1 (2) [41, [5]; see also [118]. In partic-
ular, his results imply that £, (2) and E 1 (2) are locally compact quantum groups.
Moreover, Baaj studied the multiplicative unitary associated to E,,(2) and showed
that this unitary is not regular but only semi-regular.

A comprehensive description of the locally compact quantum groups E,(2) and
E ,.(2) was finally given by Jacobs in his PhD thesis [67].!

Let us add that the quantum groups £,,(2) and SU,,(2) are related via a con-
traction procedure studied in [117], [199].

Throughout this subsection, the parameter u is an element of (0, 1).

The classical group, its Hopf #-algebra, and the deformed Hopf *-algebra.
Consider the group E(2) C GL,(C) consisting of all matrices of the form

gwn) = (8 g), wherev € T, n € C.

E(2) acts on C via g,n)z 1= v2z + vn, and {£(1,0): &(~1,0)} is the kernel of this
action. Thus, E(2) is the unique connected double cover of the group of rotations
and dilations of the Euclidean plane.

The *-subalgebra A9 € C(E(2)) generated by the coordinate functions
gw.m) H> v and g, > n is isomorphic to the universal unital commutative
x-algebra generated by a unitary v and an element n. It carries the structure of a
Hopf x-algebra; the structure maps can be read off from equation (8.5) below for
u=1

Denote by Ay, the universal unital x-algebra generated by elements v, n such
that

v is unitary, nisnormal, vn = unv. (8.4)

'In [67], the generators v, 1 of E,, (2) are denoted by ¢, d.
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Then Ay, can be equipped with the structure of a Hopf *-algebra, where

Ag) =vOv, Ag(n)=vOn+nov*,
eo(v) =1, €o(n) =0, (8.5)
So(v) =v*, So(v*) =v, So(n) =-n/p, So(n*)=-n"/p.

The deformation of Ag into Ao, can be related to a natural deformation of the
x-algebra C[z, z*] into a “non-commutative quantum plane” C [z, z*] as follows.
For a Hopf x-algebra (Bg, Ap,), the analogue of a group action on a x-algebra C
is a left coaction on C, which is a *-homomorphism §: C — By © C that satisfies
(id © 8) o8 = (Ap, © id) o § (see also Section 9.2). The action of E(2) on C
induces a (unital) right coaction of Ay on C|z, z*] via

z>020z+un 0O 1. (8.6)

Denote by C,, [z, z*] the universal unital x-algebra generated by an element z subject
to the relation z*z = p?zz*. One can easily check that if By is a *-algebra with a
unitary v and a normal element 7, then formula (8.6) defines a *-homomorphism
Bo — By © C,lz,z*]if and only if n*nv = p?vn*n and nv? = p?v2n. In
particular, formula (8.6) defines a right coaction of (4o, Ag) on C, [z, z*].

Commutation relations, spectral conditions, and the C *-bialgebra E, (2). The
following discussion involves actions of groups on C *-algebras and associated
crossed products, which are reviewed in Section 9.1.

Assume that H is a Hilbert space and that v, n n £(H) satisfy the relations in
(8.4). Then

vf(m)v* = f(vnv*) = f(un) forall f € Cy(C), (8.7)

whence uo(n) = o(n). Given a subset ¥ C C satisfying Y = Y, denote by
a: Z — Aut(Cy(Y)) the action given by ax (f) = f(u* ). Equation (8.7) and the
universal property of the crossed product imply that there exists a *-homomorphism

p: Co(o(n)) xo Z — L£(H), [ xUyr> fn)vk.

These considerations show that a universal C *-algebra A with elements v,n n A
satisfying (8.4) can be constructed as follows. Denote by m 1 Co(C) the multipli-
cation operator given by (mf)(z) = zf(z), and put

A:=Co(C)xqZ, v:=1xU; € M(A), n:=mxlnA;

here, () x 1: Co(C) — A, f — f x 1, denotes the natural inclusion.
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Unfortunately, A can not be equipped with a comultiplication A such that
AW)=v®v and A(n)=v®n-+nv*.

This fundamental fact was discovered by Woronowicz [197]. The precise statement
of his result, which is given below, involves irreducible representations of A. Stan-
dard arguments show that each irreducible representation 7 of A on a Hilbert space
H has one of the following two forms:

i) o(w(n)) =0,dim H = 1, and 7(v) = z for some z € T; or

ii) o (7 (n)) = tu? for a non-zero t € C, and there exists an orthonormal basis
(ex)r such that w(n)e, = t,ukek and w(v)er = eg4q forall k € N.

Theorem 8.4.20 ([197, Theorem 3.1]). Let 1 and m, be infinite-dimensional ir-
reducible representations of A. Put N := 71 (v) @ ma(n) + m1(n) ® ma(v)* and
Yii=0(mi(n)T, wherei = 1,2.

i) If 1 # Xy, then N is closed but not normal and has no normal extension.
il) If X1 = X,, then N is closeable, its closure N is normal, and o(ﬁ) =X

The theorem above implies that the desired comultiplication can only be defined
if we supplement the defining relations (8.4) by a restriction on the spectrum o (n),
which amounts to replacing A by the quotient o (1) X Z. The usual choice is

o(n) CT,, wherel, := {(Wkz | kezZ,zeTycC. (8.8)

Denote by m n Co(T,,) the multiplication operator (mf)(z) = zf(z). Then similar
arguments as above show that

E Q2) :=Co(T)) %g Z, v:=1xU; € M(E,(2)), n:=mx1nE,_)

is the universal example of a C *-algebra with affiliated elements v, n satisfying
the algebraic relations (8.4) and the spectral condition (8.8). Moreover, E,(2)
is generated by v, n in the sense of Definition 8.4.15, as can easily be seen from
Proposition 8.4.18. Note that f x Uy = f(n)v* forall f € Co(T,) and k € Z.

Theorem 8.4.21 ([197, Theorems 3.3, 3.4]). There exists a unique non-degenerate
x-homomorphism A: E; (2) - M(E,,(2) ® E,(2)) such that A(v) = v ® v and
A(n) =v®n +n @ v*. Moreover, (E,(2), A) is a C*-bialgebra.

The Haar weight and the antipode of E, (2). A left- and right-invariant Haar
weight on the C*-bialgebra (E,(2), A) was found by Baaj [4], [5]; we briefly
outline his construction.
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There exists a positive contraction
p: Eu(2) = Co(Tp) %o Z — Co(Ty),  f x Uk > fko.

Indeed, if we put C := Co(fu) and denote by (ex )y the standard basis of /%(Z)
and by jo € £¢(C,1%(Z) ® C) the map ¢ — ey ® c, then p coincides with the
mapC Xy Z =C Xg, Z € £c(1*(Z) R C) — Lc(C), T +— j§Tjo.

Define a weight v on Co(T',,) by

1
o= Y [ et for f < CoF. f 20

neZ

Theorem 8.4.22. The composition ¢ := v o p is a left and a right Haar weight on
(En(2), A), and (E,,(2), A) is a unimodular locally compact quantum group. The
modular automorphism group o of ¢ is uniquely determined by o;(v) = pu=2>"v
and o;(n) = n forallt € R.

Proof. The assertions concerning ¢ and (o;); are proved in [5, Proposition 4.1,
Théoréme 4.2], see also [67, Section 2.7]. The fact that (E,(2), A) is a locally
compact quantum group is proved in [67, Sections 2.4 and 2.5]. O

A short calculation shows that for each x = ), fx (n)yv* € E 1 (2),
1
s = Yo [t P
k.,n 0

Next, we describe the unitary antipode, the scaling group, and the antipode

of (E,(2),A). Forall k,n € Z, put Sy := {z € T, | |z| = u*} and define
hign: Sk = Cbyz — z". Put
Dy :={f € Co(T,) | f is constant on every S},

Dy := {f € Co(T',,) | there exists n € Z such that f|s, = hy»
or fls, =O0forallk € Z}.

Theorem 8.4.23. i) The unitary antipode R of (E,(2), A) is uniquely determined
by R(v) = v* and R(n) = —n.

ii) The scaling group t of (E;(2), A) is uniquely determined by t;(v) = v and
,(n) = w?"*n forallt € R.

iii) The x-subalgebra D C E (2) generated by the set D1 U D5 is a core for S.

Proof. See [67, Section 2.6]. O
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Short calculations show that for each x = ), fx (n)v* € E x(2)andt € R,
Rx) =) fil-pFmp ™ 1) =" fiw " n)k,
k k

and if x € D, then

S =) fel=u™
k

In particular, the antipode S is unbounded, S? # id, and S o * # %o S [67,
Proposition 2.6.32].

The classical dual group, its Hopf #-algebra, and the deformed Hopf #-algebra.
The dual of the locally compact quantum group (£,,(2), A) turns out to be a defor-
mation of the group E(2) C GL,(C) that consists of all matrices of the form

-1

Eap) = (ab 2) , wherea € (0,00), b € C.

The action of E (2) on C given by g(4,p)z = a%z + ba identifies £ (2) with the
group generated by all translations and dilations of the Euclidian plane.

Denote by E (2)T C GL,(C) the group consisting of all matrices 8(a,b) as
above, but with @ € R\ {0} arbitrary. The *x-subalgebra Ay c C (E (2)*) generated
by the coordinate functions g, ») — a and g4 5) —> b isisomorphic to the universal
unital commutative x-algebra generated by a self-adjoint invertible element a and
an element b, and carries the structure of a Hopf *x-algebra, where

Ao@) =a ®a, Agb)=bOa'4+a0b,
éoa) =1, éo(b) =0, (8.9)
So@ =a"". So@*) =@, Sob) =—b. So(b*) = —b".

Denote by ffo,  the universal unital x-algebra generated by elements a and b
satisfying

a is self-adjoint and invertible, b is normal, ab = uba. (8.10)

This is a Hopf *x-algebra with respect to the comultiplication and counit given in
(8.9); the antipode is given by

So@)=a', So(a*) = (a*)"", So(b) = b/, Sob*)=—b*/p.
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There exists a dual pairing (-|-) between the Hopf *-algebras (Ao,,, Ag) and
(Ao,u> Do), given by

(vla) = p'?, (nla)y =0, (|b) =0, (nlb)=1.

Commutation relations, spectral conditions, and the C *-bialgebra E u(2).
When we shift from Hopf *-algebras to C*-algebras, it is appropriate to replace
(8.10) by

a > 0 is self-adjoint, b is normal, &.11)
a, |b| strongly commute, ab = uba; ’

(recall that two self-adjoint operators are said to commute strongly if all of their
spectral projections commute). Moreover, one imposes a spectral condition on the
joint spectrum o (a, |b|):

o(a,|b]) € Q. where Q, = {(1*,u")|s € %Z, re %Z, r+se”z.
(8.12)
Let us note that in [180] and [196], the generator a is replaced by the element
N = -2log, a,sothata = u_%N.

Assume that H is a Hilbert space and that a, b n £(H) satisfy (8.11), (8.12).
Let b = u|b| be the polar decomposition, and put Hy := uH = (ker b)*. Then

bl)u* = g(uau*, b)) =g(u'a,|b|) in L(Ho) foreach g € Co(L2,,).

ug(a,

Denote by S the action of Z on Co(Q,,) given by Br(g)(x,y) = g(u*x.,y), and
observe that 8 preserves Co(£2,,) S Co(S2,). Put

EL(2) = Co(Ru) g Z + Co(Q,) x5 1 C Co(Qy) ¥p Z.

The equation above and the universal property of the crossed product imply that
there exists a *-homomorphism

Co(Q) g Z — £(Ho), g x Ui+ gla, |b)u*,

which naturally extends to a *-homomorphism E, (n) = L(H).
Denote by my, m, n Co(£2,,) the multiplication operators given by

(mxg)(x,y) == xg(x,y), (myg)(x,y):=ygx,y).
The preceding arguments show that
EM(Z) as above, a:=m, x1n EAM(Z), b:=(1xU)(myxl)ny EM(Z)

is the universal example of a C *-algebra with affiliated elements a, b satisfying the
algebraic relations (8.11) and the spectral condition (8.12). Proposition 8.4.18 can
be used to show that £, (2) is generated by a, b in the sense of Definition 8.4.15.
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Theorem 8.4.24. There exists a unique non-degenerate x-homomorphism
AT E,(2) - M(E,Q2) ® Eu(2)) such that A(a) = a ® a and A(b) = b ®
al+a®b. (Eu (2), ﬁ) is a C*-bialgebra and as such isomorphic to the coop-
posite of the dual of the locally compact quantum group (E,,(2), A). In particular,
(E n(2), ﬁ) is a locally compact quantum group.

Proof. The existence of the comultiplication follows from results in [198]. The fact
that (F? 1 (2), A)COP is the Pontrjagin dual of (£, (2), A) was first proved (not in the
setting of locally compact quantum groups) in [196], see also [180]. For the proof
of the last assertions, see [67, Sections 2.4, 2.5, 2.8]. O

The Haar weights and the antipode of E 1 (2). The Haar weights of (E w(2), ﬁ)
were first constructed by Baaj [4], [5]. They can be described as follows. Similarly
as for £,,(2), there exists a positive contraction

5 Eu(z) = Co(Qp) xp Z — Co(Qu), g xUx = g8k.0-

Define weights v; and v; on CO(S_ZM) by

vp(e) = Y Wt ), vp@)i= ) p et u).

(S, u")eQy (uS,u")eQy
Theorem 8.4.25. 1) The left Haar weight (]5 and the rlght Haar weight w on
(E (2), A) are (up to a positive factor) given by ¢ = Vg0 pand = v op.
ii) The modular automorphzsm groups 0% and o¥ of ¢) and 1// respectzvely, are

uniquely determined by o (a) = a, o; (b) = u2p ando (a) = a, o/ (b) =
Wb forallt € R.

iii) The modular element of (Eu (2), 3) is given by § = a*.

Proof. See [5, Proposition 4.20, Théoréeme 4.21] or [67, Section 2.7]. O

A short calculation shows that for each x = ) ; gk (a, |b)uk,

p* ) =Y Y PO )P,

keZ (us,u")eQy

Yy =Y Y Ot 1P

keZ (u5,u")eQy

The antipode of (E w(2), 3) can be described as follows:
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Theorem 8.4.26. i) The unitary antipode R of (E 1 (2), ﬁ) is uniquely determined
by R(a) = a~! and R(b) = —b.

ii) The scaling group t of (Eu (2), &) is uniquely determined by T,(a) = a and
2,(b) = w?"*b forallt € R.

iii) The %-algebra D C E, (2) generated by the set {g(a, |b|)u*, h(a,|b) |
g € Co(Q2u). k € N\ {0}, h € Co(R,,)} is a core for S.

Proof. See [67, Section 2.6]. O

Short calculations show that for each x = ) ; gk (a, |b)uk e E 1(2),t €R,

R(x) =) au(uFa ™ [bh(—w)F,  #(x) =) u > gp(a, [bhur,
k k

and if x € 5, then

S(0) =) (=w g (ra ", bhut.
k

In particular, the antipode S is unbounded, 52 # id, and S o x # %o S [67,
Proposition 2.6.58].

The multiplicative unitary of E, (2) and E 1 (2). We close this subsection with
some brief remarks on the multiplicative unitary of (E,,(2), A). Denote by Hy the
GNS-space for the Haar weight ¢ on (£, (2), A), and by W € £(Hy ® Hy) the
multiplicative unitary associated to (£,,(2), A) (see Theorem 8.3.1).

Theorem 8.4.27. W is semi-regular but not regular.

Proof. See [5, Proposition 4.7] or [67, Proposition 2.8.23]. O

Recall that we can identify £,(2) = /T(W) and E w(2) = A(W) with C*-
subalgebras of £(Hg) and consider W as an element of M(E,(2) ® E 1(2)) C
£(Hy ® Hy) (see Section 8.3 and Theorem 7.3.18). As such, W can elegantly be
described in terms of the generators v, n m E,(2)anda, b n E 1 (2). This description
involves the quantum exponential function F,,: '), — C, defined by

o0 2k =
M, ze D\ (=7 |k e N},
Fu(2) = {iso T 132 (8.13)

—1, zef{—pu? | keN},
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and the bicharacter y,, : w%/2 x T — T, defined by
k/2 _\._ _k
Auu e z)y =z foralkeZ,zeT. (8.14)

Note that the product in (8.13) converges since 0 < u < 1. These functions were
introduced by Woronowicz; they play a central role in the study of the quantum
groups E,,(2) and £, (2) and of the associated multiplicative unitary. It is easy to
see that

* |Fyu(z)] =1and F,(z) = F,(z) forallz € ', and
 F,, is continuous.

To explain the terminology “quantum exponentional function”, we cite the following
result; for further details, see [198].

Theorem 8.4.28 ([198]). Let H be a Hilbert space and let R and S be normal
operators on H with polar decompositions R = U|R|, S = V|S|. Assume that

i) 0(R),0(S) ST,
i) V and U commute,

i) |R| and |S| strongly commute, that is, all of their spectral projections com-
mute,

iv) U*|S|U = u|S| and VIR|V* = u|R|.
Then R + S admits a normal extension R + S, and F,,(R + S) = F,(R)F,,(S).

The multiplicative unitary W € M(E,,(2) ® E 1 (2)) can be described in terms
of the functions F,, y, and the operators vn @ ab,v® 1,1 ®an E,(2) ® ﬁu(2)
as follows:

Lemma 8.4.29. vn ® ab is normal and o(vn ® ab) C fu-
Theorem 8.4.30. W = F,(vn ® ab)y, (v ® 1,1 ® a) in M(E,(2) ® E,.(2)).

Proof. See [67, Section 2.8.2, in particular Proposition 2.8.11, Lemma 2.8.18,
Lemma 2.8.20]. O

A variation of the formula for W given above first appeared in [196]. An
instructive motivation for this formula can be found in [67, Section 2.1].



242 Chapter 8. Locally compact quantum groups

8.4.3 The quantum az + b group

The quantum az + b group was constructed by Woronowicz in [204] via the second
approach outlined in the introduction to this section: He starts from the classical
az + b group, deforms the associated Hopf *-algebra of polynomial functions, and
formulates an appropriate set of relations and spectral conditions on the generators of
the quantum az+b group. Here, the deformation parameter . either is aroot of unity
or an element of (0, 1). From a representation of the generators as operators on a
Hilbert space, he directly constructs a manageable multiplicative unitary whose right
leg is the quantum az + b group (on the level of C *-bialgebras). This construction
involves an analogue of the quantum exponential function encountered in the study
of E,,(2) [198]. The Pontrjagin dual of the quantum az + b group turns out to be
isomorphic to the quantum az + b group again.

The Haar weights on the quantum az + b group were found by Van Daele
[178], see also [127], [205]. He observed that in the root of unity case, the scaling
constant is not equal to 1 — the quantum az + b group was the first example for this
phenomenon. In his PhD thesis [141], Soltan constructed the quantum az + b group
for new values of the deformation parameter p, extending the results of Woronowicz
and Van Daele.

The classical group, its Hopf %-algebra, and the deformed Hopf #-algebra.
The az + b group is the group of affine transformations of the plane C. It can
identified with the subgroup G C GL,(C) consisting of all matrices of the form

8@pb) ‘= (?) I;) where a,b € C, a # 0;

the action on the plane C being given by g5z = az + b.

The *-subalgebra A9 C C(G) generated by the coordinate functions g, 5)
a and gp) +> b is isomorphic to the universal unital commutative *-algebra
generated by an invertible element ¢ and an element b, and carries the structure of
a Hopf *-algebra, where

Ao(@) =a @a, Agb)=aOb+b0O1,
€o(a) =1, €o(b) =0,
So(a) =a™ !, So(b) = —a'b,
So(@*) = (a*)7', So(b*) =—(a*)"'b*.

(8.15)

Fix a non-zero u € C, and denote by Ay, the universal unital x-algebra
generated by elements a, b satisfying

a is normal and invertible, b is normal, ab = u?ba, ab* =b*a. (8.16)
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The *-algebra Ag,;, can be equipped with the structure of a Hopf *-algebra, where
the structure maps are given by equation (8.15) again. Moreover, there exists a dual
pairing (- |-) of the Hopf x-algebra Ao, with itself such that

(ala) = p2, (bla) =0, (alb) =0, (blb) =1,

where ¢ € C can be chosen arbitrarily.

The commutation relations in the setting of C *-algebras. When we shift from
Hopf *-algebras to C *-algebras, it is appropriate to replace (8.16) by
a,b are normal, kera = {0},
Phase(a)bPhase(a)* = ub, (8.17)
la|tbla)™ = u''b forallr € R.
Here, Phase(a) denotes the unitary in the polar decomposition of a, see Proposi-
tion 8.4.14.

Assume that H is a Hilbert space and that a, b n £(H ) satisfy (8.17). For each
pair (k,t) € Z x R, define a character 6 ;) on Cx := C \ {0} by

0.1y (z) := Phase(2)¥|z|/* forall z € Cx.

Note that the map Z x R — Cy, (k.t) = O.r), is a group isomorphism. Now,
the last two relations in (8.17) imply

Oy (@bB.y(@)* = uF ' forall (k,1) € Z x R. (8.18)

As in the analysis of E,(2), we deduce the existence of an action y: Z X R —
Aut(Co(a (D)), Y,y (f) = f(uktit.), and of a x-homomorphism

M(Co(a (D)) 3y (Z x R)) = L(H). [ 3 Ugp = f(0)0kp)(a).

Denote by mx 1 C*(Z xR) the element corresponding to the identity map on C
with respect to the isomorphism C*(Z x R) = C¢(Cx) of Proposition 4.2.3, so that
Ok,ry(mx) = Uy forall (k, 1) € ZxR. Definem n Co(C) by (mf)(z) = zf(2).
Then the considerations above show that a universal C*-algebra with affiliated
elements a, b satisfying (8.17) is given by

Co(C)xy (ZxR), a:=1xmyx, b:=mxl. (8.19)
Spectral conditions, the group I';,, and the C *-algebra A. Similarly as in the

case of the quantum group E,(2), the C*-algebra in (8.19) can not be equipped
with a comultiplication A such that

Ala) =a®a, Ab)=a®@b+b®]1.



244 Chapter 8. Locally compact quantum groups

To remedy this defect, one imposes additional spectral conditions on the generators
a, b of the form

o(a),o(b) €Ty, where T, := {u**" | (k,r)e ZxR} S C.  (8.20)

The shape of T, and the analysis of the relations (8.17) and (8.20) depends very
much on the value of . The following cases have been studied:

Case (1). p € (0,1) ([204], [127], [178], [205]); here, I';, is a union of circles
whose radii form a geometric progression: T, = (7 n* T

Case (2). u = exp(%i), where N € 2N ([204], [178], [205]); here, I, is a union
of straight lines dividing C into N sectors: I'), = U,ivz_ol exp(2mi %)[RJF;

Case (3). = exp(p~!), where Rp < 0 and Jp € 2Z \ {0} ([141], [205]);
here, I';, is a union of N logarithmic spirals dividing C into N sectors: I';, =

UiZo wk{u'* | t € R},

From now on, we assume that p has one of the forms listed above. In all
three cases, I';, is a multiplicative subgroup of Cx and self-dual. Explicitly, the
self-duality can be expressed in terms of a so-called Fresnel function

itk

pitk, case (1),

a: FM — T, O[(/,Lk—Ht) = M(kz_tz)/27 case (2)’
jqUetin?

e 20—, case (3),

and the function

a(xy)

Yu:TuxTy—T, (x,y)wm.

Straightforward calculations show that y,, is symmetric a bicharacter,
X y) = xuy.x). xulx.yz) = gu(x. y)xu(x.z) forallx,y .z €Ty,
that the map I', — f‘M given by x — x,(x, ) is a group isomorphism, and that

K (x, 5Ty = Phase(x)¥|x|"" = O 1y (x) forall (k,1) € Z xR, x € T,.
8.21)

The universal C*-algebra with affiliated elements a, b satisfying (8.17) and
(8.20) can be constructed as follows. Define

y: Ty — Aut(Co(fu)), mn Co(fu), mxn C*(Z x R)
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(similarly) as above, and denote by ¢« : C*(Z x R) — M(C*(I'y)) the *-homo-
morphism induced by the homomorphism ¢: Z xR — I'y,, (k. 1) — uk+it Then
similar considerations as in the preceding paragraph show that the triple

A:=Co(Ty) »y Ty, a:=1x¢u(mx)nA, b:=mxlnd

has the desired universality property. Moreover, A is generated by a, a™!, b in the
sense of Definition 8.4.15 [204, Proposition 4.1], [141, Proposition 6.1]. Note that
equation (8.21) implies

Uirit = $xUgk) = G5Oy 1)) = Oy (@ (m5)) = (o (m), nFH1)
for all (k,1) € Z x R. Therefore, a n A can also be characterized by the relation

1% Uy = yula,x) forallx ely,.

Quantum exponential function, a multiplicative unitary, and the C *-bialgebra
structure on A. The comultiplication on A is defined via a multiplicative unitary
W as in the second approach outlined in the introduction.

Similarly as in the case of E,(2), the definition of W involves a (continuous)
quantum exponential function F, fu — T, which is characterized by

=1+ pkz = 2k
case (1), (3): Fu(z) = l_[ m ifzel, \{—u | k € N},
k=0

1 2k
fo(w)l—[ +ur 2150

1—|—r 1+u2kr

case (2): Fu(p,lr) = I-1)/2

1 2k+1
) T[] —2—L 241 >0,
k=0 1+/’L2k+1

® log(1 + ¢~ N/z) [)

1
h = —
where fo(z) = exp (ni /0 =

see [204, Section 1] and [141, Proposition 2.3]. In all cases, F), satisfies an ana-
logue of Theorem 8.4.28 which explains the terminology [204, Theorem 2.6], [141,
Theorem 3.5].

Let us call a non-degenerate representation 7 of A on a Hilbert space H proper
if it satisfies the following equivalent conditions:

i) w(b) n L(H) is invertible,
i) ker w(b) = 0,



246 Chapter 8. Locally compact quantum groups

iii) the restriction of & to Co(I'y) », I';, C A is non-degenerate.

Theorem 8.4.31. Let  be a proper non-degenerate representation of A on a Hilbert
space H. Put ag := m(a) and by := 7 (D).

i) There exists a proper non-degenerate representation w: A — L(H) such
that

bylag, case (1), (3),

~ | ~ _
ra)=by . #(b)= aobgl, case (2).

Put do := #(a) and by := #(b).
i) W= FM(50 ® bo) xu(do ® 1,1 ® ao) is a modular multiplicative unitary.
i) We have

AW) = n(A), Awl(ao) = ap ® ag, Aw(bg) = ap ® bg + bo ® 1,
AW) = #(A), Aw(ao) = do ® do. Aw(bo) = by ® do + 1 ® by.

Proof. The proofs are very similar in all cases and scattered over several papers.
Case (1): 1) is contained in [204, Theorem A.1]; for ii), iii) see [127, Section 3].
Case (2): i) follows from [204, Propositions 2.1, 2.2], see also [178, Lemma 3.9];

ii) is stated in [142, Section 5], see also [204, Proposition 3.2]; iii) follows similarly

as in case (3), see also [204, Sections 6, 7] and [204, Proposition 3.2].

Case (3): i) follows from [141, Theorem 3.2, Corollary 3.3], ii) [141, Proposi-

tion 5.2, Corollary 5.7], iii) [141, Propositions 5.2, 6.2, 6.3]. O

Now we can choose a non-degenerate faithful representation m of Co(I'y,) X,
I'), on some Hilbert space H, extend it to a faithful representation w of A C
M(Cy(T',) xy, T'), apply Theorem 8.4.31, and find:

Corollary 8.4.32. There exists a (unique) non-degenerate x-homomorphism
A: A - M(A® A) such that A(a) = a®a and Ab) = a @b +b Q1.
Moreover, (A, A) is a bisimplifiable C*-bialgebra. O

The antipode and the Haar weights of A. From the modular multiplicative
unitary W constructed above, we obtain a unitary antipode R and a scaling group
(t¢)¢ (see Theorem 7.3.19):

Theorem 8.4.33. 1) The unitary antipode R of (A, A) is the unique *-antiautomor-
phism R: A — A satisfying R(a) = a~', R(b) = —pua™'h.
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ii) The scaling group® (t;); of (A, A) is given by 7;(x) = la|? x|a| 7%, in
particular, t,(a) = a and t;(b) = u?''b for each t € R.

Proof. Case (1): [127, Section 3].

Case (2): [204, Proposition 3.3, Section 6]; Woronowicz proves the assertions
starting from a modified manageable multiplicative unitary instead of W, but the
argument can be adapted to W.

Case (3): [141, Section 6.2]. O

A right Haar weight on (A4, A) was first found by Van Daele [178]:
Theorem 8.4.34. i) There exists a right Haar weight ¥ on (A, A) such that for all
¢ € A of the form ¢ = g(a) f(b), where g € Co(L'y,), f € Co(T'y),
veo = [ lg@Pdac [ 1f@PlPdac:
Ty Ty

here, A denotes the Haar measure of I',.
i1) The modular automorphism group (G,W )t of ¥ is given by
o (x) = b x[p| >
in particular, crt]/f (a) = p=%*a and O’;/I (b) = b for each t € R.

Proof. 1) See [205, Theorem 3.1, Equation (3.8)]; the original references are [178,
Theorems 4.5, 5.11].

ii) This follows from [205, Equation (3.7)]; for cases (1), (2), see also [178,
Theorem 4.4, Proposition 5.6]. O

A left Haar weight on (A, A) is given by ¢ := i o R. Consequently, we find:
Theorem 8.4.35. (A, A) is a locally compact quantum group.

The quantum az + b group was the first example of a locally compact quantum
group with scaling constant not equal to 1 (in cases (2), (3)):

Proposition 8.4.36. v o 7, = |u™*'|y; in particular, the scaling constant v of
(A4, A) is not 1.

Proof. Case (1): [178, Proposition 4.12]; case (2): [178, Section 5]; case (3) (and
also cases (1), (2)): [205, Section 3]. O

2Here, we adopt the sign convention for T chosen by Woronowicz, which differs from the convention
chosen by Kustermans and Vaes.
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Chapter 9

Coactions on C *-algebras, reduced crossed
products, and duality

The topic of this chapter are coactions of C*-bialgebras on C*-algebras. Such
coactions generalize actions of groups on one side and Fell bundles on groups on
the other side; in particular, they provide a unified approach to these two concepts.
We review group actions in Section 9.1 and introduce the concept of a coaction in
Section 9.2.

Like actions of a group, every coaction of a C*-bialgebra can be encoded
by a crossed product. The construction of this crossed product involves not
only the C*-bialgebra of the coaction but also a second C*-bialgebra that is
dual to the initial one in a suitable sense. In the classical setting of a group ac-
tion, such a pair of dual C*-bialgebras appears as follows. An action of a locally
compact group G on a C *-algebra C corresponds to a coaction of the C *-bialgebra
Co(G) on C, and the associated (reduced) crossed product C X,y G can be con-
sidered as a twisted tensor product of C and the C*-bialgebra C (*;)(G). For the
convenience of the reader, we review the reduced crossed product construction in
Section 9.1.

As a framework for the construction of reduced crossed products for coactions
of C*-bialgebras, Baaj and Skandalis introduced the concept of a Kac system [6].
A Kac system consists of a regular multiplicative unitary V' and an additional sym-
metry, subject to a number of axioms. The multiplicative unitary V' gives rise to
two C*-bialgebras (//I\(V), 8) and (A(V), A) (see Chapter 7), which are dual to
each other in a suitable sense. Now the reduced crossed product for a coaction of
the C *-bialgebra (ff(V), 3) or (A(V), A) on a C *-algebra C can be considered
as a twisted tensor product of C and the C *-algebra A(V') or A(V), respectively.
These concepts and constructions are explained in Sections 9.3 and 9.4.

The main result of this chapter is the Baaj—Skandalis duality theorem which
generalizes Takesaki—Takai duality. Let us briefly recall the latter. For every action
«a of a locally compact abelian group G on a C *-algebra C, the associated crossed
product C X C carries a dual action & of the dual group G, and the Takesaki—

Takai duality theorem identifies the bidual action GofG=~GonC Ha,r G Xg r G
with a stabilization of the initial action @ on C. In particular, the iterated reduced
crossed product is just a stabilization of C. Thus, Takesaki—Takai duality extends
the Pontrjagin duality of locally compact abelian groups to actions of such groups
on C*-algebras. A short summary is given in Section 9.1.
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The duality theorem of Baaj and Skandalis extends the result of Takesaki and
Takai as follows: In the framework of Kac systems, the reduced crossed product
of a coaction of a C*-bialgebra carries a dual coaction of the dual C *-bialgebra,
and the theorem of Baaj and Skandalis identifies the dual of that coaction (that is,
the bidual coaction) with a stabilization of the initial coaction. On the level of the
underlying C*-algebras, this means that the iterated reduced crossed product is a
stabilization of the initial C *-algebra. These constructions and results are presented
in Sections 9.4 and Section 9.5.

The definitions and results presented in Sections 9.3-9.5 are taken from the
fundamental article of Baaj and Skandalis [7]. The presentation, however, has been
adapted to the purpose of this book.

Let us briefly comment on the setting of the theory presented in this chapter.
The most comprehensive framework for the generalization of group actions, the
crossed product construction, and Takesaki—Takai duality to quantum groups in the
setting of C*-algebras or von Neumann algebras is the theory of locally compact
quantum groups introduced in Chapter 8. In that framework, one can work on the
level of

* locally compact quantum groups in the setting of von Neumann algebras,

* reduced C *-algebraic quantum groups, or

* universal C*-algebraic quantum groups.
Similarly, one can consider

* coactions of von Neumann bialgebras on von Neumann algebras and associ-
ated crossed products,

* coactions of C*-bialgebras on C *-algebras and associated reduced crossed
products, and

* coactions of C*-bialgebras on C*-algebras and associated full/universal
crossed products.

In the first setting, a rich theory with many important results, applications, and
examples was developed by Vaes [159], [160], [161] and Vaes and Vainerman [163],
building on work of Enock and Schwartz [41], [46] and Enock and Nest [45]. The
theory presented in this chapter fits into the second setting. A full/universal crossed
product construction was introduced by Vergnioux [182].

9.1 Actions of groups and Takesaki-Takai duality

This section gives a brief review on group actions on C *-algebras and associated
reduced crossed products. The definitions and results presented here are classical,
therefore we omit the proofs. Reference are, for example, [121], [191].
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Throughout this section, G denotes a locally compact group with left Haar
measure A and modular function §.

Definition 9.1.1. A (strongly continuous) action of G on a C *-algebra C is a group
homomorphism «: G — Aut(C), x + oy, such that for every ¢ € C, the map
G — C given by x > ay(c) is norm-continuous. We call C a G-C *-algebra if «
is understood.

Let @ and B be actions of G on C *-algebras C and D, respectively. A non-
degenerate *x-homomorphism p: C — M(D) is called covariant with respect to «
and B if p(ax(c)) = Bx(p(c)) forall c € C and x € G. Here, B is extended to a
x-automorphism of M(C) foreach x € G.

Actions on C *-algebras are usually studied in terms of covariant representations:

Definition 9.1.2. Let « be an action of G on a C*-algebra C. A (non-degenerate)
covariant representation of (C,«) is a triple (H, w,u) consisting of a Hilbert
space H, a (non-degenerate) representation 7 of C on H, and a unitary repre-
sentation u of G on H such that

7oy (c)) = u(x)m(c)u(x)* forallc € C, x € G. .1

Remark 9.1.3. In the situation above, the representation u induces a strongly con-
tinuous action Ad, of G on the C *-algebra K (H) via

Ady(x): T — u(x)Tu(x)* forallx € G, T € K(H),

and condition (9.1) is equivalent to the condition that the x-homomorphism 7 : C —
£(H) = M(K(H)) is covariant with respect to & and Ad,,.

Let o be an action of G on a C*-algebra C. Then the space C.(G; C) of C-
valued continuous functions on G with compact support is a x-algebra with respect
to the operations

(f *g)x) = /G fMay @y x))dAy), () = ax(f(TH) -8

We shall define the reduced crossed product of the action « in terms of a left
regular representation of C.(G; C), using the language of C *-modules (for a short
summary, see Section 12.2). We consider the Hilbert space L?(G, 1) and the C*-
algebra C as C*-modules over C and C, respectively, and form the tensor product
L?(G,)) ® C, which is a C*-module over C again. This C *-module can also be
described as follows. It is easy to see that the space C.(G; C) is a pre-C *-module
over C with respect to the operations

(fle) := /G f(x)*g(x)dA(x) and (fc)(x):= f(x)c, where f,g € C,ceC.
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Denote the completion of this pre-C*-module by L?(G;C). Then the natural
embedding of the algebraic tensor product C.(G) @ C into C.(G; C) extends to

an isomorphism of C*-modules L?(G,1) ® C gy (G; C), as one can easily
check.

Proposition 9.1.4. Let o be an action of G on a C*-algebra C. Then there exist
non-degenerate injective *-homomorphisms

C — £c(L*(G;C)), ccxpl,
C(G) — £c(L*(G;C)), L(h) > 1x, L(h),
Cc(G;C) - £c(L*(G: 0)), S La(f),

such that for all x € G and g € C.(G;C),
((c 3y Dg)x) = ax ' (0)g (%),

(1%, L(h))g)(x) =/Gh(y)g(y_IX)dl(y),
(La()E)(x) = /Gax_l(f(y))g(y_l)c)dl(y)

Proof. This canbe checked by straightforward calculations; see, for example, [121],
[191]. O

Definition 9.1.5. Let o be an action of G on a C*-algebra C. The associated
reduced crossed product is the C*-subalgebra C x4, G C £¢(L?(G; C)) given
by

C ¥y G :=5pa{La(f) | f € Co(G: C)}.

The reduced crossed product can also be constructed without reference to C *-
modules (see, for example, [121]), but the definition given above is more direct and
more convenient.

Proposition 9.1.6. Let a be an action of G on a C*-algebra C. Then

C %, 1C M(C xg, G), 1%, CF(G) C M(C xg,r G),
span ((C x, 1)(1 %, C*(G))) = C Xg,, G =5pan((1 x, C*(G))(C %, 1)).

Proof. Again, this can be checked by straightforward calculations and arguments.
O

The reduced crossed product has the following simple functorial property:
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Proposition 9.1.7. Let o and B be actions of G on C*-algebras C and D, respec-
tively, and let p: C — M(D) be a non-degenerate covariant *-homomorphism.
Then there exists a unique non-degenerate x-homomorphism

pxpid: C X, G — M(D xg, G)

such that (p %, id)(La(f)) = Lg(po f) forall f € C.(G;C).

Proof. Uniqueness is evident, let us prove existence. The C*-module L?(G; D) =
L?*(G, ) ® D can be identified with the internal tensor product L?(G, 1) ® C ® 0
D =~ L*(G;C) ®, D because C ®, D = D, and the map

£c(L*(G:C)) — £p(L*(G:C) ®, D) =~ £p(L*(G: D)),
T T ®,idp.

is a x-homomorphism (see Section 12.2). An easy calculation shows that Ly (f) ®,
idp = Lg(po f)forall f € C.(G;C). O

In the remaining part of this section, we focus on the case that G is abelian.
Then the reduced crossed product C x4, G carries a natural dual action & of the
dual group G, and the assignment C +— C X4, G extends to a functor from G-
C *-algebras to G-C *-algebras.

Proposition 9.1.8. Let o be an action of G on a C*-algebra C, where G is
abelian. For every continuous character y on G, there exists an automorphism

&y of Cc(G: C) such that

@ (fNx) = x(x) f(x) foralx e G, feC(G:C).

This automorphism extends to an automorphism of the C*-algebra C Xy, G. The
assignment y — @&, defines a strongly continuous action of G on C x4 G.

Proof. See [121], [191] O

Definition 9.1.9.ALet « be an action of G on a C *-algebra C, where G is abelian.
The action & of G on C X4, G constructed above is called the dual action of a.

The construction of the dual action evidently is functorial in the following sense:

Proposition 9.1.10. Ler o and B be actions of G on C*-algebras C and D, re-
spectively, where G is abelian. Let p: C — M(D) be a non-degenerate covariant
*-homomorphism. Then the x-homomorphism px,id: C X G — M(D xg, G)
is covariant with respect to & and ,3 .
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The main result in this section is the Takesaki—Takai duality theorem. Roughly,
this theorem extends Pontrjagin duality from groups to actions: Given a locally
compact abelian group G, we constructed a functor from the category of G-C*- *
algebras to the category ¢ of G-C* -algebras. Replacing G by G, we get a functor

from G-C* -algebras to G C *-algebras, and by Pontrjagin duality, we can identify

G with G. Thus we obtain two functors

(C,0)~>(Cxg,rG,&)

category of category of

G-C*-algebras — G-C*-algebras
(Dxﬂ,er :B)H(Dsﬂ)

The Takesaki—Takai duality theorem says that these functors induce an equivalence
of categories up to equivariant Morita equivalence. We shall only give a less abstract
and more concrete formulation of the duality theorem: For every G-C *-algebra C,
the associated bidual C g, G x4 , Gis naturally covariantly isomorphic to a stabi-
lization of C. This stabilization is a tensor product of C with K (L?(G, 1)), where
G acts on K (L?(G, A)) via the right regular representation p: G — £(L?(G)),
given by (p(x)€)(y) = £(yx) forall y € G, £ € L?(G, L), x € G.

Theorem 9.1.11 (Takesaki-Takai duality). Letr a be an action of G on a C*-alge-
bra C, where G is abelian. Then there exists an isomorphism

C %4, G x5, G = C ® K(LAHG, L)

that is covariant with respect to & and a ® Ad,, respectively, where the action
o X Ad, is given by (0« R Ady)x(c ® T) = ax(c) ® py ' Tox forallc € C, T €
K(L*(G,1)).

A proof is given in [121, Theorem 7.9.3], see also [150, Chapter X]. We shall
prove a more general result — the Baaj—Skandalis duality theorem —in Section 9.5.2.
9.2 Coactions of C *-bialgebras on C *-algebras

The central concept in this chapter is that of a coaction:

Definition 9.2.1. A (right) coaction of a C*-bialgebra (A, A) on a C*-algebra
C is a non-degenerate *-homomorphism 6: C — M(C ® A) which satisfies the
following two conditions:

D) 8C)1®A4)cCRA,
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il) (6 ®idy) 0§ = (idc ®A) o 6, that is, the following diagram commutes:

c— 3% ~MmMcea

8l ls@d/‘

MCR®A) ——=>MCRARA).
idc ®A
We also refer to the pair (C, §) as a (right) coaction of (A4, A). A coaction (C, §) is
an (A, A)-C*-algebra if
iii) 4 is injective and
iv) 6(C)(1 ® A) is linearly dense in C ® A.

Let (C,8¢) and (D, 8p) be coactions of (A4, A). A non-degenerate *-homo-
morphism p: C — M(D) is covariant with respect to 6¢ and §p if §p o p =
(p ®id4) o 8¢, that is, if the following diagram commutes:

0

C M(D)

e Joo

M(C ® A) —= M(D ® A).

Remarks 9.2.2. i) In condition ii) of the definition above, the x-homomorphisms
d®id4 andidc ® A are extended to the multiplier C *-algebra M (C ® A). Likewise,
in the last paragraph, §p is extended to M (D) and p®idy4 is extended to M(C ® A).

ii) Evidently, the class of all coactions of a fixed C *-bialgebra (4, A) forms a
category with respect to covariant *-homomorphisms.

iii) Left coactions can be defined similarly as right coactions, and left coactions of
a C*-bialgebra (A, A) correspond bijectively with right coactions of the coopposite
C*-bialgebra (A, A)°°P defined in Remark 4.1.2 ii). Since left coactions will not
play a role in this book, we shall refer to right coactions simply as coactions.

iv) For every C *-algebra C and C *-bialgebra (A, A), one can define a trivial
coaction of (A, A) on C by the formula ¢ — ¢ ® 1 for all ¢ € C. Clearly, the
trivial coaction turns C into an (A, A)-C *-algebra.

v) For every C*-bialgebra (A4, A), the map A: A — M(A ® A) is a right
coaction (and a left coaction) of (A4, A) on A itself. This is called the right (or left)
regular coaction.

There exist several standard constructions to produce new coactions out of given
ones:
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Remark 9.2.3. Let (4, A4) and (B, Ap) be C*-bialgebras. Recall that A ® B is
a C*-bialgebra with respect to the *-homomorphism A g p given by

A A
A® B 21225, M(A® A)® M(B ® B)
S MARARB®B) “22 M(A® B® A® B);

here, ¥ denotestheflip A® B > B® A, a®b+— b Qa.
Given a coaction (C,§¢) of (A4, A4) and a coaction (D, 8p) of (B, Ap), we
can form the following new coactions:

External direct sum. The composition of the map
Sc®ép: CHD > M(C QA & MWDQRB)
with the extension of the non-degenerate *-homomorphism

CRADPMDR®B)—>MI(C®D)RAR® B),
(c®a),(d®b) > (c,0)®a®1+(0,d)®1® b,

is a coaction of (A ® B, Aggp) on C & D, which we denote by §cgp.

External tensor product. The composition

§
C®D %% Mo 4)o M(D ® B)

> MC®A®D®B) 2224 M(C® Do A® B)

is acoactionof (A® B, Aggp) on C ® D, which we denote by cgp. Here,
¥:A® D — D ® A denotes the flipa ® d — d ® a again.

Push-forward. If ¢: A — M(B) is a morphism of C *-bialgebras, then the
pair (C, (id¢ ®¢) o §¢) is a coaction of (B, Ap).

Internal direct sum. Assume that (4, A4) = (B, Ap). Then the composition
of the map

CaD %2 M(C @ A)® M(D & A) < M(C @A) & (D ® A4))

with the extension of the isomorphism (C @ A)® (D ® A) — (C®D)R A is
acoaction of (4, Ag) on C & D. If A is commutative, this internal direct sum
coincides with the push-forward of the external direct sum (C & D,dcop)
along the multiplication map myg: A® A — A, a1 ® ax +— aja,.
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Internal tensor product. Assume that (A, Ag) = (B, Ap) and that A4 is
commutative. Then the push-forward of the external tensor product (C ®
D, 5cgp) along the multiplication map my4: A ® A — A is a coaction of
(A, Ag) on C ® D. If A is not commutative, then in general, such an internal
tensor product can not be defined.

Actions of a group G and coactions of Cy(G). Coactions generalize actions in
the following sense: For every locally compact group G, there exists a bijective
correspondence between G-C *-algebras and (Co(G), A)-C *-algebras. To explain
this correspondence, we need to recall a few facts and some notation.

Let X be a locally compact space and C a C *-algebra. Then the C*-algebra
Cp(X) of bounded continuous functions on X can be identified with the multiplier
algebra M (Cy(X)), and the C *-algebra Cp (X ; C) of bounded continuous C -valued
functions on X can be identified with a C*-subalgebra of M(C ® Cy(X)) [2,
Corollary 3.4]. For each x € X, we denote by ev,: Cp(X) — C the evaluation
at x. The non-degenerate *-homomorphism id ® evy: C ® Co(X) — C extends
to a *-homomorphism M(C ® Co(X)) — M(C), which we denote by id ® evy
again.

Theorem 9.2.4. Let G be a locally compact group and C a C*-algebra.
i) Let o be an action of G on C. Then the map §y: C — Cp(G; C) given by
(o(c))(x) :=ax(c) forallc e C, x € G,

is a *-homomorphism. Denote by § the composition of 8o with the canonical
embedding Cp(G;C) — M(CQCy(G)). Thené is acoactionof (Co(G), A)
and the pair (C, ) is a (Co(G), A)-C*-algebra.

ii) Let § be a coaction of (Co(G), A) on C such that

(a) 6 is injective, or

(b) §(C)(1 ® Co(G)) is linearly dense in C @ Co(G).
Then for each x € G, the map
oy ;= (i[d®evy)od: C - M(C)
is an automorphism of C, and the map o: x — o is an action of G on C.

iii) The constructions in 1) and ii) define a bijective correspondence between the
set of all actions of G on C and the set of all coactions of (Co(G), A) on C
that turn C into a (Co(G), A)-C*-algebra.
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iv) Let (C,), (D, B) be actions of G and (C,d¢), (D, 8p) the corresponding
coactions of (Co(G), A). Then a non-degenerate x-homomorphism p: C —
M (D) is covariant with respect to o and B if and only if it is covariant with
respect to §¢ and Sp.

v) The assignment (C,a) — (C, §) constructed in i) and the assignment ¢ +— ¢
define an equivalence of the category of G-C*-algebras and the category
of (Co(G), A)-C*-algebras, where the morphisms are all non-degenerate
covariant x-homomorphisms.

Some of the arguments of the following proof were used already in Exam-
ple 5.2.5, where we related representations of a locally compact group G to corepre-
sentations of the C *-bialgebra (Co(G), A).

Proof. i) Evidently, 8¢ is a *x-homomorphism. We claim that (§ ® id) o § =
(id ®A) o §. By construction,

(d®@evy®evy)o(§®id)od = (Id®evyx) odo (id®evy) 0§ = ayx 0y,

(d®@evy ®evy) o (Id®A)of = (id®evyy) 08 =y, foralx,yeG.
9.2)

Now the claim follows from the fact that ax o &y, = @y, forall x, y € G and that
maps of the formid ® evx ® ev,, separate the elements of M(C ® Co(G) ® Co(G)).
Clearly, §(C)(1 ® Co(G)) € C ® Co(G), s0 § is a coaction.

Next, we show that (C,d) is a (Co(G), A)-C *-algebra. Evidently, the map &
is injective; in fact, (idc ® eve) 0 6 = id¢, where ¢ € G denotes the unit. It
remains to show that the set §(C)(1 ® Co(G)) is linearly dense in C ® Cy(G), or,
equivalently, that the set §o(C)Cy(G) is linearly dense in Cy(G; C). The equation
(Bo(ay-1(c)))(x) = ax(a,—1(c)) = c shows that for every x € G and every
¢ € C, there exists an element in §o(C) that takes the value ¢ at the point x. Now
the density that we need to prove follows from a standard argument.

ii) The inclusion §(C)(1® Cy(G)) < C ® Co(G) implies that §(C) is contained
in the subspace Cp(G; C) of M(C ® Co(G)). Thus, the image of «y is contained
in C for every x € G, and the map G — C given by x + oy (c) is continuous for
every c € C.

The relation (6 ® id) 06 = (id ® A) o 6 and equation (9.2) imply that ax oo, =
ayxy for all x,y € G. Let us show that for each x € G, the *-homomorphism
is an automorphism. The relations o, = oy, ,—1 0 oty and &y = @x o« and
similar relations with x and y exchanged, show that

x—ly>

keray = keray, Imoy =Ima, forallx,y e G.

Thus it suffices to show that ker &, = 0 and that Im o, = C. Since the map «, is
idempotent, these two conditions are equivalent. If assumption (a) is satisfied, then
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ker ot = (e ker ax = ker § = 0; if assumption (b) is satisfied, then
Ima, = span(id @ ev,) (§(C)(1 ® Co(G))) = C -ev(Co(G)) = C.

Summarizing, we find that the map «: G — Aut(C), x — oy, is an action.
iii) This follows immediately from the definition of 8¢ in i) and of ¢ in ii).
iv) We have (¢ ® id) o 8¢ = p o ¢ if and only if

(id®evy)o(p ®id)odc = (id®evy)odp o¢ forall x € G,

that is, if and only if ¢ o ¢y, = Bx 0o ¢ forall x € G.
v) Obvious from iii) and iv). O

Remark 9.2.5. The previous result implies that every coaction (C, §) of the C *-bi-
algebra (Co(G), A) that satisfies one of the conditions ii)(a) and ii)(b) automatically
satisfies both conditions and is a (Co(G), A)-C *-algebra.

The preceding result can be extended to groupoids, see Theorem 11.5.7.

Fell bundles on a group G and coactions of C,*(G). The concept of a coaction
generalizes not only the concept of an action, but also the concept of a Fell bundle
on a group: To every Fell bundle F on a locally compact group G, one can associate
a coaction of C;*(G) on the reduced C *-algebra of that Fell bundle. Let us briefly
outline this construction. Standard references on Fell bundles are [53], [54].

Let G be alocally compact group with left Haar measure A and associated right
Haar measure A1

Recall that a continuous Banach bundle on G is a topological space F' with an
open continuous surjection p: F — G such that

i) for each point x € G, the fiber F, := p~!(x) is endowed with a Banach
space structure;

ii) the maps C x F — F and F® — F given in each fiber by scalar multipli-
cation and addition, respectively, are continuous; here, F (@) denotes the set

{(x.y) e FxF|p(x)=pOh
iii) the map F' — R given by the norm on each fiber is continuous;

iv) for each point x € G and each neighborhood W of the zero 0, over x in
F, there exist a number € > 0 and a neighborhood U of x such that the set
{e € p7Y(U) | |le|| < €} is contained in W.

A Fell bundle on G is a continuous Banach bundle p: I — G together with a
continuous multiplication map F X F — F and an involution *: F' — F such
that for all a,aq,a,,a3 € F,
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i) plaraz) = pai)p(az) and p(a*) = p(a)™;

ii) for all x,y € G, the map Fy x F), — Fy, induced by the multiplication is
bilinear, and the map Fy — F,—1 induced by the involution is conjugate-
linear;

iii) (a1az)az = ai(azas), (a1a2)* = ayaj, and (a*)* = a;

a*all = |la|* = [la*|? and a*a = 0.

iv) |laraz| < |laillllaz

’

Here, Fxy = p~!(x) C F foreach x € G. Evidently, the fiber F, over the unit
e € G is endowed with the structure of a C *-algebra.

To the Fell bundle F', one can associate a reduced C *-algebra C;* (F) as follows.
Denote by I'. (F) the space of continuous sections of F with compact support. This
space is a pre-C *-module over the C *-algebra F,, where

(77|$)=/G77(X)*E(X)d/\_l(X), (a)(x)=§&(x)a foralln.§eT(F), acFe.

We denote the associated C*-module by L?(G; F). Each section f € T'.(F)
defines a left convolution operator L g (f) € £, (L*(G; F)) via

(Lr()E)(x) = fG FMEQG™'x)dA(y) forall§ € Te(F), x € G,

and each a € F defines a left convolution operator L (a) € £F,(L*(G; F)) via
(Lr(a)§)(x) = ak(p(a)~'x) forallé e T.(F), x € G.

The reduced C *-algebra of F is the C*-subalgebra C*(F) C £f,(L*(G; F))
generated by the operators L g (f), where f € T'o(F). It is easy to see that for
each a € F, the operator L (a) belongs to M(C}(F)).

Recall that for each x € G, we defined a multiplier Ly € M(C(G)) (see
Example 4.2.2).

Theorem 9.2.6. i) Let F be a Fell bundle on a locally compact group G. There
exists a unique coaction 8 of C}(G) on C}(F) whose extension to M(C}(F))
satisfies

Srp(LF(a)) = LFr(a) ® Ly foralla € F.

This coaction turns C¥(F) into a C}(G)-C*-algebra.

ii) Assume that G is discrete and that § is an injective coaction of C¥(G) on
a C*-algebra C. Then (C,§) is a C}(G)-C*-algebra. There exists a unique Fell
bundle F on G such that

Fr={ceC|bé)=c® Ly} foralx e,
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and such that the multiplication and involution on F are induced by the multi-
plication and involution on C. Moreover, the map To(F) — C given by f +—

Y req Jf(x) extends to an isomorphism C* (F) = C. With respect to this isomor-
phism, the coaction §p corresponds to the coaction 4.

Proof. The coaction in i) is constructed by means of an auxiliary unitary, similarly
as the comultiplication on C,*(G); see, for example, [97]. For the proof of ii), see
[6, Corollaire 15]. O

The preceding result can be extended to groupoids, see Theorem 11.5.7.

9.3 Weak Kac systems

The rest of this chapter is devoted to reduced crossed products for coactions of C *-
bialgebras. The proper framework for the construction of such crossed products are
weak Kac systems. A weak Kac system consists of a well-behaved multiplicative
unitary V' and an additional symmetry U. The multiplicative unitary V' gives
rise to two C*-bialgebras (A(V), A) and (A(V), A), called the legs of V (see
Section 7.2), and for coactions of these C *-bialgebras, we shall construct reduced
crossed products. The additional symmetry U serves two purposes:

* to overcome the asymmetry between the left leg (A V), 3) and the right leg
(A(V), A) with respect to right coactions (as opposed to both right and left
coactions);

* to define a “right-regular” representation x — Ady (x) of each leg that com-
mutes with the natural (“left-regular”) representation on the Hilbert space
underlying the multiplicative unitary.

These two purposes are addressed in Sections 9.3.1 and 9.3.2, where we introduce
the notion of a balanced multiplicative unitary and a weak Kac system. Examples
of weak Kac systems are discussed in Section 9.3.3.

We shall use the notation and concepts introduced in Chapter 7; in particular,
the leg notation (see Notation 7.1.1) and slice maps (see Section 12.4).

9.3.1 Balanced multiplicative unitaries

A balanced multiplicative unitary is a multiplicative unitary V' equipped with an
additional symmetry U that allows us to identify the left and the right leg of V' with
the right and the left leg of two auxiliary multiplicative unitaries Vand V. Then, the
roles of the right leg and the left leg get switched when we pass from V to V or V,
so that we obtain a perfect symmetry between “right” and “left”. This symmetry
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will be used in the construction of reduced crossed products for coactions of the
legs of V' in Section 9.4. Let us turn to the precise definition.
Let H be a Hilbert space and U € £(H) a symmetry, that is, a self-adjoint
unitary. As before, we denoteby ¥ € £(H ® H) theflipn ® £ — £ ® 1.
ForeachT € £(H ® H), put

T=XU1eU)TUIQU)E, T:=XWUHTU®DE. (9.3
The maps 7' +— Tand T — T are automorphisms of order four. Indeed, the

squares of these maps are given by T — (U @ U)T(U ® U) = Adweu)(T)
because

TARU)S(1IeU)=UQU =3U ® HSU ® 1),

and the square of the map 7" — Adweu)(T) is equal to the identity because
(U ® U)*> = idggn. Furthermore, the relation (1 ® U)X (U ® 1) = idugn
shows that the maps T — T and T + T are inverse to each other.

Definition 9.3.1. A balanced multiplicative unitary on a Hilbert space H is a pair
(V, U) consisting of a multiplicative unitary V" on H and a symmetry U on H such
that the unitaries V' and V' defined in equation (9.3) are multiplicative.

The preceding definition is due to Baaj [5].
Remarks 9.3.2. i) In succinct leg notation,
V = ZUp)VUp S = U EV U = UV Up,s
V = ZUnV U S = Up =V EUp) = UV Up-
ii) Since V = Adweu)(V), the unitary V is multiplicative if and only if the
unitary V' is multiplicative.

iii) The remarks preceding the definition above imply that iterated applications
of the automorphisms 7 +— 7 and T +— T to V yield the operators

V=V V=Adpen(V)=V, V=V

iv) If (V, U) is a balanced multiplicative unitary, then also (17, U), (17, U), and
(Adwegu)(V), U) are balanced multiplicative unitaries. This follows immediately
from 1ii1).

v) If (V, U) is a balanced multiplicative unitary, then also (V°P, U) is a balanced
multiplicative unitary. Indeed,

V) = (), (V) = (V).
These relations follow from straightforward calculations, for example,

(V) = U SEV*ESUp) = UV Upy = SEU VU =S = (V).
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Let (V,U) be a balanced multiplicative unitary and assume that V is
well-behaved (Definition 7.2.6). Then we can associate to V' two C *-bialgebras
(A(V), 3) and (A(V'), A), called the left and the right leg of V. Now we show that
this left and right leg of V' can be identified with the right and the left legs of the
auxiliary unitagies V and V. Before we make this precise, let us consider the legs

of the unitary V= Adwen)(V) = 1%

Lemma 9.3.3. Let V be a well-behaved multiplicative unitary on a Hilbert space
H and let U be a symmetry on H.

i) The C*-algebras Ady (A(V)) and Ady (A(V)) are C*-bialgebras with re-
spect to the comultiplication given by

Ady (@) > Adweu)(A@) and  Ady(a) = Adweu)(A@),
where d € A(V) and a € A(V), respectively.

ii) The operator V= Adwen)(V) = V is a well-behaved multiplicative uni-
tary, and the following C*-bialgebras are isomorphic or equal, respectively:

AV) = Ady(A(V)) = AV),  A(V) = Ady (A(V)) = A(V).

Proof. Straightforward. O
Let us turn to the legs of the unitaries Vand V:

Proposition 9.3.4. Let (V,U) be a balanced multiplicative unitary and assume
that V is well-behaved. Then also the multiplicative unitaries V and V are well-
behaved, and the following C*-bialgebras are equal.:

AV) = Adu(A(V), A(V) = A(V), AWV)=AW), AV)=Ady(A(V)).
The proof of this proposition uses the following lemma.
Lemma 9.3.5. Vi131Vi231Viiz) = Vinz) Vs and Vios) Vi) Vina) = Vi Viesy-

Proof. Let us prove the first equation. We insert the relation V= U[1 V[zl]U[l

(see Remark 9.3.2 1)) into the pentagon equation V[lz] V[13 V[23] = V[23] V12] and
obtain

Ui Ve Uni - UnVisn Uil - Vies) = Va3 - Ui Ve U
Since U[;) commutes with 17[23], we can cancel U[jj everywhere, and find

V2 Vs I7[23] = 17[23] Vl211-
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Now we conjugate both sides of this equation by the automorphism X531 X(12]: 1®
ERC—EQRLI®nof H® H ® H, that is, we renumber the legs of the operators
according to the permutation (1,2,3) — (3,1,2), and obtain the first equation
stated in the lemma. The proof of the second equation is similar. O

Proof of Proposition 9.3.4. We only prove the equation A(I7) = A\(V); the re-
maining equations can be proved by similar calculations or can be deduced from
the former one using Lemma 9.3.3, Remark 9.3.2 v), and Proposition 7.2.11. De-
note by H the Hilbert space underlying V. Letw € £(H )« and putw’ := woAdy.
Then

(0 ® id)(V) = (0 ® id)(SUp VU T)
= (id Q_Qa))(U[z]VU[z]) = (id @)a)’)(V)
Since the map £(H )« — £(H )« given by » > w o Ady is bijective, it follows
that Ag(V) = Ao(V), and hence also A(V) = A(V). In particular, A(V) is a
C *-algebra.
Let us determine the action of the maps Aj; and Ay on an element of the form
a:= (id @ @')(V), where o’ € £(H )«. The previous lemma implies
Ap@ =V@®HV* = (d ® id ® ) (V5 Vi13 Vi)
= (id ® id @w’)(V[13]I/[23]),

and the pentagon equation for V' implies

Ay@) =V*(1®a)V = (id ® id ® o) (Vi Vi3 Viiz)
= (ld ® id ®a)/)(l/[13]11[23])’

thatis, Ay (a) = Ay (). Since Ag(V) and Ag(V) are dense in A(V) and A(V),
respectively, itfollows that Az (a) = Ay (a) foralla € A(V) = A(V) Therefore,
(A(V) Ay) is a bisimplifiable C *-bialgebra, and equal to (A(V) AV)

To prove that V and V are well-behaved, it only remains to show that Ve
MA(V)® A(V))and V € M(A(V)® A(V)). Butsince V € M(A(V)® A(V)),

V =SU,VU,S € SUM(A(V) @ A(V))Ur X
= M(Ady (A(V)) ® A(V)) = M(A(V) ® A(V)).

and a similar calculation shows that VV € M (//1\ (17) ® A(I7)). O
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9.3.2 Weak Kac systems

In typical examples of balanced multiplicative unitaries, conjugation by the sym-
metry U facilitates the transition between the left-regular and the right-regular rep-
resentation of the legs of V. A natural condition to impose is that for each leg, these
two representations commute. This condition leads to the following definition:

Definition 9.3.6. We call a balanced multiplicative unitary (V,U) a weak Kac
system if V is well-behaved and V[23] 1/[12 = V[12] V23] and V[]z] 1/[23 = V[23] V12]

Remark 9.3.7. In [182], Vergnioux introduced a notion of a weak Kac system that
includes an additional condition which is needed for the construction of full crossed
products. For our purposes, the weaker form given above is sufficient.

The preceding definition is motivated by the following observation:

Lemma 9.3.8. Let V be a multiplicative unitary on a Hilbert space H and U a
symmetry on H. Then

V[23]I7[12] = 17[12] V23 < [A(V), Ady(A(V))] =0,
V[12]I7[23] = 17[23]V[12] & [A(V), Ady(A(V))] = 0.

Proof. We only prove the first equivalence; the second one follows similarly. Since
maps of the formo ® id @w': L(HRIHQH) — £(H), where w, ' € £(H )x,
separate the elements of £ (H ® H ® H ), the relation V|3 I//\[lz] = I’/\[l 21 V231 holds
if and only if for all w, w’ € £(H )+, the operator

(©® id ® @) (Viaz)Viiz) = (id @ 0 )(V) - (0 & id)(V)
is equal to
(@ ® id ® ) (Vi) Ve3) = (@ & id)(V) - (id ® o')(V).

By definition and by a similar calculation as in the proof of Proposition 9.3.4,
elements of the form (id @ @) (V) and (o ® id)(V), where w,®’ € £(H ), are
dense in A(V') and Ady (A(V')), respectively. Hence, the operators above are equal
forallw, w’ € £(H)xifandonlyifd Ady (h) = Ady (b)d foralla,b € A(V). O

The notion of a weak Kac system is symmetric in the following sense:

Proposition 9.3.9. If (V, U) is a weak Kac system, then also (17, U), (17, U), and
(VOP,U) are weak Kac systems.

Proof. If (V,U) is a weak Kac system, then
. 17, 17, and V' °P are well-behaved by Proposition 9.3.4 and 7.2.11;
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. (17, U), (17, U), and (V°P,U) are balanced multiplicative unitaries by Re-
marks 9.3.2 iv) and v);

« (V,U),(V,U),and (V°, U) satisfy the last condition in Definition 9.3.6 by
Lemma 9.3.8 and Propositions 9.3.4, 7.2.11. O

Definition 9.3.10. Let (V,U) be a weak Kac system. Then ( V.U ), (17, U), and
(V°P,U) are called the predual, the dual, and the opposite weak Kac system of
(V, U), respectively.

9.3.3 Examples of weak Kac systems

To every locally compact group, to every compact quantum group, and, more gen-
erally, to every locally compact quantum group, one can associate a weak Kac
system:

Example 9.3.11. Let G be a locally compact group with left Haar measure A. In
Example 7.1.4, we defined a well-behaved multiplicative unitary Wg on the Hilbert
space L2(G, A) via

W) (x,y) =C(x,x"1y) forallx,y € G, ¢ € L*(G x G, A x A);

here, we identified L2(G, 1) ® L?(G, 1) with L?(G x G, A x 1). Now we use the
group inversion on G to construct a symmetry U on L2(G, 1) such that (Wg, U)
is a weak Kac system.

Denote by A™! the right Haar measure associated to the left Haar measure A,
and by § = dA/dA~! the modular function of G (see Section 2.2.3). Then, it is
easy to check that the formula

(UE)(x) := £(x"H8(x)"Y? forallx € G, & € L%(G, 1),

defines a symmetry U on L?(G, 1) — use equation (2.8) from page 55 and the fact
that 8 is a homomorphism.

To prove that (Wi, U) is a balanced multiplicative unitary, we determine the
unitary Wg = SUpiWeUp 3. Forall x,y € G and ¢ € L*(G x G, A x ),

e (x.y) = WeUn =) (v~ x) - 8(y) ™"/
= (UmZH)(~ yx) - 8(y) V2
= {(yx.y) - 8(n) V()T = Ly, ).

A comparison with the formula for W” given at the end of Example 7.1.4 shows that

Wg = W, Therefore, W is a multiplicative unitary and (Wg, U) is a balanced
multiplicative unitary.
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A similar calculation as above shows that the unitary WG is given by
W) (x,y) = C(xy,y)-8(»)/? forallx,y € G, ¢ € L*(G x G, A x A),

and that Wg is equivalent to the multiplicative unitary Vg on L?(G,A™1) (see

Example 7.1.4) with respect to the identification L2(G,1) — L?*(G,A™') given
by £ > £81/2.

Let us check that the pair (Wg, U) forms a weak Kac system. Straightforward
calculations show that forall ¢ € L2(G x G x G,Ax A x A)and x,y,z € G,

WenaWeps0)(x, v, z) = t(yx, y, vy 2) = WepsWenz0)(x, v, 2),
WonaWepa0)(x, y,2) = L(x, x Lyz,2)8(2)V2 = Wy Wenzf)(x, v, 2).

For completeness, we also determine the representation Ady of Al (Wg) and of
A(Wg) on L?(G, X). By Example 7.2.13,

o AWg) = 7 (Co(G)), where mar: Co(G) — L(L?(G, L)) denotes the
representation via multiplication operators, and

s A(Wg) = L(C*(G)) = CX(G), where L: C*(G) — £(L*(G, 1)) de-
notes the left regular representation.

Simple calculations show that

* Ady omys = mpy 0 6, where 6 denotes the automorphism of Cy(G) given by
0(g))(x) = g(x~ Y forall x € G, g € Co(G);

» Ady oL is the right regular representation of C*(G) on L?(G, 1) given by

(Ady oL)(f)§)(x) = /G FOSON'?E(xy)dA(y)

forall§ € L2(G,A),x € G, f € LY (G, ).

Example 9.3.12. To every compact quantum group, one can associate a weak Kac
system as follows. Let us start from an algebraic compact quantum group (Ao, Ao);
given a C *-algebraic compact quantum group (A4, A), simply choose (Ag, Ag)
to be the associated Hopf x-algebra of matrix coefficients of finite-dimensional
corepresentations (see Theorem 5.4.1).

Denote by &g the Haar state of (Ag, Ag), and by H the completion of Ay with
respect to the inner product given by (a|b) := ho(a*b) for all a,b € Ag. In
Example 7.1.6, we constructed a multiplicative unitary V' = V4, on H such that

V(e © b) = Ao(a)(1 ©b) foralla,be A9 € H.
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Now we use the antipode Sy of Ag and the characters ( f;).ec introduced in Theo-
rem 3.2.19 to construct a symmetry U on H such that (V, U) is a weak Kac system.

Given z,z" € C, denote by p; . the automorphism of Ay given by a > f; *
ax f;r =73 fr(aa)ae) fz(aes)). We claim that the bijection

Up: Ag — Ao, a > p1,0(So(a)),

extends to a symmetry U on H. By Corollary 3.2.20, Uy = p1,0° So = So© po,—1
and

Up o Uy = p1,0 © So © So © po,—1 = P1,0 © p—1,1 © po,—1 = id4,, .

It remains to show that /g(Up(a)*Up(b)) = ho(a™b) for all a,b € Ay. Using
Corollary 3.2.20 and the relation * o §o = S§ 1o % from Proposition 1.3.28, we
find

*OUO=*0101,0050=p—1,00*050=,0—1,0050_1°*ZPO,—1°SO°*~

We insert this relation into the expression /g (Ug(a)* Uy(b)), use Theorem 3.2.19 v),
Corollary 3.2.20, and the identity #g o Sg = ho from Proposition 2.2.6, and get

ho(Up(a)*Uo(b)) = ho(po,—1(So(a™))p1,0(So(b)))
= ho(p1,0(So(b)So(a™))) = ho(So(a™b)) = ho(a™b).

Consider the unitary Vo= XU VU 2. We claim that Vs equal to the
multiplicative unitary W = W), constructed in Example 7.1.6, whose adjoint is
given by

W*@a ® b) = Ag(b)(a ® 1) foralla,b € Ag C H.

In particular, this claim implies that (V, U) is a balanced multiplicative unitary. To
prove this claim, we need to compute the composition Ago Uy. By Corollary 3.2.20
and Proposition 1.3.12,
Ago Uy = Agopr0So=(id O p1,0) ©Ag o So
=X o (p1,0 ®id) o (So © Sp) o Ag = X o (Up © Sop) © Ap.

The relation W = XUV U 2 is equivalent to W*EU)V = XUpy. The
operator W*X U1V actsonanelementa © b € Ag © A9 € H ® H as follows:

|4 X (Up0O1)
a®br— Za(l) ® a(z)b ’L) Za(z)b ® Uo(a(l))

3 Ao(Uslaay)) @b © 1),
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We insert the formula for Ay o Uy derived above, use the defining properties of the
antipode and counit (see also Example 1.3.4 ii)), and find that for all a, b € Ao,

W*SUnV(a ©b) = Y _ Sola@)aab © Uslaq))
= b © Up(a) = SUp(a O b).

Thus V = W, and the claim is proved.
The operator V = XU VU)X acts on an elementa © b € A9 O Ag as
follows:

10Up) 2
a ©b 2% b © Uga) —— 3 bay © bayUs(a)

) U
L0 5™ Uy by Uo(@)) @ by

Since Sp is an antihomomorphism and p ¢ is a homomorphism, the composition
Up = p1,0 © Sp is an antihomomorphism. Hence,

V(a0 b) =) Us@Uo(bw) © by =Y _als(bw) © b

foralla,b € Ag C H.
Straightforward calculations show that the pair (V, U) is a weak Kac system:

ViaVex@©b o) =) bwa © bw) © bee
= I/[23]f/\[>;2](a @ b @ C)’

ViaVieal(@a © b © ¢) = Y " aqy © a@blUo(c) © cq
= 17[2311/[12]((1 ObOc)

foralla,b,c € Ag € H. R
For completeness, let us determine the representation Ady of A(V') and of A(V)
on H. From Theorem 7.2.14, we know that

. ff(VA) = Span p(/fo), where Ay is the dual of 4, defined in Section 2.3, and
p: Ao — L(H) is the x-homomorphism given by p(@)b = Y bya(b())
foralla € /TO andb € Ag C H;

o A(V) =spanm(Ag), where 7: A9 — L(H) is the x-homomorphism given
by w(a)b = ab forall a,b € Ay.

The representation Ady o 7 is easily computed: since Uy is an antihomomorphism
and UO2 = id,

Upnt(a)Ugb = Uy(aUy(b)) = bUy(a) foralla,b € Ay.
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Next, we consider the representation Ady op. Combining the formula for Ag o Uy
derived above with the relations Uy o So = (Up)? © po.1 = po.1, Uo = So © po.—1,
and the identity

> by @ poa(be) =Y _bay © filbe)bz = Y _ proba) © by
we find that for all @ € A and b € Ay,
Uop(@)Uoh =Y Up(Uo(b)1))a(Uo (b))
= 3" Uo(So(ba)aUo(baiy))
=Y p0.1(b@)a(So(po.-1 (b))
= Z(& oSpo pl,—l)(b(l))b(z)‘

Example 9.3.13. To every locally compact quantum group, one can associate a
weak Kac system as follows. Let us start from a reduced C *-algebraic quantum
group (A, A) with left Haar weight ¢ and right Haar weight v; for a locally compact
quantum group in the setting of von Neumann algebras or a universal C *-algebraic
quantum group, the construction is completely analogous.

Let (H, 7, A) be aGNS-construction for the left Haar weight ¢p. In Section 8.3.1,
we introduced a multiplicative unitary Wy := W on H, given by

Wi (A@) ® Ab)) = (A ® A)(A(b)a® 1)) foralla,b € Np.

Consider the operator U := vi/8 JT on H, where

* v is the scaling constant of (4, A), see Proposition 8.3.8;
* J is the modular conjugation of ¢ on H, see Theorem 8.2.4;

* [ denotes the conjugate-linear isometry on H constructed in Theorem 8.3.4.

We show that (Wy, U) is a weak Kac system.

Before we begin the proof, let us note that / is equal to the modular conjuga-
tion J associated to the left Haar weight ¢ on the dual (A A) and the GNS-map
A: N — H constructed in Theorem 8.3.12, see [93, Corollary 2.9] or [158,
Corollary 1.13.12].

Let us prove that U is a symmetry. By construction, the maps J and I are
conjugate-linear, isometric, and satisfy J* = J, I* = I, J? = idyg = I?. More-
over, by [93, Corollary 2.12] or [158, Corollary 1.13.15], IJ = JJ = vi/4JJ =
vil4gI. Combining these relations, we find that the operator U is linear, isometric,
and satisfies U2 = v/4JIJI = 1J2] = idy.
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The unitary W; = X U[p)W4U|2) Z can be described in terms of a certain GNS-
map I': Ny — H for the right Haar weight ¢ of (4, A), defined in [91, Nota-
tion 7.13] and [158, Notation 1.9.12], as follows. By [158, Section 1.13], there
exists a multiplicative unitary V4 on H such that

Va(T(a) @ T'(0)) = (T @ T)(A(a)(1 ® b)) foralla,b € Ny,

and by [93, Corollary 2.2, Proposition 2.15] or [158, Corollary 1.13.3, Proposi-
tion 1.13.18],

IRNHWsaIRJ)=W;, (IQNEWSZUQRI)=
Combining these relations, we find

Wi=XU0RINWA(1RJNE=INHEU @ HWa(I @ NS ® 1)
=IQDHIWiSUIQI) =Y,

In particular, Wy is multiplicative and (Wy, U) is a balanced multiplicative unitary.
The unitary Wy = ZU;jW4U1 2 does not coincide with the multiplicative

unitary of the reduced dual (121\ ﬁ) which is usually denoted by W Using [93,
Proposition 2.15] or [158, Proposition 1.13.18], one can show that the opposite
(WA)"p of Wy is equal to the unitary V; given by

Vi@ e T(}) =T @D)A@1®b) foralla,be Ny;

here, I': NV b H is a certain GNS-map for the right Haar weight 1} of (/’1\, &).

__ Next, considerthe C *-algebras Al (W4) and Ady (ff (Wy)). By Proposition 8.3.2,
A(Wy) = n(A), and by Theorem 8.3.4 iv) and Theorem 8.2.4, the C *-algebra

Ady (AWy)) = Un(A)U = JIn(A)IJ = Jn(R(A)*J = Jn(A)J (9.4)

commutes with w(A4) = /T(WA).

A similar argument shows that the C *-algebras A(W,) and Ady (A(W4)) com-
mute — use the relation A(Wy) = A (see Section 8.3.3), the symmetry in the
definition of U apparent from the equation U = v'/4J J, and the biduality Theo-
rem 8.3.15.

Summarizing, we find that (Wy, U) is a weak Kac system as claimed.

"Here, notation does not match nicely; in the present context, the notation W 7 instead of W for the
multiplicative unitary of (A, A) may be preferable.
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9.4 Reduced crossed products and dual coactions

The concept of a weak Kac system introduced in the previous subsection provides
the right framework for the construction of reduced crossed products, which is the
topic of this subsection. We proceed as follows. Throughout this subsection, we
fix a weak Kac system (V, U) on a Hilbert space H and consider coactions of the
right leg (A(V'), A) and the left leg (/T(V) ﬁ)

Given a coaction (C, ) of (A(V), A), we define the reduced crossed product
C x5, A(V) and construct a dual coaction § of (A(V) A) on C xs , A(V) using the
aux1l1ary mult1p11cat1ve unitary V introduced in the previous subsection. We show
that § turns C X§.r A(V) into an (A(V), A)-C* -algebra and that the assignment
(C,8) = (C x5, AV), 5) is functorial.

Next, we carry over these constructions and results to coactions of (/T(V), 8)
It is tempting to simply exchange (A(V'), A) and (/f (V), A) in the preceding defi-
nitions, but we have to replace the weak Kac system (V, U) by its dual (V,U) or
predual (17, U).

Finally, we explain how these constructions for coactions relate to the corre-
sponding constructions for group actions presented in Section 9.1.

9.4.1 The reduced crossed product of a coaction of A(V)

We define the reduced crossed product C X5 Al (V) ofacoaction (C, §) of (A(V), A)
using the language of C *-modules. The C *-algebra C of the coaction can be con-
sidered as a C*-module over itself, and the Hilbert space H of the weak Kac
system can be considered as a C*-module over C. Thus we can form a tensor
product C ® H, which is a C*-module over C (see Section 12.2).

Definition 9.4.1. Let (V, U) be a weak Kac system on a Hilbert space H and (C, §) a
coaction of (A(V), A). The reduced crossed product of (C, §) is the C *-subalgebra
C x5, A(V) € £c(C ® H) generated by the subset

§(C)(1® A(V)) € £c(C ® H). (9.5)

If the coaction § is understood, we shortly write C X, Al (V) for C x5, A ).

Remarks 9.4.2. i) In formula (9.5), we use the extension of the non-degenerate

embedding C ® A(V) — £¢(C ® H) to define the composition C i M(C ®
A(V)) = Lc(C ® H). R

i) The C*-algebra C x5, A(V) can also be defined without reference to C *-
modules, using a non-degenerate faithful representation of C on some Hilbert space
K: If m: C — £(K) is such a representation, then C X5, /T(V) is isomorphic to
the C *-subalgebra of £ (K ® H) generated by the set (7 ®id)(6(C))- (1 ® ff(V)).
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To see this, consider K as a C*-module over C. Then the internal tensor product
(C ® H) ®, K is a Hilbert space that is isomorphic to K @ H via(c ® §) @, n =
w(c)n®E& (see Section 12.2). Now themap Ind, : £c(CRH) > £(CR® H) Q@
K) = £(K ® H) is an injective *-homomorphism (see Section 12.2) that maps
8(C)(1 ® A(V)) onto (7 ® id)(§(C)) - (1 ® A(V)), and C x5, A(V) onto the
C *-algebra generated by that subset.

Like the crossed product of a group action, the reduced crossed product of a
coaction can be considered as a twisted tensor product. In the present setting, it is
difficult to make this precise, but see the following example:

Example 9.4.3. Consider the weak Kac system (V, U) associated to an algebraic
compact quantum group (Ag, Ag) (see Example 9.3.12). Recall that Ay embeds in
A(V') as a dense *-subalgebra and that the comultiplication A of A(1') extends the
comultiplication Ay of Ay (see Theorem 7.2.14).

Assume that (C, §) is a coaction of (A(V), A) and that there exists a dense
x-subalgebra Cy € C such that §(Cy) is contained in the algebraic tensor product
Co © Ag. Denote by §p: Co — Co © Ag the restriction of § to Cy.

The reduced crossed product C x5 , Al (V') can be considered as the completion
of a twisted tensor product Co Ao that is spanned by products of two *-algebras
Co x 1 =§(Cp) and 1 x AO o~ Ao Here, (Ao, Ao) denotes the dual of (A, Ag)
as usual. Moreover, the twist governing the commutation relations between Cy x 1
and 1 x /To can be described in terms of &g as follows. Recall from Example 9.3.12
that

* the underlying Hilbert space H of (V, U) is the completion of Ao with respect
to the inner product induced by the Haar state;

« A(V) = Span p(ffo), where p: Ay — £L(H) is the x-homomorphism given
by p(@)b =) buya(bw)) foralla € Agandb € Ay C H;

 A(V) =spann(Ag), where 7: Ag — L(H) is the x-homomorphism given
by w(a)b = ab forall a,b € Ay.

By definition, the C *-algebra C x5 , A (V) € £¢(C ® H) is generated by products
of the form (¢ x 1)(1 x &), where

cx1l:=(3Gd © 7)((c)), 1xa:=idc O p(a),
and ¢ € Co, G € Ag. Letus compute the product
(I1xa)(cxl)=(>Gdc © p(@))-(id © 7)(b(c)) € £c(C ® H).

We apply this operator to an elementd © b € Cy © Ag € C ® H, and obtain

(I1xa@)(cx1)(d ©b) =) cod © p@mn(cu)b.



276 Chapter 9. Coactions on C *-algebras, reduced crossed products, and duality

Here, we use the extended Sweedler notation for §o similarly as it was defined in
Notation 3.1.3 for corepresentations, writing o(c) = Y cw) © ca) € Co © Ap.
By definition of the representations , p and of the comultiplication of Ay,

p@m(cab =Y caybaalc@be)
=Y wlcayp@lc)-))b.
Therefore,

(1) x D(d ©b) =Y (e » D) (1 na(cay ) O b).

Thus, the reduced crossed product C X , Al (V) is the completion of the space

Co x Ay = span(Co x 1)(1 % /TO), and this space can be considered as a twisted
tensor product of the x-algebras Cop x 1 and 1 x A, where the twist is given by

(Ixa)(exl)= Z(c(o) x1)(1xa(cqy-)) foralle € Cy, a e Aop.

In Definition 9.4.1, the reduced crossed product of a coaction was defined in
terms of a generating subset. Frequently, it is useful to know that this subset is
linearly dense in the crossed product:

Proposition 9.4.4. Let (V,U) be a weak Kac system and (C, 8) a coaction of
(A(V), A). Then C x5, A(V) span (6(C)(1 ® A(V)))

Proof. Let us begin with some preliminaries. We denote by H the Hilbert space
underlying the weak Kac system (V, U). For every £ € H, we define an operator

1€)31 ' =1dc ®idp ®|§) e Lc(CRHCRHR®H), cR{—>c®IRE,
and put (§|[3) := |§)E‘3]. Moreover, we put |H )31 := {|€)31 | § € H}, (H|j3) :=
|H)EF3]’ and 4 := A\(V), A:= A(V). By Lemma 7.2.7,
1@ A =[(H|x(1 e V)|H)z] S £c(C ® H).

To prove the assertion, it suffices to show that the space [(1 ® A)s(C )] is con-
tained in [§(C)(1 ® A)]. By the equation above,

[(1® A)$(C)] = [(H|)(1 ® V)| H)38(C)]
= [(H|z(1 ® V)(6(C) ® 1)|H )]

AsV(@®1)V* = A(a) foralla € A, wehave (1QV)(8(c)®1) = 8@ (c)(1®V)
forall ¢ € C, where §@ := (id @A) 0§ = (8§ ® id) o §. Therefore,

[(1® A)S(O)] = [(Hz(P(C))(1 & V)| H)z)-



9.4. Reduced crossed products and dual coactions 277

Since A acts non-degenerately on H , we canreplace ( H |31 by (H |[3] A[3]. Inserting
the relation

[A131 8P (0)] = [(6 ® id)((1 ® A)S(C))] < [(6 ®id)(C ® A)] = [§(C) ® 4],
we find
[(1® A)8(C)] < [(H|3(8(C) ® A)(1® V)|H)).
Now we move A[3) to the left, replace (H |[3] A[3) by (H |3} again, and find
[(1® HSC)] € [(HI3 ((C) @ D1 @ V)| H)z] = B(C)(1 @ A)]. O

Corollary 9.4.5. Let (V,U) be a weak Kac system and let (C, ) be a coaction of
(A(V), A). Then the maps

C—>Lc(C®H), ¢c+8(c), and AV)—> Lc(C®H), ar 1®a,

send C and /T(V) onto non-degenerate C*-subalgebras of M(C xs , /T(V)) and
extend to x-homomorphisms

M(C) — M(C x5, A(V)) and M(A(V)) — M(C x5, A(V)). O

9.4.2 The dual coaction of a coaction of A(V)

Given a coaction (C, §) of (A(V), A), we construct a coaction of (/T(V), &) on the
reduced crossed product C x5, A(V'), combining the trivial coaction on §(C) with
the right regular coaction on A(V):

Theorem 9.4.6. Let (V,U) be a weak Kac system and (C,8) a coaction of
(A(V), A). Then the formula

8(c)(1 ®a) F> (8(c) ® 1)(1 ® Aa))
defines a coaction gof(/T(V), ﬁ) on C Xg /T(V) that turns C g ; /T(V) into an
(A(V), A)-C*-algebra.

Proof Denote by H the Hilbert space underlying (V,U) and put A := A(V),
A:= A(V) First, let us show that the map § is well defined. We identify

(C x5, H®AC Lc(C® H)® L(H)

with a non-degenerate C*-subalgebra of £c(C ® H ® H) and extend this iden-
tification to multiplier algebras. Consider the unitary V = XUV U1 Z. By the
proof of Lemma 9.3.8 and by Proposition 9.3.4,

V@@ )V*=a®]1 forallac A, V(@® )V* = A@) foralld € A,



278 Chapter 9. Coactions on C *-algebras, reduced crossed products, and duality
and therefore,
) =1@Mx@ (1 ®V*) foralx e [§(C)(1® A)] = C xs, A.

It is easy to see that the map § is a coaction. Let us prove that it turns C Xg , A
into an (/f , ﬁ)-C *-algebra. The equation above shows that § is injective, and since
A(A)-(1® A) is linearly dense in A ® A, the product §(C x5, A) - (idCx,/I ®RA)
is linearly dense in

[(8(C)® 1)(1® A(A)(1® 1 A)]
=[6(C)RN1®ARQ A)] = (C x5, A) ® A. O

Definition 9.4.7. Let (V, U) be a weak Kac system. The dual of a coaction (C, §)
of (A(V), A) is the coaction (C x5 A(V), §) of (A(V'), A) defined above.

The construction of the dual coaction defines an assignment from the class of all
coactions of (A(V'), A) to the class of all (A(V'), A)-C *-algebras. This assignment
extends to a functor:

Theorem 9.4.8. Let (V,U) be a weak Kac system.

i) Let (C,8¢) and (D, Sp) be coactions of (A(V),A) and ¢: C — M(D) a
non-degenerate covariant x-homomorphism. Then the formula

Sc(e)(1®a) > dp(¢(c))(1®a)
defines a non-degenerate *-homomorphism

¢ %, id: C x, A(V) > M(D x, A(V))

which is covariant with respect to the dual coactions ¢ and 8p.

ii) The assignment (C,§) — (C x5, /T(V), 8) and ¢ +— ¢, id defines a functor
from the category of coactions of (A(V), A) to the category of (/T(V), A)—
C*-algebras.

Proof. 1) Denote by H the Hilbert space underlying (V,U). We consider D as
a C*-module over itself and identify the internal tensor product (C ® H) ®4 D
with the C*-module D ® H via the map (¢ ® §) ®y d +— ¢(c)d ® §&. The
*-homomorphism

Indy: £0(C ® H) — £p((C ® H) ®y D) = £p(D ® H),
T+—TQ®gidp = Ind¢(T),
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(see Section 12.2) acts on the C *-subalgebra C %, //1\(V) C £c(C ® H) as follows:

Indg (8¢ (c)(1 ® @) = (¢ ® id)(Sc(c)(1 ® @))
=8p(p(c)(1®a) forallc € C, ac A(V).

Consequently, ¢ », id = Indy | Cx, AV is well defined. This *-homomorphism

evidently is covariant with respect to the dual coactions on C %, /T(V) and D x,
AV).
ii) The proof of this statement is straightforward. O

9.4.3 The dual coaction of a coaction of A V)

The constructions presented above carry over to coactions of the left leg (//1\ V), 8)
of a weak Kac system (V, U) as follows. It is not appropriate to simply exchange
the C*-bialgebras (A(V'), A) and (ff V), ﬁ) in all definitions. Rather, we have to
replace the weak Kac system (V, U) by its predual (17, U) and use the identifications
A(V) = A(V)and A(V) = Ady (A(V)) = A(V) established in Proposition 9.3.4;
alternatively, we could use the dual (V, U) in a similar way.

Definition 9.4.9. Let (V, U) be a weak Kac system on a Hilbert space H and (C, §)
a coaction of (A(V'), A). The reduced crossed product of (C, §) is the C *-algebra
C x5, A(V) € £c(C ® H) generated by the subset

$(C)(1 ® Ady(A(V))) € £c(C ® H).
If the coaction § is understood, we shortly write C x, A(V) for C x5 . A(V).
Theorem 9.4.10. Let (V, U) be a weak Kac system.
i) Let (C,8) be a coaction of (A(V), A).
(@ C x5, A(V) = 5pan (§(C)(1 ® Ady (A(V)))).
(b) The formula
5(0)(1 ® Ady (@) = (8(c) ® 1)+ (1 ® Adwen (A@)))

defines a coaction § of (A(V), Ay on C x5, A(V) that turns C x5 , A(V)
into an (A(V'), A)-C*-algebra.

it) Let (C,8c) and (D, 8p) be coactions of (Izl\(V), &) and ¢: C — M(D) a
non-degenerate covariant x-homomorphism. Then the formula

c(c)(1 ® Ady(a)) = 8p(¢(c))(1 ® Ady(a))
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defines a non-degenerate *-homomorphism
¢ X, id: C x, A(V) — M(D %, A(V))
which is covariant with respect to the coactions 8C and § D-

iii) The assignment (C,§) — (C x5, A(V), 3) and ¢ +— ¢, id defines a functor
from the category of coactions of (A(V), A) to the category of (A(V), A)-
C*-algebras.

Proof. All assertions follow easily from Proposition 9.4.4, Theorem 9.4.6, and The-
orem 9.4.8, if one replaces the weak Kac system (V, U) by its predual (V,U) and
uses the identifications of the legs of these weak Kac systems listed in Proposi-
tion 9.3.4. O

Definition 9.4.11. Let (V, U) be a weak Kac system. The dual of a coaction (C, §)
of (A(V), A) is the coaction (C x5, A(V'), §) of (A(V'), A) defined above.

9.4.4 Comparison with the reduced crossed product of a group
action

The reduced crossed product and the dual coaction introduced above are related to
the corresponding constructions for a group action as follows.

Let G be a locally compact group. By Theorem 9.2.4, every action (C, «) of G
corresponds to a unique coaction (C, §) of the C *-bialgebra Cy(G). The reduced
crossed product C o, G for an action (C,«) was defined in Definition 9.1.5.
To construct the reduced crossed product for the corresponding coaction (C, §),
we use the weak Kac system (Wg, U) introduced in Example 9.3.11. Since the
legs of this weak Kac system are given by fT(WG) = 7m(Co(G)) = Co(G) and
A(Wg) = C}(G), we can consider § as a coaction of A(Wg) and form the reduced
crossed product C X5 C;*(G) as in Definition 9.4.9. We shall see that the crossed
products C X G and C x5, C¥(G) are naturally isomorphic.

If the group G is abelian, we can also compare the dual action and the dual coac-
tion on the respective crossed products: In this case, the C *-bialgebra C*(G) is iso-
morphic to Cy (G) (Proposition 4.2.3), so that the dual coaction of C;*(G) = Co(é)
on C x5, CX(G) corresponds to an action of the dual group G (Theorem 9.2.4).
We will see that the isomorphism C x5, C(G) = C X, G referred to above
identifies this action with the dual action of G on C Xg,r G.

In the next theorem, we identify the C*-bialgebra Co(G) with Al (Wg) via the
isomorphism 7y .

Theorem 9.4.12. Let o be an action of a locally compact group G on a C *-alge-
bra C. Denoteby§: C — M(C ® Co(G)) the coaction of Co(G) that corresponds
to the action .
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i) Conjugation by the isomorphism C ® L*(G, 1) M) C ®L*G,\) =

L?(G; C) induces an isomorphism

C x5, CX(G) = C %0,y G, 8(c)(1 ® Ady(g)) > ¢ xr g, (9.6)

1) Assume tff\at G is abelian. With respect to the isomorphism (9.6), the dual
action of G on C Xg » G corresponds to the dual coaction of the C*-bialgebra
CrX(G) = Co(G) on C x5, CF(G).

Proof. i) Denote the canonical isomorphism C ® L?(G, 1) = L?(G;C)by Y. By
Proposition 9.1.6 and 9.4.4,

C x5, CH(G) = BC)A ® CF(G)], € %y G = [(C ¢, (1, CF(G)]
Therefore it suffices to show that for all ¢ € C and g € C;*(G),

Adyiagu)(8(c)) = ¢ xr 1, Adyaagu)(l ® Ady(g) =1x-g.  (9.7)
The second equation is evident; let us prove the first one. The final remarks in
Example 9.3.11 imply
Adgagu)(8(c)) = (id ®(ar © 0))(8(c)),
where 6 denotes the *-automorphism of Co(G) given by (9f)(x) = f(x1) for
all f € Co(G), x € G. Leth € L>(G;C), x € G. Then
Adyaeu)(B(c))h)(x) = (id Q@ evx 00)(8(c)) - h(x) = (id ® ev,-1)(8(c)) - h(x),

and by Theorem 9.2.4, (Adyuaou)(6(c))h)(x) = ay—1(c)h(x). Comparing with
the definition of ¢ X, 1 (see Proposition 9.1.4), we obtain the first equation in (9.7).

ii) First, note that C;*(G) = C*(G) because G is abelian. Let usidentify C*(G)
with Cy(G) as in Proposition 4.2.3. Denote by 8 the action of G on C x5, C*(G)
that corresponds to the dual coaction § of C*(G) =~ Co(é). Let y € G. By

Theorem 9.2.4, B, = (id®evy) o 8. The extension of this automorphism to the
multiplier algebra acts as follows:

By: 8(0)(1 ® Ady (Uy)) ~— (5()(1 ® Ady (Uy))) ® Uy

id®ev
—— 8(c)(1 ® Ady (Uy)) x(x) forallc € C, x € G.

On the other hand, the extension of the automorphism &, to the multiplier algebra
M(C %, G) is given by

Ay:cxUx > cxUgy(x) forallc e C, x €G.

Comparing the formulas above, we find that with respect to the isomorphism (9.6),
the action 8 and the coaction § correspond to the action ¢&. O
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9.5 Kac systems and the Baaj—Skandalis duality theorem

‘We now come to the main result of this chapter — the Baaj—Skandalis duality theorem.
In the preceding section, we associated to every coaction of the right leg of a weak
Kac system (V, U) a reduced crossed product and a dual coaction of the left leg
of (V,U). Conversely, to every coaction of the left leg, we associated a reduced
crossed product and a dual coaction of the right leg. Summarizing, we constructed
a pair of functors as follows:

category of (C.8) = (Cxr A(V),8) category of
coactions of (A(V), A) ¢ = ¢xrid (A(V), A)-algebras
U N
category of (CxrA(V),8) < (C,8) category of
(A(V), A)-algebras ¢xrid < ¢ coactions of (A(V), A).

Naturally, we would like to know how these functors are related. The Baaj—
Skandalis theorem says that under favorable conditions —if (V, U) is a Kac system —
these two functors induce an equivalence of the category of (A(V'), A)-C *-algebras
with the category of (//1\ ), 3)-C *-algebras up to equivariant Morita equivalence.
To prove this assertion, one studies the composition of these two functors, that is,
the iteration of the reduced crossed product construction.

We proceed as follows. First, we introduce the notion of a Kac system and
consider some examples. Then, we determine the composition of the two functors
above. We do not discuss equivariant Morita equivalence; for related concepts, see

[6].

9.5.1 Kac systems

A Kac system is a special balanced multiplicative unitary. Recall that to every
balanced multiplicative unitary (V, U), we associated two auxiliary multiplicative
unitaries

V=31U)VQI®U)E and V =3XU® HV(U @ ).

Definition 9.5.1. A balanced multiplicative unitary (V, U) is called a Kac system
if

i) the multiplicative unitaries V/, 17, V are regular, and
i) (TAeU)V)3}=1.

Remarks 9.5.2. 1) The unitary Vis regular if and only if Vis regular because
V =Adweuv)(V).
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ii) Inleg notation, the equation (X (1®U) V) = 1 takes the form (U V)? = 1.
Conjugating by ¥ or V, we find that this condition is equivalent to the relation
(U[z]VE)3 = 1 and to the relation (VZU[21)3 =1.

iii) A multiplicative unitary V' on a Hilbert space H is called irreducible [7,
Définition 6.2] if there exists a symmetry U on H such that (V, U) is a balanced
multiplicative unitary and (Z(1 ® U)V)? = 1.

Condition ii) in Definition 9.5.1 may appear mysterious at first sight. However,
we shall see in (the proof of) Proposition 9.5.3 and 9.5.5 that this condition is closely
related to the Duality Theorem 9.5.11.

Proposition 9.5.3. Every Kac system is a weak Kac system.
The proof of this result uses the following lemma.
Lemma 9.5.4. Let (V,U) be a balanced multiplicative unitary.
) V23, V2 I7[12] 2yl = 0 and [Vi12), a3 I/}[23] V23l = 0.
ii) (SUV)? = 1ifand only if VVV = Uy E.

Proof. 1) We only prove the first equation, the second one follows similarly. By
Lemma 9.3.5, V121 V131 = V131 V231 V[12). We multiply this equation by V[15] on
the left and by X|;,) on the right, use the pentagon equation for V', and obtain

V[12]17[12]E[12] V231 = iy 17[12]1/[13]2[12]
= Vi Vs Vies V21 22y = Ve Vi) Va2 S -
ii) Rearranging the factors in the product Uj1Up) (2U) V)2 Upp E, we find

U[I]U[z](EU[z]V)?’U[Z]E =XUmVU© XV -ZUpVUpZ = V.v.v.

Thus, (ZU[y;V)? is equal to 1 if and only if UjjE = UpjUp Up) 2 is equal to
2472 O

Proof of Proposition 9.5.3. By part i) of the previous lemma, V]>3; commutes with

Vi121 V121 S112), and by part i), V[lz]l7 >

[12]1<M12] = f/\[* Upy)- Hence Viz3) commutes

12]

with 17[’f2], and since V1] is unitary, also with V[;5]. A similar argument shows that
Vl12) commutes with 17[’2‘3] and hence also with 17[23]. O

The second main property of a Kac system — in addition to being a weak Kac
system — is stated in the following proposition:

Proposition 9.5.5. Let (V,U ) be a Kac system on a Hilbert space H. Then
span A(V)A(V) = K(H).
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Proof. We combine the leg notation and ket-bra notation as in Sections 7.2 and 7.3;
see formulas (7.6)—(7.8) on page 176. By conditions i) and ii) of Definition 9.5.1,

K(H) = [<H|[2]V*|H)[1]] and V* = XU VEURVEU

We insert the second equation into the first one, use UX(H)U = K(H), and
obtain

K(H) = [(H|21ZU)V EUp)V EUR | H) ] = [(HinV SUR VIH )]

We multiply this equation on the right by A(V) On the left-hand side we ob-
tain [JC(H)A(V)] = K (H) because A(V) acts non-degenerately on H. On the
right-hand side, [V |H) 2]A(V)] [|H) 2]A(V)] by Lemma 7.3.13. Hence, by
Lemma 7.2.7,

K(H) = [(H|mV SUpg | H) i A(V)]
= [(HImVIH)mAWV)] = [AV)AV)]. O
The preceding proposition has the following partial converse:

Proposition 9.5.6. Let V be a multiplicative unitary on a Hilbert space H and U
a symmetry on H such that Vi3 V[lz] V12] VI23) and V12 V[23] = V23 V12)-

i) If span /T(V)A(V) = K (H), then V is regular.
i) Iff/\', V are multiplicative and the commutants of A(V)U /T(V) andof A(V)U
Ady (A(V)) both are only scalars, then U ZV V'V is scalar.

Proof. The proof uses similar techniques as presented in this section and in Sec-
tions 9.3 and 7.3; for details, see [7, Proposition 6.9]. O

We end this section with some examples and standard constructions:

Example 9.5.7. For every locally compact group G, the weak Kac system (Wg, U)
constructed in Example 9.3.11 is a Kac system. Indeed, the multiplicative unitaries
W and Wg = (Wi )P are regular by Example 7.3.4 iii) and ii), and from the
calculations in Example 9.3.11, we find

WeWeWal)(x,y) = (WeWgl)(yx,y)
= Wel)(yx, x)™'y) = Cyx-x7 L x7 ) -§(x"H1/2
N—— — N——

=x"1 =y

and
(UmEN)(x,y) = (SO y)-8(x) ™2 =Ly, x7h) - §(xH/2

forall { € L>(G x G,A x ) and x,y € G. Thus WgWgWg = U, and by
Lemma 9.5.4, (Wg, U) is a Kac system.
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Example 9.5.8. For every algebraic compact quantum group (Ag, Ayp), the weak
Kac system (V, U) constructed in Example 9.3.12 is a Kac system. Let us prove
this claim. The multiplicative unitaries V' = Vj, and vV = Wy, are regular
by Example 7.3.4 iv). We show that vV = ?*U[I]Z, and by Lemma 9.5.4,
this equation implies that (V,U) is a Kac system. By Proposition 1.3.12 and
Corollary 3.2.20,

AgoUy = AgoSpopo—1=20(So O So)oAgopo,-1

=X 0(So ® So) o (p1—1 © po,—1)0Ag =T o (S © Up) o Ao.

Combining this equation with the calculations in Example 9.3.12, we find
VVia©b) =Y VaU(ba) ©bay) = Y _awylolba) © a@Sq " (be)ba)

foralla,b € Agp. Since So_1 is the antipode of (Ao, Ag)°P (see Proposition 1.3.14),
we can simplify this expression and find that for all a, b € Ao,

VVia©b) =Y amlUb) ®ap) = V*U(b) © a) = V*UE(a O b).
Like the notion of a weak Kac system, the notion of a Kac system is highly
symmetric:

Proposition 9.5.9. If (V,U) is a Kac system, then also (17, U), (17, U), and
(VOP,U) are Kac systems.

Proof. If (V,U) is a Kac system, then
. (17, U) and (17, U) are balanced multiplicative unitaries by Remark 9.3.2 iv);

* the multiplicative unitaries V,V,and V = Adygu (V) = V are regular by
assumption;
« (VEUp)? = (ZUpV)? = 1and (U V)3 = (VSUp)? = 1 by Re-
mark 9.5.2 ii).
Remark 9.5.2 ii) implies that (17 U) and (17, U) are Kac systems. Moreover,

e (VP U) is a balanced multiplicative unitary by Remark 9.3.2 v);

e VO and VP are equal to V°P and VP, respectively, by the same remark, and
by Example 7.3.4 ii), the latter unitaries and VP are regular;

s (U VPE)? = (Up=V*)? = (VEUp)*)® = 1 by Remark 9.5.2 ii).
Again, Remark 9.5.2 ii) implies that (V°P, U) is a Kac system. O

Definition 9.5.10. Let (V, U) be a Kac system. Then (17, U), (17, U),and (V°P,U)
are called the predual, the dual, and the opposite Kac system of (V, U), respectively.
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9.5.2 The Baaj-Skandalis duality theorem

The Baaj—Skandalis duality theorem is the main result of this chapter. Its content
was described already in the introduction to this section. Given the results collected
in the previous subsections, the proof is not difficult.

Our formulation of the duality theorem involves the following notation. Given
a Hilbert space H and a coaction (C, §) of a C*-bialgebra (4, A), we define a
coaction d[y3] of (4, A) on C ® K (H) by the formula

Sa(c®T) =Adugx)(d(c) ®idyg)-(1®T ®1) forallc e C, T € K(H).

Here, Ad(1gx): M(C®AQ K(H)) - M(C ® K(H)® A) denotes the isomor-
phisminducedby c @ a @ T = c QT Q a.

Theorem 9.5.11 (Baaj—Skandalis duality). Let (V, U) be a Kac system on a Hilbert
space H.

i) Let (C,8) bean (A(V), A)-C*-algebra and § the dual coaction of (A(V), A)
on C x5, A(V). There exists a natural isomorphism

C xg, AV) Xz, AV) = C ® K(H)

which identifies the bidual coaction of (A(V), A) on C % /T(V) xg  AV)
with the map Ad1gv) od[13): C @ K(H) - M(C @ K(H) ® A(V)).

ii) Let (C, ) bean (A\(V), 3)-C *-algebra and § the dual coaction of (A(V), A)
on C xs  A(V). There exists a natural isomorphism

C x5, A(V) %, AV) = C ® X(H)

which identifies the bidual coaction of (A(V) A) on C xs A(V) % //I\(V)
with the map Ad; g i7) od3: C @ K(H) - M(C® JC(H))

Proof. 1) To simplify notation, put A= ff(V) and A := A(V). By Defini-
tions 9.4.1, 9.4.7, 9.4.9/,\ Proposition 9.4.4, and Theorem 9.4.10 i)(a), the iterated
crossed product C x, A X, A is equal to

[(5(C) @ N(1 ® A(A)(1 ®1® Ady(4))] € Lc(C ® H® H).

By definition of A and A and by the proof of Lemma 9.3.8, conjugationby 1 @ V
maps this C *-algebra isomorphically onto

BPC)1®1® A)(1®1® Ady(4))].
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where §@ = (id®A) 0§ = (§ ® id) o §. Since § is injective, the formula
§P)1®1®T)—8(c)(1®T), wherec e C, T € £(H),
defines an isomorphism of this C *-algebra onto
[5(C)(1 ® A-Ady(A))] € £c(C @ H).

Now [//1\ Ady(4)] = [A(I7) . /T(I\;)] by Proposition 9.3.4, and since (17, U)isa
Kac system (Proposition 9.5.9), [A(V) - A(V)] = K (H) (Proposition 9.5.5). Thus

C %y Ax, A= [8(C)(1® K(H)).

We make use of the fact that A € £(H) is non-degenerate and the assumption
[6(C)(1 ® A)] = C ® A, and find

Cx A, A= [5(C)1® A- K (H))]
=[(C ® A)(1® K(H))] =C ® K(H).

This isomorphism identifies an element of the form

o) hH(1e ﬁ(d))(l ®1Q® Ady(a)) € C x, /Txr A (9.8)
with
de)(1®a-Ady(a)) e C Q K(H). 9.9

The bidual coaction of (4, A) on C x, A x; A maps the element (9.8) to
o111 ﬁ(&) R D1 ®1Q®Adue)(Aa))).

Put W := UV Upy = £V E. The map Adggw) o813 sends the element (9.9)
to

(1® W)(Adaes§@ () - (1®a - Ady(a) ® D)(1 ® W*)
= (@@l ®ae )1 Adwen(A@).

In this equation we used the following relations:
* Adyp5(Ads(A(D))) = b ® 1 forall b € A by Proposition 9.3.4;
* UV U and A ® 1 commute by the proof of Lemma 9.3.8;

* Adypvu(Ady(a) ® 1) = Adwery(A(a)) by definition of A.
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Therefore, the bidual coaction of (4, A) on C x, A x r A corresponds to the map
Ad1@w) 08[13). With respect to the isomorphism

CxyAxy A= C®K(H) —2 C ® XK(H).

the bidual coaction corresponds to Ad(;gy) ©J[13], because

Adaguen) © Adaew) od13) © Adaeu) = Adagr) °8[13]-

i) The proofis similar as in i), simply replace (V, U) by the predual (17, U). O



Chapter 10
Pseudo-multiplicative unitaries on Hilbert spaces

In parts I and II of this book, we discussed several approaches to quantum groups.
Most of these approaches can be extended to quantum groupoids, which simul-
taneously generalize quantum groups on one side and classical groupoids on the
other side. The next two chapters provide an introduction to some techniques and
basic concepts related to quantum groupoids in the setting of von Neumann algebras
and C *-algebras.

First steps towards a theory of quantum groupoids in the setting of von Neumann
algebras were taken by Vallin and Enock, who generalized the concept of a von
Neumann bialgebra and of a multiplicative unitary [50], [51], [171], [172]. Building
on their work and on the theory of locally compact quantum groups of Kustermans
and Vaes [91], Lesieur developed a general theory of measurable quantum groupoids
[99]. A main feature of that theory is a generalization of Pontrjagin duality: to
every measurable quantum groupoid, Lesieur associates a dual such that the bidual
is naturally isomorphic to the initial quantum groupoid.

A major motivation for the introduction of quantum groupoids in the theory of
von Neumann algebras comes from the theory of subfactors. A central problem,
raised by Ocneanu, is to describe the symmetries of a given subfactor, that is, of
an inclusion of factors, in terms of an associated generalized Galois group and to
formulate a Galois theory for inclusions of factors [114], [115]. Let us briefly
explain the problem. Given a factor N; with a suitable action of a group G, we
obtain two inclusions of factors Ny < N7 < N,, where Ny := NIG is the fixed
point algebra and N, := N; x G is the crossed product. The question is whether
each inclusion of factors Ny < N; can be described in a similar way. Building
on earlier results by various authors [30], [101], [146], Enock and Nest showed in
[45] that for every irreducible depth 2 inclusion Ny < N, there exists a locally
compact quantum group M and an action of M on Nj such that Ny is equal to the
fixed point algebra N IM and the inclusion Ny <> N, given by the basic construction
[72] is isomorphic to the inclusion Ny < N; x M. If the irreducibility assumption
is dropped, then M is no longer a quantum group but a quantum groupoid [43],
[50], [51], [99]. Thus, quantum groupoids arise naturally in the study of subfactors.

Like the theory of locally compact quantum groups (or even more so), the theory
of measurable quantum groupoids is technically demanding and involved. Let us
briefly outline the main concepts and their rdle in the theory. For background on
groupoids, see Section 10.3.3.
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Hopf-von Neumann bimodules. A Hopf—von Neumann bimodule is a von Neu-
mann algebra M equipped with a comultiplication that is modeled on the multipli-
cation map of a groupoid.

Recall that a groupoid consists of a set of arrows G, a set of units G°, arange and a
source map r,s: G — G°, and a multiplication G X r G — G - the composition

of arrows. The multiplication is only defined on the fiber product G g X r G =
G

{(x,) e G xG |s(x) =r(y)} € G x G because two arrows can be composed
only if the source of the left one matches up with the range of the right one.
Likewise, a Hopf—von Neumann bimodule consists of a von Neumann algebra
M, a von Neumann algebra N with a representation and an antirepresentation
r,s: N — M, and a comultiplication A: M — M 1>|\; r M. Here, the target of

the comultiplication is no longer the ordinary tensor product M ® M as in the case
of a von Neumann bialgebra, but a fiber product of von Neumann algebras that is
defined in terms of a relative tensor product of Hilbert modules. The notion of a
Hopf-von Neumann bimodule was introduced by Vallin [171].

Operator-valued weights. Similar to a locally compact quantum group in the
setting of von Neumann algebras, a measured quantum groupoid is a Hopf—von
Neumann bimodule equipped with a left and a right Haar weight. Recall that for
a groupoid G, the proper analogue of a Haar measure is a Haar system, which
is a family of measures indexed by the elements of G°. Integration with respect
to such a Haar measure does not define a linear functional C.(G) — C but a
linear map C.(G) — C.(G°). Likewise, the Haar weights of a measured quantum
groupoid (N, M, r, s, A) are operator-valued weights that take values in the base N.
Operator-valued weights on von Neumann algebras were introduced by Haagerup
[59], [60]; further references are [144], [150].

Pseudo-multiplicative unitaries. The preceding chapters showed that multiplica-
tive unitaries play a central rdle in the theory of locally compact quantum groups.
In the theory of measurable quantum groupoids, this role is taken by pseudo-
multiplicative unitaries. These unitaries do not act on an ordinary tensor product
of Hilbert spaces but on a relative tensor product of Hilbert modules. The concept
of a pseudo-multiplicative unitary was introduced by Vallin [172].

The relative tensor product of Hilbert modules. The relative tensor product
of Hilbert modules is an analogue of the tensor product of modules over a ring,
where the modules are Hilbert spaces, the ring is a von Neumann algebra, and the
relative tensor product is a Hilbert space again. If the underlying von Neumann
algebra is commutative, the relative tensor product corresponds to the fiberwise
tensor product of fields of Hilbert spaces. The construction in the general case is
much more involved; it was introduced by Connes and is frequently called Connes’
fusion.
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We shall not attempt to give an overview of the theory of measured quantum
groupoids, but provide an introduction to some of the concepts listed above. First,
we give a fairly detailed introduction to the relative tensor product of Hilbert mod-
ules (Section 10.1). This construction is then used to define the fiber product of von
Neumann algebras and Hopf—von Neumann bimodules (Section 10.2). Finally, we
discuss pseudo-multiplicative unitaries on Hilbert spaces (Section 10.3) and study
examples related to groupoids (Section 10.3.3).

10.1 The relative tensor product of Hilbert modules

The relative tensor product of Hilbert modules is an analogue of the tensor product
of modules over a ring and of the internal tensor product of C *-modules over a
C*-algebra. Roughly, this construction starts from a von Neumann algebra N
and Hilbert spaces H and K with an antirepresentation and a representation of N,
respectively, and produces a new Hilbert space H (j%) K by factoring out the actions

of N on H and K. The precise construction is fairly involved.

Before we turn to the details, let us add some bibliographical remarks. For
Hilbert spaces over a commutative von Neumann algebra, the relative tensor prod-
uct was defined by Sauvageout. Connes generalized the construction to the non-
commutative case; unfortunately, his manuscript was never published. Original
references for the construction are [27], [138]; alternative references are [52] and
[150, Section IX.3].

Throughout this section, let N be a von Neumann algebra.

10.1.1 Hilbert modules over von Neumann algebras
We adopt the following terminology:

Definition 10.1.1. A left/right Hilbert N-module is a Hilbert space H equipped
with a non-degenerate normal representation/antirepresentation of N. We write
x& /&x for the action of an element x € N on a vector § € H.

Let N; and N, be von Neumann algebras. A Hilbert Ny-N,-bimodule is a
Hilbert space H equipped with the structure of a left Hilbert N1-module and a right
Hilbert N>-module such that (x;£)x; = x1(Ex;) forall x; € Ny, x, € No,E € H.

A morphism of left Hilbert N -modules H, and Hy isanoperator T € £(H;, H3)
that satisfies Tx§ = xTE& forall x € N and § € H;. We denote the set of all
such morphisms by &£ 5 (H1, Hz). Similarly, we define morphisms of right Hilbert
N -modules and of Hilbert N;-N,-bimodules.

We denote by N°P the opposite von Neumann algebra of N and by N —
N, x +— x°P, the canonical antiautomorphism (see Section 12.3). Clearly, left
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Hilbert N-modules correspond bijectively with right Hilbert N °-modules, and
right Hilbert N -modules correspond bijectively with left Hilbert N °°-modules.

The fundamental example of a Hilbert N -N -bimodule is the GNS-space asso-
ciated to an n.s.f. weight. This bimodule plays a central rdle in the construction of
the relative tensor product.

Example 10.1.2. Let ¥ be a normal semi-finite faithful weight on N with GNS-
construction (Hy,, Ay, my). Then the space Hy, carries the following structure of
a Hilbert N-N -bimodule:

The representation 7y, turns Hy, into a left Hilbert N -module. Using the mod-
ular conjugation Jy, for ¥ (see Theorem 8.2.4), we can also define an antirepresen-
tation

N — i(Hw), Z = Jwﬂw(z)*Jw. (10.1)

This map is linear because Jy, is conjugate-linear, an antihomomorphism because
J 112, = idpy,,, and normal and non-degenerate because my is normal and non-
degenerate. Furthermore, this antirepresentation commutes with 7y, (see Theo-
rem 8.2.4). Thus, Hy, becomes a Hilbert N-N -bimodule.

While ry, amounts to left multiplication, the antirepresentation (10.1) amounts
to right multiplication up to a twist by the modular automorphism group ¥ of :

Ty ()Ay (1) = Ay (xy) and  Jymy(2)* Ty Ay () = Ay (v0”,(2)
forallx e N, y € Ny,andz € Dom(al_pl./z) (see Theorem 8.2.4 vi)).
The preceding construction yields two Hilbert N °P- N °P-bimodules:

* we can consider Hy as a Hilbert N °P- N °P-bimodule via x°P{y° := y{x for
allx,y € Nand{ € Hy, or

* we can define an opposite weight ¥°P on N° by y°P(x°P) = i (x) for all
positive elements x € N, and consider the associated N °P-N °P-bimodule
Hyop.

It turns out that these two Hilbert N °P- N °P-bimodules are isomorphic: the relation
Y((y)*yP) =¥ (yy*). y € N, implies

Nv,op = {yOp | y* € Nw} = (e/\/‘w*)()p,
and straightforward calculations show that the space Hy and the maps
A,/,op: ,Nwop e HW, yop = JI/,Alp(y*)’
Tyor: NP — L(Hy), x® > Jymy(x*)Jy,

form a GNS-construction for ¥ °P. Evidently, the representation 7y corresponds
to the antirepresentation (10.1), and by symmetry, it follows that the representation
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7y corresponds to the antirepresentation NP — £ (Hyo) given by xP > Jyop -
T[wop(xop)* . onp.

The category of Hilbert modules over a von Neumann algebra has sufficiently
many morphisms:

Proposition 10.1.3. Let i be an n.s.f- weight on N. Consider the associated GNS-
space Hy as a right Hilbert N -module via the antirepresentation (10.1). For every
right Hilbert N -module H and every element n € H, there exists a partial isometry
u e £n(Hy, H), such that uu*n = .

Proof. Givenn € H, consider the positive normal linear functional @ on N given by
w(y) := (n|ny) forally € N. By [58, Lemma 2.10] or [150, IX, Theorem 1.2 iv)],
there exists a vector § € Hy, such that w(y) = (£|€y) forall y € N. By the choice
of &, themap u: Hy — H givenby u(§y) :=ny forally € N and u({) := 0 for
all ¢ € (EN)L is a well-defined partial isometry that satisfies uu*n = 7. O

In the situation above, the set &£ v (Hy, H) Hy is equal to H . If we replace Hy,
by an arbitrary right N-module, a similar result holds:

Proposition 10.1.4. Let H; and H, be Hilbert spaces, considered as right N -
modules via non-degenerate normal x-antihomomorphisms 1 : N — £(H1) and
my: N — £(H3). Ifkermy C kermy, then Ly (Hy, Hy)H; is linearly dense
in H2.

Proof. By [35, 1.4.4, Théoreme 3], [137, Proposition 2.7.4], or [149, 1V, The-
orem 5.5], the x-antihomomorphism 7, has the following form: there exist a
Hilbert space H, a projection p € (m1(N) ® 1)) € £(H; ® H), and a unitary
U e £(p(H ® H), H), such that

m2(x) = Ady(p(r1(x) ® 1)) forall x € N.

Consider H1 ® H and p(H; ® H) as right N-modules via the antirepresentation
x > m1(x) ® 1 and its restriction. Then U € Lx(p(H; ® H), H) and p €
En(Hy ® H, p(H; ® H)), so that it suffices to show that £y (H;, H; ® H)H;
is linearly dense in H; ® H. But for every £ € H, the map 1 — n ® £ defines an
element in £y (H;y, Hy ® H) with image H; ® C&. The claim follows. O

10.1.2 OQutline of the construction

The construction of the relative tensor product is quite involved. Therefore we first
consider the special case where the underlying von Neumann algebra is commutative
and outline the general approach before we turn to the details.
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The commutative case. Let N be a commutative von Neumann algebra on a
separable Hilbert space. Then there exist a compact metrizable space X and a
positive Borel measure i on X with support X such that N is normally isomorphic to
L (X, ) [35, 1.7.3, Théoreme 1]. Every Hilbert module over N corresponds to a
measurable field of Hilbert spaces over (X, i), and the relative tensor product of two
such modules is formed by taking the fiberwise tensor product of the corresponding
fields. Let us explain the details; standard references are [35, Chapitre II], [149,
Section IV.8].

Definition 10.1.5. A measurable field of Hilbert spaces on (X, ) is a pair $ =
((9x)x, ['(9)) consisting of a family of Hilbert spaces ($x)yex and a subset
L(9) C [[,ex 9« subject to the following conditions:

i) for all n, & € I'(9), the function x — (n(x)|€(x)) is measurable;

ii) if n € [[,cx Hx and for each £ € I'(H), the function x — (n(x)[&(x)) is
measurable, then n € I'(9);

iii) there exists a sequence (£,), in I'(9) such that the sequence (&,(x)), is
linearly dense in $, for each x € X.

The elements of I'($) are called the measurable sections of $. A measurable
section & is square-integrable if [y ||€(x)||*du(x) < oo. The direct integral of £,

denoted by |, ;B $du(x), is the space of all square-integrable sections of $, where
two sections are identified if they coincide p-almost everywhere.

The direct integral | ;B Hxdpu(x) aboveis a Hilbert space with respect to the inner
product (n|§) := [y (n(x)|€(x))du(x), and a Hilbert module over L>°(X, 1) with
respect to pointwise multiplication of sections by functions.

Theorem 10.1.6. For every separable Hilbert module H over L*°(X, i), there
exists a measurable field of Hilbert spaces $ on (X, ) such that H =~ f;B Sxdu(x)
as Hilbert L*° (X, w)-modules.

Proof. See [35, 11.6.2, Théoréme 2]. O
The tensor product of fields of Hilbert spaces is easily constructed:

Proposition 10.1.7. Let $ and & be measurable fields of Hilbert spaces on (X, ().
Then there exists a unique measurable field of Hilbert spaces $ @ K on (X, |4) such
that

) (ORK)y = 9% Ky forall x € X, and

i) for all n € T(9), & € T'(R), the section x +— n(x) Q@ &(x) belongs to
I e K).
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Proof. See [35, 11.1.8, Proposition 10]. O

Therelative tensor product of L°°(X, i)-modules can now be defined as follows:
for each pair of measurable fields of Hilbert spaces $ and &, we put

(5] (5] (5]
( / bxdu(x)) ® ( / szxdu(x)) - / (& ® R)rdu(x).
X L>o(X,1) X X

Straightforward but tedious verifications show that the Hilbert space on the right-
hand side does not depend on the precise choice of the fields $ and K but only on
the direct integrals that appear on the left-hand side.

The general case. Let us consider the general case where N is an arbitrary von

Neumann algebra and H is a right and K a left N-module. A first attempt at

the definition of the relative tensor product H ® K might be to look for an inner
N

product on the algebraic tensor product H © K. The analogy with the internal
N

tensor product of C *-modules suggests to define an N -valued inner product (- |- ) 5
on H and consider the sesquilinear form on the algebraic tensor product H © K
given by

(N ©&Inoé&) = EnInnE). wheren.n' € H, £ & €K.

Then, H ® K should be the Hilbert space obtained from that sesquilinear form by
N

the standard procedure, that is, one factorizes out the null space of the form and
completes the quotient with respect to the induced norm.

The approach sketched above does not work in general and has to be modified.
Indeed, the spaces H (13 K and H turn out to be too large to carry the desired inner

products: the space H has to be replaced by a dense subspace of elements that are
bounded with respect to the action of N. The precise definition involves the choice
of a weight on N but turns out to be essentially independent of that choice.

For illustration, let us return to the commutative case considered above: there,
H and K correspond to measurable fields of Hilbert spaces $ and & on (X, u),
and the elements of H and K correspond to square-integrable sections of $ and K,
respectively. In general, the fiberwise tensor product of such sections is not square-
integrable but integrable. However, the fiberwise tensor product of a section that is
essentially bounded with a square-integrable section is always square-integrable. If
n,n € f)? Sxdp(x) = H are essentially bounded in the sense that the functions
x — |[n(x)| and x — ||’'(x)]|| belong to L*°(X, ), then also the function x +>
(7' (x)|n(x)) belongs to L*°(X, ) = N, and one can define (1'|n)n to be that
function.
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10.1.3 Bounded elements of a Hilbert module

In this subsection, we introduce the space of bounded elements of a right Hilbert
N-module and construct an N -valued inner product on that space. As explained
above, the definition of that inner product is the crucial step in the construction
of the relative tensor product. To define the space of bounded elements of a right
Hilbert N-module H and the N -valued inner product thereon, we choose an n.s.f.
weight ¢ on N and identify certain elements of H — the ¥ °P-bounded elements —
with morphisms between the GNS-space Hy, and H. Before we turn to the details,
let us note that throughout this subsection, we use the N-N -bimodule structure on
H. and the notation introduced in Example 10.1.2.

Definition 10.1.8. Let i be an n.s.f. weight on N and K a left Hilbert N -module.
An element £ € K is {-bounded if the map

Ry(): Ay(Ny) = K, Ay (y) = yE,

is bounded. In this case, we denote the extension to a bounded operator Hy, — K
by Ry (§) again. We denote the set of /-bounded elements of K by D(K, ).

Let H be aright Hilbert N-module. An element n € H is {°P-bounded if the
map

Ly(m): Ayor(Nyow) — H, Ay (y) = 1y,

is bounded. In this case, we denote the extension to a bounded operator Hy — H
by L (&) again. We denote the set of ¥ °P-bounded elements of H by D(H, y°P).

Remarks 10.1.9. i) Evidently, an element & of a left Hilbert N-module K is
y-bounded if and only if there exists a constant C > 0 such that ||y£[|?> <
ClAy()|?> = Cy(y*y) forall y € Ny. Likewise, an element 7 of a right
Hilbert N-module H is y°P-bounded if and only if there exists a constant C > 0
such that [ny[|> < Cl|Aya (yP)|I> = Cy(yy*) forall y € Ny*.

ii) If we consider a left Hilbert N-module as a right Hilbert N °°-module, we
obtain two notions of {°P-bounded elements; however, it is easy to see that these
two notions coincide. A similar remark applies to right Hilbert N -modules, which
can also be considered as left Hilbert N °°-modules.

iii) In [150], Takesaki writes D(H, v) instead of D(H, y°P), and D’(K, ¥)
instead of D(K, ).

We shall focus on right Hilbert N-modules, on {°P-bounded elements, and on
the maps Ly (1) introduced above. These maps are morphisms of right N -modules,
and this fact can be used to construct an N -valued inner product on D(H, y°P):

Lemma 10.1.10. Let H be a right Hilbert N -module and W an n.s.f. weight on N.
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i) Consider Hy as a right Hilbert N -module. Then Ly (n) € £n(Hy ., H) and
Ly (n)*Ly(n) € my(N) forall n.n" € D(H,yP).
ii) The map (-|-)y: D(H,¥°?) x D(H,¥y?) — N given by

(M'ny :=x & Ly Ly(n) = my(x)

is well defined, sesquilinear, and positive definite in the sense that for each
non-zero 1 € D(H, yP), the element (n|n)y, € N is positive and non-zero.

Proof. i) Let n,n € D(H,y?), let y € Ny*, and let x € N. By definition,
Ayor (YP)X = ypon (XP) Ayyor (¥P) = Ayor((yx)°P), and hence

Ly (M) (Ayer(yP)x) = n(yx) = (ny)x = (Ly () Ayor (yP))x.

Consequently, Ly (1) € £y (Hy, H) and Ly (7')* Ly (n) € £n(Hy ). By Theo-
rem 8.2.4, £n(Hy) = (Jymy(N)Jy) is equal to y (N).

ii) The map (- | - )y is well defined because my, is injective. Let n € D(H, yP).
Evidently, (n|n)y = Ly (n)* Ly (n) is positive. Assume that (n|n)y = 0. Then
also Ly () = 0 and

(Ey*In) = (€lny) = EILy DAy (y™P)) =0 forall§ € H, y € Ny™
Since Ny is weakly dense in N and HN = H, we must have n = 0. O

Remark 10.1.11. Let K be a left Hilbert N-module and v an n.s.f. weight on N.
Considering K as a right Hilbert N°P-module, we obtain an N °P-valued inner
product (|- )y on D(K,¥). Since Lyw(§) = Ry (§) forall £ € K,

(E'1E)yor = x® & Ry (§)* Ry (€§) = myon(xP) forall§,& € D(K, ).

For later applications to the relative tensor product of Hilbert N-modules, we
collect several properties of the maps Ly (1) and of the N-valued product (- |- )
constructed above:

Proposition 10.1.12. Let H be a right Hilbert N -module and v an n.s.f. weight
on N.

i) For each n € D(H,¥°?) and x € Dom(al_”l./z), we have nx € D(H, y°P)
and Ly (1x) = Ly ()7y (07 ,(x)).

ii) For every n € D(H,y°P), every right Hilbert N-module K, and every
T € £v(H,K), we have Tn € D(K, ¥y?) and Ly (Tn) = TLy (). Fur-
thermore, (n'|Tn)y = (T*n'|n)y forevery n € D(K, y°P).

1i1) D(Hy,, YoP) = Allf(:N:‘l/) and L,/,(Aw(y)) = nw(y)for ally € J\/]/,.
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iv) D(H,y?) = En(Hy, H)Ay (Ny) is dense in H.
v) Foralln,n' € D(H, y°P),
'lny € Ny, Ayp((0'In)y) = Ly (1) 0. ¥ ({(n'[n)y) = (n'[n).

Proof. i) Let y € Ny ™. By Theorem 8.2.4 vi) and Proposition 8.1.11 iii),

1y (02,1, Ayor (yP) = 7y (0, (x*)* Ty Ay (5*)
= Jy Ay (¥ x™) = Ay ((xy)P),
and therefore

Ly (x) Ay (yP) = nxy = Lw(n)w(a'_”l-/z(x))/\wop(y"p).

ii) The first assertions follow from the relation

TLy(MAyo(yP) =T(my) = (Tn)y = Ly(Tn)Ayw(y?) forall y € Ny ™,

and the last one from the relation
Ly ()" TLy () = (T*Ly )" Ly () = Ly(T*n)* Ly (n).

iii) This is a standard result from the theory of Hilbert algebras, see [150, Proof
of Theorem VII.2.6].

iv) Statements ii) and iii) imply £ n (Hy, H)Ay(Ny) S D(H,¥P). Let us
prove the reverse inclusion. Given n € D(H, y¥°P), we choose a partial isometry
u € £y(Hy, H) such that uu*n = n (see Proposition 10.1.3). Then u*n €
D(Hw, WOP) = A]/[(QNW) by iii) and n= u(u*n) € :ﬁN(Hllla H)Aw(d\fv,) Thus,
D(H, y?) = £n(Hy, H)Ay (Ny). By definition of Hy, this space is dense in
Ly (Hy, H)Hy, and by Proposition 10.1.3, also in H..

v) Let n,n € D(H,y°). By Lemma 10.1.10 i) and by ii), Ly (n')*n €
D(Hy,¥*P), and by iii), Ly (7')*n = Ay (y) for some y € Ny. Therefore,

Ly()*Ly () = Ly (Ly(1)*n) = Ly (Ay(y)) = 7y (y) € my(Ny)

and Ay ((7'|n)y) = Ay(y) = Ly(n')*n. Thus we have proved the first and
second assertion. Let us prove ¥ ({n|n)y.) = (n|n). Choose a partial isometry u €
LN (Hy, H) such that uu™n = n (see Proposition 10.1.3). By iii), u*n = Ay (x)
for some x € Ny, and 7wy (x) = Ly (u*n) = u*Ly(n). Then x*x = (n|n)y
because

wy (x*x) = Ly () uu™Ly (n) = Ly (n)* Ly @u*n) = Ly (n)* Ly (),

and

Y ((nln)y) = ¥ (x*x) = Ay )N = I = (nln).
Using polarization, we get ¥ ((n'|n)y) = (7'|n)y forall n,n’ € D(H,y°P). O
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Remark 10.1.13. In the situation of the preceding proposition, the linear span of
the set {Ly (7)) Ly (7)* | 0.7 € D(H,yP)} is a weakly dense ideal in £x (H),
see [26, Proposition 3] or [150, IX.3, Lemma 3.9].

The preceding definitions and results can be rewritten in a suggestive symbolic
calculus. We briefly summarize this calculus, but restrict to a symbolic level and
do not make anything mathematically precise. Further details can be found in [27,
V, Appendix B].

Remark 10.1.14. Before we begin, let us stress that all calculations in this remark
are purely formal symbolic manipulations. We shall use the sign “=" to indicate
that two expressions are equal on a symbolic level.

Consider the Hilbert N-N-bimodule H., associated to an n.s.f. weight ¥ on N
(see Example 10.1.2). We put

)”/fl/2 = Ay (y) for y € Ny,
Y2y T2 = Ol_”i/z(x) for x € Dom(o'_/’l./z),

and treat the symbols /2 and y~1/2 like invertible self-adjoint operators. Then
the N-N-bimodule structure of Hy takes the form

x(yy?)z = xy P2y Ty = (xyo?, L (2)

forallx € N,y € Ny, z € Dom(cf_/’l./z). A comparison with Example 10.1.2
shows that this symbolic calculation correctly describes the actions of N.
For the GNS-map of the opposite weight ¥°P, we put

Y12y = yP(YoP)2 = Ay (yP)  for y € Ny ™.
Then the N-N -bimodule structure of Hy, takes the form

x(P2y)z =y 2y 2y 2y yz = 91267 ()2

forall x Dom((rl.'//fz), y € NMy*, z € N. Again, one can show that this symbolic
calculation correctly describes the actions of N.
Given a Hilbert space H, we put

n*n:=(n'ln) forn.n' e H.
Then the defining property of the modular automorphism group o¥ (see Theo-
rem 8.1.13 ii)) can be read off from the following symbolic calculations. Given
X €Ny N Dom(o;//fz), put z ;= 1 2xy1/2 = crl.'//fz(x). Then
Y(*x) = (xp V2 xp2) = g V2x g 12 = pryp /212,

= (Y 22|y 122) = P () (7)) = ¥ (22%) = Y (0}, (x)0}), (1))
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Moreover, in this notation, ¥ (x) = ¥!/2xy /2 for each x € My ; this relation
will be used below.
Now consider a right Hilbert N-module H. Let us write

ny V2= Ly (). T2 i= (V2T = Ly (™ forn € D(H.Y™).

Then the action of Ly, (1) takes the simple form

Ly Ay (y®) =y~ 2.y 2y = yy  foralln € D(H,¥P), y € Ny*.

If we identity N with my (IV), the inner product (- |- ) can be written as follows:

')y = Ly@)*Ly() =y 20*ny=2 forn,n € D(H, yP).

Now we can “prove” some of the results of Proposition 10.1.12 by the following
symbolic calculations:

Ly (Tnx) = (Tnx)y ™% = Toy ™2y 2xy~12) = TLy (), , (x),
Ly(Ay() = 0y -y 2 =y = my (1),
Ay (' In)y) = @720y V22 = (T 2 = Ly (),
V(' In)y) = v 2@ Py 2y = 0 = (' [n),

where n,n’ € D(H,¥°?), T € £y(H,K), x € Dom(o ),and y € Ny.

i/27°

10.1.4 Construction of the relative tensor product

Equipped with the concepts introduced above, we are ready to define the relative
tensor product of Hilbert modules.

Recall that to every sesquilinear form on a complex vector space, one can asso-
ciate a Hilbert space by a standard procedure: one factorizes out the null space of
the form and completes the quotient with respect to the induced norm.

Lemma 10.1.15. Let H be a right and K a left Hilbert N -module, and let \ be
an n.s.f. weight on N. Consider H as a left and K as a right Hilbert N °°-module.

1) Formula (10.2) defines a positive sesquilinear form on D(H, ¥°?) © K:
(" ©&no &) :=E1nnyé). (10.2)
i1) Formula (10.3) defines a positive sesquilinear formon H © D(K, ¥):

(" © &M O &) = (N(E'[E)yor n). (10.3)
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iii) The restrictions of (-|-) and (-|-)op to D(H,y?) © D(K, V) coincide,
and forall £, € D(H,y°?) and n,n € D(K, V),

(" © &' © &) = (Aye((E1E)yr) Ay (1 In)y)) = (0" © &N © &)op-

iv) The Hilbert spaces associated to the positive sesquilinear forms considered
in 1)—iii) are naturally isomorphic.

Proof. 1), ii) This follows from a standard argument (see [95, Chapter 4]).
iii) It suffices to prove the two equalities in the formula above. We only treat
the first one; the proof of the second one is similar. By definition,

(" © &0 &) = (E1nny &) = E1EWN n)y)™).
Now £((7' 1)) = Ly (§) Ay ({n'|1n)y ) by definition of Ly (£), and hence

(" &N OE) = (Lyw®*E Ay ((n'In)y))

Inserting the relation Ly (§)*E" = Ayor ((£|€")yor) from Proposition 10.1.12 v),
we obtain the desired equality.

iv) This follows immediately from iii) and the fact that D (H, y°P) and D (K, )
are dense in H and K, respectively (see Proposition 10.1.12 iv)). O

Definition 10.1.16. The relative tensor product of a right Hilbert N -module H and
a left Hilbert N-module K relative to an n.s.f. weight ¥ on N is the Hilbert space
H ® K associated by the standard procedure to the sesquilinear forms defined in

v
Lemma 10.1.15 i)—iii). Givenelementsn € D(H,y¥°P)and ¢ € D(K, V), we write
n ® & for the image of n © £ under the natural map D(H,¢¥°?) © D(K,y¥) —
14

H ® K. Likewise, we define the element n ® £ if either n € H or § € K.
1 ¥

If N is commutative, the relative tensor product of Hilbert N-modules corre-
sponds to the fiberwise tensor product of measurable fields of Hilbert spaces:

Proposition 10.1.17. Let N = L*°(X, ), where X is a compact metrizable space
and | is a positive Borel measure on X. Denote also by W the weight on N given
by f fX fdu. Let $ and K be measurable fields of Hilbert spaces on (X, L)

and consider H = f;B Syxdu(x) and K = f;B Kxdu(x) as Hilbert N-modules
via pointwise multiplication of sections by functions.

i) An element n € H belongs to D(H, y¥°P) if and only if the function x +—
In(x)|| belongs to L*(X, ) N L®(X, w).

i) Forall n,n’ € D(H,y°P), the inner product ('|n)y is equal to the function
x = (' (x)|n(x)).
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i) H ® K= [29, ®Kudu(x).

Proof. Straightforward. O

In the general case, the actions of N on the factors of the relative tensor product
do not behave as one might expect. Unlike the usual transformation rule nx © & =
N

n © x§& that holds in an algebraic tensor product H © K foralln € H, £ € K,
N N

x € N, we have the following relation:

Proposition 10.1.18. Let H be a right and K a left Hilbert N -module, and let

be an n.s.f. weight on N. Then foralln € D(H,y?), £ € K, x € Dom(al/’i/z),

H@E=n® 0¥, (& (10.4)

Proof. By Proposition 10.1.12 1), (7'[nx)y = (7'In)y U‘_”i/z(x), and hence
(f @& nx @ &) = (1 [n)y 07, ,()E) = (' @E N ® Y, ,(x)E)
v v / vy Y

forall ¥’ € D(H,y°)and £’ € K. O
Remark 10.1.19. We extend the notation introduced in Remark 10.1.14 and put

noy P @Ei=ne®E and n® Y2 = ® &
N ¥ N v

for ng € D(H,¢P), § € Kandn € H, & € D(K,v). Then the following
symbolic calculation “proves” Proposition 10.1.18:

moxy ™2 @ & = noy 0 ey ) @ 4

= noy /2 1//,/2(36) ® Eo = noy /2 ® o ,/z(x)fo

10.1.5 Properties of the relative tensor product

The relative tensor product has all functorial properties that one would naturally
expect.

Lemma 10.1.15 implies that the construction of the relative tensor product is
symmetric in the following sense:

Proposition 10.1.20. Let H be aright and K a left Hilbert N -module, and let  be
an n.s.f. weight on N. Consider H as a left and K as a right Hilbert N °°-module.
Then the map

D(H.y*®)® D(K.¥) > D(K,¢) ® D(H.y*), n®§—>§ ® n,
v yor v yop
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is well defined and extends to a unitary Xy : H ® KS K ® H. O
yor

Evidently, the relative tensor product commutes with direct sums:

Proposition 10.1.21. Let (H,), be a family of right and (K,,),, a family of left
Hilbert N -modules, and let w be an n.s.f. weight on N. Consider the direct
sums H = @, Hy and K := @, K, as Hilbert N-modules in the obvious
way. Then the famzly of natural mcluszons H, ® K,—H ® K induces a unitary

D.. u(Hy ® K, — H ® K.
Proof. Straightforward. O

The relative tensor product admits the following natural maps:

Proposition 10.1.22. Let H be a right and K a left N-module, and let W be an
n.s.f. weight on N. For every ng € D(H,¥°P) and &y € D(K, V), the maps

1m0}y K—>H(§>K, 5'—”}0%? 1€0)y[21: H%H%K’ Tl'—”ﬂggoa

are linear operators of norm

im0yl < molmo)y 1M, g0 yizrll =< I {Eoléodyer /2.

If the representation of N on K/on H is injective, the left/right inequality above is

an equality. The adjoints (no|y[1] := |n0);[1] and (§olyp2) = |$0):/‘,[2] are given
by

(moly( % £) = (noln)y &', (boly1(n” % £") = (&0l€" )y 1",

wheren € D(H,y?), & € Kandn” € H, §”" € D(K, V).
Proof. Straightforward. O

We shall show that the construction of the relative tensor product is bifunctorial.
First, we consider a special case.

Proposition 10.1.23. Let H be a right and K a left N-module, and let W be an
n.s.f. weight on N.

i) For each S € Ly(H), there exists an operator S @ 1 € £L(H ® K)
v 14
such that (S ® N(n ® &) = Sn & foralln € H and &€ € D(K, ).
v ¥ ¥
The map £y (H) — £(H ® K) given by S — S ® 1 is a normal non-
v 1

degenerate x-homomorphism. If the representation of N on K is injective,
this x-homomorphism is injective.
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ii) For each T € £ (K), there exists an operator 1 @ T € £(H ® K) such
1 v
that 1@ T)(N®E) =nQ TE foralln € D(H,YyP) and § € K. The map
¥ v ¥
EN(K) > £(H ® K) given by T +— 1 ® T is a normal non-degenerate
v v

x-homomorphism. If the antirepresentation of N on H is injective, this *-
homomorphism is injective.

Proof. By Proposition 10.1.20, it suffices to prove i). First, we show that for each
S € £n(H), the map S ® 1 is well defined and bounded. Let n; € D(H, ¥°P)
14

and & € K, wherei = 1,...,n. By Proposition 10.1.12 ii), Sn; € D(H, ¥°P)
for all i, and by definition, || Y_; Sn; % g7 = X (& NSnilSn;)y &). Now

(SnilSni)y)i,; < ISIZ((nilnj)y)i,; in My (N) because
(Lyi)*S*SLy(mj))i,j < ISIP(Ly i) Ly(nj))i,;  in My(mry (N)),
and hence

HIZSm%&(

Consequently, S ® 1 is well defined and bounded.
v

TSI @ lniny ) = 11| S o]

i,j

Using Proposition 10.1.12 ii), we find that the map 7 : £y (H) - £(H ® K)
v

givenby S > S ® 1 is a x-homomorphism; in particular, it is norm-continuous. To
¥
prove that 7 is normal, we show that for every normal functional w € £(H ® K)x,
¥

the composition @ o 7 is normal. By [149, I1.3, Theorem 2.6], functionals of the
form wg/ ¢ = (¢'| - ¢), where {,{’ € H ® K, are linearly dense in £(H ® K)x.
v v

Evidently, each such functional can be approximated in norm by linear combinations
of functionals of the form w = (' ® §'| - (n ® §)), where n,n € H, £,§ €
v 14

D(K, ). Since 7 is norm-continuous and &£ (H ) is closed in £(H)* [149, I1.3,
Theorem 2.6], it is enough to show that for each such functional w, the composition
w o 1 is normal. But

(@om)(S) = (1 4 §/|SU§§) = ('1{€'1E)yrSn) = ('|S")

forall S € £n(H), where n” := (£’|€)yor 1. Hence w o 7 is normal.

Finally, we assume that the representation of N on K is injective, and show
that 7 is injective. Let S € £x(H), S # 0. Since D(H,¥°P) is dense in
H (Proposition 10.1.12 iv)), there exists an n € D(H, ¥°P) such that Sy # 0.
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By Lemma 10.1.10 ii), (Sn|Sn)y # 0, and since the representation of N on K
is injective, there exists a £ € K such that ||Sn ® 1% = (£|{(Sn|Sn)y &) # 0.
Therefore, 7 (S) # 0. O

Combining the previous result with Proposition 10.1.21, we obtain:
Corollary 10.1.24. Let  be an n.s.f. weight on N.

i) Let Hy, Hy be right and K, K, left Hilbert N-modules. For all S €
En(H1, Hy) and T € £n(Kq, K3), there exists an operator

ST eL(HI @Ky, Hy ® K3), n® £ — Sy ® TE.
v v v ¥ v

ii) The assignments (H,K) — H ® K and (S,T) — S ® T define a bifunctor
¥ 14

from the categories of right and left Hilbert N -modules to the category of
Hilbert spaces.

Proof. Assertion 1) follows easily from Proposition 10.1.21 and 10.1.23; simply
consider H := H, @& H, asarightand K := K; & K> as aleft Hilbert N-module,
and S and T as elements of £ (H) and £y (K), respectively. Statement ii) is an
immediate consequence. O

The relative tensor product is associative:

Proposition 10.1.25. Let N1 and N, be von Neumann algebras with n.s.f. weights
Y1 and Yy, respectively, and let Ky be a right Hilbert Ni-module, H a Hilbert
N1-N;y-bimodule, and K, a left Hilbert Ny-module. Then

i) K1 ® H is aright Hilbert Ny-module via (n; ® £)x :=1n1 ® &x;
¥l ¥1 ¥
i) H ® K, is a left Hilbert N1-module via y(§ ® 12) := yE Q@ no;
v v2 Y2
i) (K1 ® H) @ Ko 2 K1 ® (H ® Kz)via(n1 ) @ 2 < 1 ® (§ ® n2)
V1 V2 . Y1 V2 Yo v2 Yvi Y2
forallny € D(K1,¥*), 12 € D(K2, ), § € H.

Proof. 1), ii) This follows immediately from Corollary 10.1.24.

iii) By Lemma 10.1.15, (K; ® H) ® K; and K1 ® (H ® K>) are equal to
V1 Y2 V1 V2

[(D(Kq1,y7") 53) H) 1%9 D(K>,¥2)] and [D(Ky,y7") 1‘#8’ (H :pg) D(K>,v2))].

respectively. Let n; € D(K1,¥"), 12 € D(K»,v2), § € H. Several applications
of Lemma 10.1.15 show thatin (K; ® H) ® K andin K1 ® (H ® K>),
V1 %) Y1 Y2

[l 8 §) & n2l? = (m ® §lm ® (n2|n2)y5&) = (El(naln)y, (n2ln2)yr8)



306 Chapter 10. Pseudo-multiplicative unitaries on Hilbert spaces
and
Im ® (€ ® )l = (§ ® n2l{mlni)y,§ ® 12) = (Eln2lm2) yer (1l y, §).
Y1 VY2 V2 V2

Since H is an N;-N,-bimodule, these expressions are equal, so that the identifica-
tion given in statement ii) is a well-defined isometric isomorphism. O

The relative tensor product absorbs the standard Hilbert N-N-bimodule Hy,
introduced in Example 10.1.2, that is, Hy, is a unit for the relative tensor product:

Proposition 10.1.26. Let  be an n.s.f. weight on N.

i) For every right Hilbert N -module H, we have H @ Hy, =~ H as right Hilbert
¥
N-modules via n ® Ay (y) <> ny foralln € D(H, yP), y € Ny ™.
¥

il) For every left Hilbert N -module K, we have Hy ® K = K as left Hilbert
¥
N-modules via Ay (y) ® § <> y& forall§ € D(K, V), y € Ny.
1

Proof. i) The map n ® Ay (y°P) — ny is well defined and isometric because for
¥
alln € D(H,y°P) and y € Ny ™,

[ % Ay (YP)I? = (Ayor (D) (n10)y Ayor (1))
= (Ly (M Ayor ()| Ly (M Ay () = (nylny) = [ny[*.

The map is surjective because (D(H, ¥P) Ny *)t = (HN,*)Lt = (HN)L = 0;
here, we used that D(H, y°P) is dense in H (Proposition 10.1.12 iv)), that M, * is
weakly dense in N, and that NV acts non-degenerately and normal on H.

Finally, the map is a morphism of right N-modules because Ayor(yP)x =
Tyor (XP)Ayor (yP) = Ayor((yx)°P) forall y € Ny* andx € N.

i) Consider K as a right N °?-module and use 1) and Proposition 10.1.20. O

Finally, the relative tensor product is essentially independent of the choice of
the weight on N:

Theorem 10.1.27. Let ¥ and ¢ be n.s.f. weights on N. Then the bifunctors
(H Ky H®QK, (S, T)» SQ®Tand (H K)» HQ K, (S,T)—»SQT
¥ v ¢ ¢

from the categories of right and left Hilbert N -modules to the category of Hilbert
spaces are naturally isomorphic.

The proof involves the Radon—Nikodym derivative of n.s.f. weights and can be
found in [150, IX.3, Theorem 3.21].
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Remarks 10.1.28. i) The natural isomorphism H ® K = H ® K is not given by
¢ 12
n® & < 1 ® &. In the notation of Remark 10.1.19, it has the form n¢~"/? ® £ <
¢ v N

n(dy/dg) /2y —1/2 (1%) £, where dv/d¢ denotes the Radon-Nikodym derivative of

Y with respect to ¢.

i) The natural isomorphisms H ® K 2 H ® Kand K ® H 2 K ® H are
¢ ¥ ¢ Yop
compatible with the flip maps X, and X4 defined in Proposition 10.1.20.

Notation 10.1.29. In the remainder of this chapter, we neglect the precise choice
of the n.s.f. weight ¥ and denote the bifunctor (-) ® (-) by (+) ® (-).
¥ N

10.2 Hopf-von Neumann bimodules

Hopf-von Neumann bimodules generalize von Neumann bialgebras just like group-
oids generalize groups, and groupoids just like von Neumann bialgebras generalize
groups, see the introduction to this chapter. The definition is due to Vallin [171]
and involves the fiber product of von Neumann algebras which was introduced by
Sauvageot [139].

10.2.1 The fiber product of von Neumann algebras

The fiber product of von Neumann algebras is an analogue of the algebraic tensor
product of algebras over a common subalgebra. Its definition involves the relative
tensor product of Hilbert modules.

We fix a von Neumann algebra N and adopt the following terminology:

Definition 10.2.1. A lefi/right von Neumann N -module is a von Neumann al-
gebra M equipped with a unital normal x-homomorphism/*-antihomomorphism
N—> M.

Let Ny and N, be von Neumann algebras. A von Neumann N1-N,-bimodule is
a von Neumann algebra M equipped with the structure of a left N;-module and a
right N,-module such that the images of N; and N, in M commute.

A morphism of left von Neumann N -modules M, M3 is a non-degenerate nor-
mal *-homomorphism 7 : M; — M, that satisfies x7(y) = w(xy) forallx € N
and y € M;. Similarly, we define morphisms of right von Neumann N -modules
and of von Neumann N;-N,-bimodules.

Remarks 10.2.2. i) Evidently, left von Neumann N-modules correspond bijec-
tively with right von Neumann N °P-modules, and right von Neumann N -modules
correspond bijectively with left von Neumann N °P-modules.
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1) If M is a von Neumann algebra on a Hilbert space H and M is a left/right
N-module, then the composition N — M <> £(H) turns H into a left/right
Hilbert N -module.

Throughout this section, we apply Notation 10.1.29 and write “®” instead of

N
“®” in all constructions that involve the relative tensor product. As usual, we denote
v
the commutant of a set X of operators on some Hilbert space by X”.

The definition of the fiber product of von Neumann algebras involves the fol-
lowing auxiliary construction:

Definition 10.2.3. Let H; be aright and H; a left Hilbert N -module. The relative
tensor product of von Neumann algebras My C £y(Hy) and M, € £y(H>) is
the von Neumann algebra

M1<]§_§)Mz = {X%NXGML yGMz}//Ef(Hl%)Hz)'

The fiber product of von Neumann modules is defined as follows:

Definition 10.2.4. Let M; and M, be von Neumann algebras on Hilbert spaces
Hy and H,, respectively. Assume that M is a right and M, a left N-module, and
consider H; and H; as N-modules as in Remark 10.2.2 ii). Then the fiber product
of M; and M5 over N is the von Neumann algebra

My x My := (M @ My') € £(H; ® H»).
N N N

Remarks 10.2.5. i) Strictly speaking, the von Neumann algebras constructed in
Definition 10.2.3 and 10.2.4 are well defined up to spatial isomorphism only, see
Theorem 10.1.27.

ii) For i = 1,2, consider H; as a left Hilbert M;-module. Evidently, M;’ =
£um;(H;) € £n(H;) fori = 1,2, so that the relative tensor product M;’ (1%) M, is

well defined. Moreover,

My x My = (£y, (H1) ® £um,(H2)) = L1y & mpry (H1 ® H).
N N N N

iii) The flip map ¥y: H; ® H» 5 H, ® H; (see Proposition 10.1.20)
N No»

induces an isomorphism Ady ) : £(H; ® H>) = £L£(H, ® H;p) which restricts
N NP

to an isomorphism Ady: M, * M, > M, & M.
op

iv) If N is commutative and the maps N — M;, i = 1,2, take values only
in the center Z(M;), then M; and M, are direct integrals of measurable fields of
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von Neumann algebras, and their fiber product M 1>\|</ M, is the direct integral of

the fiberwise tensor product of these fields. For details on fields of von Neumann
algebras and their fiberwise tensor product, see [35, Chapitre II].

In general, the fiber product M; ;\u; M, of von Neumann algebras can not be
described in terms of elementary tensor products x; ® x,, where x; € M; and

Xp € M,. More precisely, let H;, H, and My, M5 be as in the definition above.
Then an elementary tensor x; ® x, as above is well defined if and only if x; €
N

En(H;) fori = 1,2 (see Proposition 10.1.23). In that case, x; ® x, belongs to
N
Ml * Mzi
N

Lemma 10.2.6. Let H,, H, and My, M, be as in Definition 10.2.4. Then

(M N &N (Hy)) ‘1%’ (M> N En(H)) S My * M,.

Proof. Fori = 1,2, put MN := M; N £y (H;). Then M;’ € (M) and
MN@MN (M) @MY = M x M. O
N N N
As one should expect, the fiber product of bimodules is a bimodule:

Proposition 10.2.7. Let M; and M, be von Neumann algebras on Hilbert spaces
Hy and H;, respectively. Assume that My is an N1-N -bimodule and M, an N -N;-
bimodule, where N1 and N, are some von Neumann algebras. Then M, 14\; M, isa

von Neumann N1-N-bimodule via x; — x1 ® 1 forall x; € Nyandx; — 1 ® x5
for all x € N». N N

Proof. Fori = 1,2, denote by p; the fixed *-(anti)homomorphism N; — M;.
From Proposition 10.1.23, we obtain normal unital *-(anti)homomorphisms

Ny — Ey(H) N My — £y (H,y % H>), x1+ pi(x1) % 1,

Ny — £y (H2) N My — £n(H,y (1%) Hy), xp+—1 ‘1% p2(x2),

and by Lemma 10.2.6, the images of these maps are contained in M, ; M, O

The fiber product is associative:

Proposition 10.2.8. Let M, M5, M3 be von Neumann algebras on Hilbert spaces
Hy, H,, H3, respectively. Assume that M is a right N1-module, M, an N1-N»-
bimodule, and M3 a left Ny-module, where N1 and N, are some von Neumann
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algebras. Then the natural isomorphism (H, ® H») ® H; =~ Hy ® (H, ® Hj3)
induces an isomorphism

(My x Mp) x M3z =~ M; x (My x M3).
N, N> Ny N>

Proof. The isomorphism of the Hilbert spaces identifies (M’ @ M, @ M’ with

My ® (M’ ® M5'"), and the iterated fiber products are the respectlve commutants
Ny N>
of these von Neumann algebras. O

As one should expect, the fiber product is bifunctorial:

Proposition 10.2.9. Let Hy, H, and My, M, be as in Definition 10.2.4. Let 7;
(i = 1,2) be a non-degenerate normal representation of M; on a Hilbert space K;

and consider K; as a Hilbert N -module via the map N — M; N L(K;).

i) There exists a unique normal unital x-homomorphism

Ty ok mp: My x My — m(My) * ma(M>)
N N N
such thatforall T1 € :EMI (Hl, Kl), T, € ‘sz(HZ? Kz), x e M; 1>\|; Mo,
(1 * m2)(x) o (T1 ® T2) = (T1 ® T>) o x. (10.5)
N N N

11) (TL’] 1>\!<, 7T2)(M1 ;\k] Mz) = 7T1(M1) ]>\|</ JTz(Mz).

iii) If w1 and 1, are injective, so is 7wy * 7>.
N

Proof. i) By Proposition 10.1.4, elements of the form (77 ® 7,)¢, where T; €
N
Lup; (H;, K;)and { € Hy ® H», are linearly dense in Ky ® K. Therefore, 1>\l<] o
N N

is uniquely determined by condition (10.5). To prove existence, we consider the
special cases K1 = Hy, my = idy, and K, = H,, 7, = idpy, separately; then
it is easy to see that the composition 7; ;l\; oy = (idr(umy) 1>i\<’ 73) o (m; 1>‘\<' idps, )
satisfies condition (10.5). We treat the case K, = H», mp = idy,; the other case
is similar.

By [35, 1.4.4, Théoreme 3], [137, Proposition 2.7.4], or [149, IV, Theo-
rem 5.5], m; can be written as follows: there exist a Hilbert space Hy, a pro-
jection p € (1@ M) € £(Hy ® Hy), and a unitary U € £(p(Hy ® Hy), K1),
such that

m(z) =Ady(p(1®z)) forallz € M;.
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We consider Hy ® H; and p(Hy ® H1) as right Hilbert N -modules via the right N -

module structure of M; and the action of M; on Hy; then p and U are morphisms

of right N-modules. Furthermore, we use the identification (Hy ® H;) ® H, =
N

Hy® (H, ® H,) and omit the parentheses. We define 1>\|<[ idps, as the composition
N

of the following three normal *-homomorphisms:
» amplification by Hy, given by M, 1>\|<, M, - £(Hy ® Hi ® Hy), x —
N
idHO X x,
* induction by the projection p ® idg,, given by
N
Cidpy, ® (M x Ma) — L(p(Ho ® Hy) 9 Hy),

idg, ®x — (p % idp,)(idm, ® x);

note that this is a normal *-homomorphism because p ® idg, is contained in
N
£(Ho) (§_§M1/%Mz/ = L(Ho) & (My » M)' = (1® (My % M2))";

* conjugationby U ® idg, € £(p(Ho ® H1) ® Hz, K1 ® H>).
N N N
Thus we put
(my * idp,) (%) := Adwen((p ® 1)(1 ® x)) forall x € My * M.
N N N N

Evidently, this composition is non-degenerate and normal, and a straightforward
calculation shows that it satisfies condition (10.5).

ii) It suffices to prove ((m, ]>x\<] ) (M ;\k] M,)) = 71 (M) ® n2(M>,)’. Let us
N
show that the right-hand side is contained in the left-hand side. By condition (10.5),

we have for all x € M; ]>l\<[ My, T; € £m;(H;, K;), Si € mi(M;)
(81 ® 82) o (g * m2)(x) o (T ® T2) = (51171 ® S2T2) o x
N N N N
= (m1 * m2)(x) 0 (S1 ® S2) o (T1 ® T2).
N N N
Since elements of the form (771 ® T>)¢, where T; € £y, (H;, K;)and ¢ € Hi ® H,
N N
are linearly dense in K1 ® K, (Proposition 10.1.4), the equation above implies that
N

S1 ® S commutes with (; 1>(\<, 75)(x). Thus, 71 (M1) ® m2(M>)’ is contained in
N N
(1 * 72) (M * Ma))'.
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Let us prove the reverse inclusion. Fori = 1,2, put ¥; = £, (H;, K;).
Consider the von Neumann algebra

4

My % My Yr % Yy

A=
1Y, mi(Mp) Qma(My)
N N

CL((H, ® Hy) ® (K1 ® K3)).
N N
Here, we think of elements of the Hilbert space (H; ® H,) @ (K1 ® K3) as column
N N

vectors with upper entry in H; ® H, and lower entry in K1 ® K>, and of elements
N N

of A as 2-by-2-matrices in the obvious way. It is easy to see that

, X
S | I E)

0
( ((m ;\k] 72) (M, 1>\k] M2))’) C A" =A.

x € M; *Mz},
N

and that

Therefore, ((; * 2) (M, * M3)) C (M) ® ma(Ms)'.
N
iii) Fori = 1, 2, assume that 7; is injective, and denote by ;" Uomi (M) — M;

its inverse. Then ;! * 75! is inverse to 71 * 5. a
N N

Using the previous proposition, we can extend the fiber product to a bifunctor:
Given a morphism 7;: M7 — Nj of right von Neumann N -modules and a mor-
phism 75 : My — N, of left von Neumann N-modules, we can define a normal
*-homomorphism 1>\k/ T My 1>\k] M,y — N; ; N>. Then, we find:

Corollary 10.2.10. The assignments

(MLMZ)'_)Ml;GMz and (7T1,7T2)'—>7T1]>\|<[7T2

define a bifunctor from the categories of right and left von Neumann N -modules to
the category of von Neumann algebras. O

10.2.2 Hopf-von Neumann bimodules

Informally, the concept of a Hopf—von Neumann bimodule has already been de-
scribed in the introduction to this chapter. Let us now give the precise definition.

Notation 10.2.11. Let M and N be von Neumann algebras. If we want to emphasize
that we consider M as a left/right N-module via a specific *-homomorphism/x-
antihomomorphism 7, we write , M or M, for that N -module, respectively.
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Definition 10.2.12. A Hopf~von Neumann bimodule is a tuple (N, M, r, s, A) con-
sisting of a von Neumann algebra N called the base, a von Neumann algebra M,
a *-homomorphisms r: N — M called the range map, a *-antthomomorphism

: N — M called the source map, and a x-homomorphism A: M — M; * M
called the comultiplication, such that

i) r, s, A are normal, injective and unital;

ii) A(s(x)) =1 % s(x) and A(r(x)) = r(x) (1%) 1 forall x € N;

iii) A is coassociative in the sense that (A ;\k] idyr) o A = (idys ;A) o A as maps

M — M 1>|\; r M 1>|\<] » M, that is, the following diagram commutes:

A
M Mg x .M
N
A \LA*ld
N
Mg x M — Mg x Mg x .M.
N 1d1>{=]A N N

Remarks 10.2.13. Let (N, M, r, s, A) be a Hopf—~von Neumann bimodule.

i) The maps r and s turn M into an N-N -bimodule. Since no other (anti)repre-
sentations of N on M occur at the moment, we may omit the indices s and r
in the fiber product and write M ITI M for M ITI M.

i) Themaps N — M;M givenby x — r(x)®1and x — 1®s(x) turn M;M
N N

into an N-N -bimodule (Proposition 10.2.7). Condition 10.2.12 ii) says that

themap A: M — M ; M is a morphism of N-N -bimodules. Therefore the

maps A 7\; id and id ]>\!<[ A in condition iii) are well defined (Proposition 10.2.9).

iii) Incondition 10.2.12 1), the assumption that A is unital can be omitted, because

this follows from the assumption that r and s are unital and from condition
10.2.12 ii).

iv) The tuple (N°P, M, s, r, Adx oA) is a Hopf—von Neumann bimodule again,
called the coopposite of (N, M,r,s, A). Here, Adyx;, denotes the natural
isomorphism M ;S M — M, Ntv sM (see Remark 10.2.5 iii)).

Examples 10.2.14. The main examples of Hopf—von Neumann bimodules arise
from

* locally compact groupoids, see Section 10.3.3 or [171];
« inclusions of factors, see [42], [43], [44], [50], [51].
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Further examples of Hopf—von Neumann bimodules are discussed in the thesis of
Lesieur [99]. In most examples, the construction of a Hopf—von Neumann bimodule
proceeds via a pseudo-multiplicative unitary, see the next section.

10.3 Pseudo-multiplicative unitaries on Hilbert spaces

The concept of a pseudo-multiplicative unitary on a Hilbert space, introduced by
Vallin [172], plays a similar fundamental rdle in the theory of measurable quantum
groupoids like the concept of a multiplicative unitary in the theory of locally compact
quantum groups.

10.3.1 Definition

A pseudo-multiplicative unitary acts on relative tensor products of a Hilbert space,
taken with respect to several representations:

Assumption 10.3.1. Throughout this section, let N be a von Neumann algebra with
an n.s.f. weight v, and let H be a Hilbert space with

* a non-degenerate injective normal representation o of N, and

* non-degenerate injective normal antirepresentations S, B of N,
such that ¢ (N), B(N), ﬁ(N) commute pairwise.

The Hilbert space H can be considered as a module in various ways. To distin-
guish between the different possibilities, we use the following notation:

Notation 10.3.2. We denote by o H the left Hilbert N-module given by H and «,
and by Hg, H i the right Hilbert N -modules given by H and 8 or ,3 , respectively.
If we consider o H, Hg, HB as Hilbert N°P-modules, we write Hy, gH, ﬁH’
respectively. We combine these notations to denote bimodule structures on H,
and use a similar notation to denote module or bimodule structures on an arbitrary
Hilbert space with a given (anti)representation.

A

Given H and «, B, 8, we can form the following relative tensor products:

HB®O(H, Hg @ oH, Hy ® BH, Hy ® gH.
14 14 Yop Yop

A pseudo-multiplicative unitary on H is a unitary

V: H/§®aH—>Ha ® ﬁH
¥ Yyop

that satisfies the pentagon equation Vj121V[13]V[231 = V[231V[12] known from the
definition of a multiplicative unitary. In the present context, this equation requires
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some explanation, for example, the individual factors V[;;] do not act on one fixed
space but on several intermediate relative tensor products. Therefore, several inter-

twining conditions have to be imposed on V' and «, S, ,é to ensure that each factor
V]ij1 occurring in the pentagon equation is well defined.
To describe these intertwining relations, we use the following leg notation for

(anti)representations: Since &(N), B(N), ,3(N ) commute, we can define (anti)rep-
resentations

ap). Buy. Bra). By on Hy Sall, o, Bu. Bray. By on Hg ©all,
B Buy. By a2y on Hy ﬁpBH’ B P Pray. agzy on Hy ﬁpﬂH;
for example, the first four (anti)representations are given by
apy(x) = a(x) %’ L, Bux) = B(x) % 1,

Bri(x) = 1@ B(x), Py(x) =18 B(x).
v v

Lemma 10.3.3. If a bounded linear operator V: H; @ H — Hy, ® g H satisfies
¥ Yop

Vap)(x) = ap(x)V, VB (x) = Buy(x)V,

N N (10.6)
VBui(x) = Bry(x)V.  VBpi(x) = Bpy(x)V forall x € N,
then all operators in the following diagram are well defined:
H H; H
4 ﬁl’ g % a
Vel M
v woP
H; ®oH; @ oH Hy ® pHy ® pH
v v o yop
=% VeIl
v woP
\ / (10.7)
H; H H H; H H
ﬁ%d[z]( aﬁpﬂ ) ( ﬂ%a )0[[1] ﬁpﬂ
193 T3

Vel
HB%QHﬂ%aH v (HaﬁpﬁH)ﬁ[l]%aH'

Here, X[»3] denotes the isomorphism given by (§1 ® &) ® &3 — (§1 ® £3) ® &.
Yop ¥ ¥ Yop
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Proof. This follows immediately from the fact that the relative tensor product is
symmetric (Proposition 10.1.20), associative (Proposition 10.1.25), and bifunctorial
(Corollary 10.1.24). O

We extend the leg notation to the operators that occur in diagram (10.7) and
write

Viigpfor V@landV ® 1; Vpgforl® Vandl ® V;
14 Yyop ¥ Yyrop

V[13] for 2[23](1/ % 1)(1 % E)

Thus each of the symbols V[;2) and V3] simultaneously denotes two different
operators, which have in common that they act like V' on the first and second or on
the second and third factor of different relative tensor products. Now the diagram
(10.7) commutes if and only if V' satisfies the pentagon equation V[12) V131 V23] =

V231 V2

Definition 10.3.4. A unitary V: H i ®«H — Hy ® gH is pseudo-multiplicative
v yop

if it satisfies the intertwining conditions (10.6) and if diagram (10.7) commutes.

Remark 10.3.5. Let V: H 5 ® o — Hy ® gH be a pseudo-multiplicative
v yor

unitary. Then also the composition

VO = SV*S: Hy @ aH — Hy @ gH —— H; @ oH — Hy ® 3H
14 yop ¥

wop B

is a pseudo-multiplicative unitary, as one can easily check; here, the roles of 8 and ,3
get reversed. This unitary is called the opposite of V.

10.3.2 The legs of a pseudo-multiplicative unitary

To every pseudo-multiplicative unitary, one can associate two Hopf—von Neumann
bimodules — the left and the right leg of that unitary. This construction generalizes
the construction presented in Section 7.2, where we associated to every multiplica-
tive unitary two von Neumann bialgebras. Throughout this subsection, we consider
a fixed pseudo-multiplicative unitary

V: H/é QRuH — Hy ® ﬂH,
¥ Yyop
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where N, ¥, H, and «, ﬁ,ﬁ are as in Assumption 10.3.1.

The von Neumann bimodules S(N)’ and B(N)’. Consider the von Neumann
algebras

BIN) = Lpwy(H) S L(H) and B(N) = L5y, (H) S L(H).

Since «, B, ,é commute pairwise, we can regard
* B(N)' as a von Neumann N-N -bimodule via o, ,é: N — B(N), and
. /§(N)’ as a von Neumann N °P- N °P-bimodule via 8,a: N — ﬂA(N)’.
In particular, we can form the fiber products
B(N)' ¥ B(N) = (ﬂ(N)<%ﬂ(N))’ c £(Hy %aH)
and

BNY x BNY = (BN) & B(N))' € L(Ha ® 3 H).

and consider these fiber products as a von Neumann N-N-bimodule and a von
Neumann N °P- N °P-bimodule, respectively, via the maps

aps Bz N — BN x B(N)
and
Buy-apy: N > BINY x BN

The comultiplications A and A. Like a multiplicative unitary, the pseudo-multi-
plicative unitary V gives rise to two maps A and A which define the comultiplication
on the left and on the right leg of V', respectively.

Proposition 10.3.6. The maps
A=Ry:p(NY > L(H; @ H).  y > V"1 8 y)V.
and

A=Ay:B(N) = £(Hy ® gH), z+ V(zQ 1)V,
Yop ¥

define injective morphisms of von Neumann bimodules

A:B(NY' — BINY % BNY and Az BINY' — B(NY x BINY (108)
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and satisfy

Axid)oA=(@{d*A)oA, (A * id)oA = (id * A)oA.
(W) (w) (W) (W)

Proof. The maps A and A are injective normal x-homomorphisms because the
maps B(N) — £(Hy ® gH) and B(N) — :ti(HE ® «H) given by y —
Yop ¥
1 ® yand z — z ® 1, respectively, are injective normal x-homomorphisms
Yyop 14
(Proposition 10.1.23) and because V' is unitary.
Let us show that A(B(N)’) is contained in S(N )’ 14; B(N)'. Using the intertwin-

ing relations (10.6), we find that for all x;,x, € N and y € B(N), the operators
A(y) and B(x1) ® B(x2) commute:
14

(Bee) ® BV (1 ® MV =V (Bxp(x2) ® MV

=V*(1 ® y)V(B(x1) ® B(x2)).
vor v

Thus, A(B(N)') € (B(N) (% B(N)) = ﬂ(N)’:;,B(N)/. A similar argument shows

that A(,é(N)’) is contained in ﬁ(N)’ l;zp B(N)’.

The intertwining relations (10.6) immediately imply that for all x € N,

A)) = apy(x), AB(x)) = (),
Aa(x)) = apj(x), A(B(x)) = By(x).

Therefore, A and A are morphisms of von Neumann bimodules as claimed.
The coassociativity equations follow from the pentagon equation for V'; the
proof is similar as in the case of a multiplicative unitary (see Lemma 7.2.1). O

The spaces A, alg(V) and A4, (V). Thelegs of I are defined in terms of operators
on H that are constructed similarly as in the case of a multiplicative unitary in
Lemma 7.2.7. Let us begin with the left leg. By Proposition 10.1.22, we can define
foreach & € D(oH,y) and §' € D(g H, ) the following operators:

€)55: H — H; ® o H. €)ooy H — Hy « 8 pH.

§*—>§®E, (= ®E,
v yop
and

a(g/é) —(slwop[leg) H—)HA% H—)Ha]/(,%pﬂH—)H
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where (&' | yor[2] = (& ) vor[2] )* The operator d g/ ) is characterized by the relation
{llaget) = (¢ 8 E'NVi ® £)) forallg, ' € H, (10.9)

and can be written in the form d(g/g) = (id * wg/¢)(V), where id * wg/ ¢ denotes the
generalized slice map

idxwge: £(Hy %aH, H, 8 pH) — E(H). X (€150, X16)5%.
Symmetrically, we define for each n € D(H iz YoP)and ' € D(Hy, V)

|n)w[1] H — H; % oH, |n)1ﬁ°" :H — H, ﬁpﬂH

{—>n®¢, (>0 ®¢,
v yop
and

VM)W[I] H—>H ®O,H—>H ﬁng—)H

Ay = (n

where (1’ |wop[2] = (|0 )1//°P[2])* Similarly as d¢), the operator a ) is charac-
terized by the equation

({lagm?) = (' ® {'Vin ® §)) forallg,¢ € H,

and can be written in the form a ) = (wy,y * id)(V'), where

Wy xid: L(Hy @ oH. He ® gH) = L(H). X > (0150 X|n)w[1]

We consider the spaces

Aug(V) = span{d(ere) | £ € D(H, V), £ € D(gH, yP)} C £(H)
and

Aug(V) := span{aqy,y | n € D(Hz. ¥P), n' € D(Ha, Y1)} S L(H).
The intertwining relations of V' imply the following inclusions:
Lemma 10.3.7. i) B(N) Ay (V)a(N) = Aye(V) € B(NY.
ii) (V) Aa (VIB(N) = Aug(V) € BN’
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Proof. i)Leté € D(oH, V), & € D(gH,y¥),and x, y,z € N. We show that

B()B(Y) e - a(z) = sy - B(x), where d = B()E, ¥ = a(2)*E,

and this implies the assertion. Note that ¢ € D(o H, V) and ¥’ € D(g H,°P) by
Proposition 10.1.12. Let ¢, ¢’ € H. By equation (10.9),

({1BX)BW) -ag g - a(2)) = (BOMBE"E lae Ha(2)E)
= (BB 8§V @),

and the intertwining relations (10.6) imply that this is equal to

(¢ ﬁpa(z)*é’W(ﬂ(x); % B(»E) = (a5 B(x)E).

ii) The proof is similar to the proof of 1). O

The subspaces //l\alg(V) and A, (V) of £(H) are non-degenerate in the follow-
ing sense:

Lemma 10.3.8. The sets Ayy(V)H, Ayg(V)*H and Ayo(V)H, Aug(V)*H are
linearly dense in H.

Proof. The proof is essentially the same as in the case of a multiplicative unitary,
see Lemma 7.2.2. O
The left-right symmetry. As in the setting of multiplicative unitaries, the preced-
ing definitions are symmetric in the following sense:

Lemma 10.3.9. We have

Aug(VP) = Aug(V)*. Aug(VP) = Aug (V)"
Ayo = Ads, oAy, Ayo = Ads oAy .
Proof. The proof is essentially the same as in the case of a multiplicative unitary,

see Lemma 7.2.5. O

Hopf-von Neumann bimodules associated to V. Let us study various closures
of the spaces Ay (V') and Ayg (V). First, consider the von Neumann algebras

Bu (V) i= (Age(V) + Age(V)*)" and By (V) 1= (Aug(V) + Aug(V)*)".
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Proposition 10.3.10. i) We have (x(N)U ﬁ(N)) C By (V) C B(N)Y and (B(N)U
a(N)) € By(V) S B(N)'.

i) The commutant (By (V))' is equal to the set of all T € a(N)' N B(N)' that
satisfy (T @ 1)V = V(T ® 1), and the commutant (By, (V))' is equal to the set of
yor v

allT € B(N)Y Na(N) that satisfy (1 @ T)V =V(1 QT).
Yop Y

Consider By, (V) as a von Neumann N -N -bimodule via o and B, and By, (V)
as a von Neumann N °P-N °P-bimodule via B and .

iii) The maps A and A restrict to normal *-homomorphisms

A: By (V) = By (V) x Bw(V) and A: By(V) — By(V) o By (V).

Proof. Assertion i) follows easily from Lemma 10.3.7 and Lemma 10.3.8, and the
proof of assertions ii) and iii) is essentially the same as in the case of a multiplicative
unitary, see Lemma 7.2.9. O

The preceding proposition immediately implies the following main result:
Theorem 10.3.11. Let V: H i %QH — Hy ﬁp g H be a pseudo-multiplicative

unitary. Then the tuples (N, Ew V), a, ,3, ﬁ) and (NP, By, (V'), B, «, A) are Hopf-
von Neumann bimodules. O

The closures of the spaces /Ta]g(V) and A (V') with respect to the norm or
the weak operator topology are more difficult to analyze than in the setting of
multiplicative unitaries. For the proofs of the following statements, we refer to the
literature. Put

ff(V) := || - |-closure of fl\alg(V), A(V) :==| - ||-closure of Age(V),
ffw (V) := w-closure of ffalg(V), Ay (V) := w-closure of A,,(V),
where “w-closure” denotes the closure with respect to the weak operator topology.

Proposition 10.3.12 ([44, Proposition 3.6]). The spaces fT(V) and A(V) (and
hence also Ay, (V') and Ay (V') are non-degenerate subalgebras of £(H ).

As for multiplicative unitaries, we use the following terminology:

Definition 10.3.13. A pseudo-multiplicative unitary V: H 5 ® oH — Hy ® gH
¥ yop
is weakly well-behaved if Ay (V) and Ay, (V') are von Neumann algebras.

By Proposition 10.3.12, a pseudo-multiplicative unitary V' is well-behaved as
soon as Ay (V)* = Ay (V) and Ay (V)* = Ay(V). In that case, Ay (V) =
By (V)and Ay, (V) = By (V). Thus, Theorem 10.3.11 implies:
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Corollary 10.3.14. If V: H ® H — Hy, ® gH is a weakly well-behaved
yor

pseudo-multiplicative unitary, then (N, Aw(V), o, ﬂ, A), (NP, Ay (V), B,a, A)
are Hopf—von Neumann bimodules. O

Let us mention two classes of weakly well-behaved pseudo-multiplicative uni-
taries: the weakly regular ones, and the manageable ones. For a discussion of
manageability, see [99].

Weak regularity. The concept of regularity was carried over from multiplicative
unitaries to pseudo-multiplicative unitaries by Enock [44]. The definition involves
operators of the following form. Given &, € D(4H,¥) = D(Hg, ¥), we can
consider the composition

B
Cyg) ‘= (n/|$op[1]V|é§)w[2] H — H; %{) o — Hy ,E?pﬂH — H,

which is characterized by the equation ({'|cy6)¢) = (7' ® '|V(¢ ® §)) for all
¢, e H. Let v v

Cap(V) = span{c(y gy | 1.6 € D(Ho, Y1)} © L(H),

and denote by € (V') and €, (V') the closure of C,,(}V) with respect to the norm
topology and the weak operator topology, respectively.

Lemma 10.3.15. i) €,,(V) S a(N)'.
ii) The sets Cug(V)H and C,,(V)* H are linearly dense in H.

Proof. The proof of 1) is similar to the proof of Lemma 10.3.7, and the proof of ii)
is similar to the proof of the last statement of Lemma 7.2.2. O

Recall that to each § € D(oH,¥) = D(Hy, ), we associated an operator
Ry(§) = Lyw(§): Hy — H (Definition 10.1.8). This operator occurs in the
following definition.

Definition 10.3.16. A pseudo-multiplicative unitary V : H ® o — Hy ® gH
yop
is weakly regular if €, (V) = a(N)’, and regular if

€(V) = span{Lyw(§) Ly ()" | n'.§ € D(Hy. ¥)}.

The following results generalize Lemma 7.3.5 and Theorem 7.3.10, however,
the proofs involve new techniques.

Proposition 10.3.17 ([44, Proposition 3.10]). The space € (V) (and hence also
€y (V) is a subalgebra of £ (H).
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Theorem 10.3.18 ([44, Proposition 3.12]). Let V : HB ®eH — Hy ® gH be
12 yop

a pseudo-multiplicative unitary. If €, (V) = €y, (V)*, then V is weakly well-

behaved.

10.3.3 The pseudo-multiplicative unitary of a groupoid

The prototypical example of a pseudo-multiplicative unitary is the unitary associated
to a locally compact groupoid. After a review of some preliminaries, we construct
this unitary and determine the associated Hopf—von Neumann bimodules. The
original references are [171], [172].

Preliminaries. Let us briefly recall some concepts related to groupoids and inte-
gration over groupoids. Standard references are [120], [129].

A groupoid is a small category in which every morphism is invertible. Equiv-
alently, a groupoid consists of a set of morphisms or arrows G, a set of objects or
units G° C G, two maps r,s: G — GO called the range and source map, and a
composition map Gsz’, — G, where Gsz,r ={(x,y) C G xG|sx)=r}
subject to several conditions (see [129, Definition 1.1]). A topological groupoid is
a groupoid equipped with a topology on its set of morphisms for which the inver-
sion and the composition are continuous; then also the range and source map are
continuous.

Let G be a topological groupoid that is locally compact, Hausdorff, and second
countable. To perform translation-invariant integration on G, we need an analogue
of the Haar measure of a locally compact group. The precise definition of this
analogue involves the fibers of the range and the source map, which we denote by
G* :=r~Y(u) and G, := s ' (u) for each u € G°. A left Haar system on G is a
family of Borel measures A = (A*),,cgo such that

i) for each u € G°, A¥ is a regular Borel measure on G* with support G¥;
ii) foreach f € C.(G), the function G — C, u qu f dAY, is continuous;

iii) for each x € G and f € C.(G™™),

/ FO)dAr@(y) = / £y dAD ().
Grx) Gs(x)

Denote by i : G — G the inversion map x — x~!. For each u € G°, define the
measure A;l on G, as the push-forward of A* along i, that is, k;l = ix(A¥). The
family A~! = (A;1),cqo is called the right Haar system associated to A. Haar
systems need not exist and need not be unique, but in many examples, they arise
naturally.
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Let 1 be a Radon measure on the unit space G, and define a measure v on G
via

/fdv :=/ / f(x)dA*(x)du(u) forall f € C.(G).
G Go Jgu

The push-forward of v via the inversion map i is denoted by v™!

[rat= [ [ reoait o duc.
G GO JGy

; evidently,

The measure p is called quasi-invariant if v and v™! are equivalent. There always
exist sufficiently many quasi-invariant measures [129, I, Proposition 3.6].

Hilbert modules associated to a groupoid. Let G be a topological groupoid that
is locally compact, Hausdorff, and second countable. Furthermore, let A be a left
Haar system on G and p a quasi-invariant Radon measure on G°, and define v and
v~1 as above. From now on, we denote the range and the source map of G by
rg and sg, respectively, and reserve the letters r and s for certain representations
constructed out of rg and s¢.

The measure i on G° defines an n.s.f. weight on the von Neumann algebra
L>°(G°, p) via f + [5o f dji. Let us denote this weight by x again.

The Hilbert space L?(G,v) can be considered as a Hilbert module over the
Neumann algebra L°°(G°, ) via the *-homomorphisms

r: L®(G% pn) — L®°(G,v) and s: L®(G° p) - L®(G,v),
(r(fNx) == flre(x)), (s(fNx) = flsg(x)),

and the representation L®(G,v) — £(L?(G,v)) given by multiplication opera-
tors. We denote by L2(G, v), and L?(G, v); the Hilbert L>(G?, 11)-module given
by L?(G, v) and the representation r or s, respectively.

By construction, the Hilbert module L?(G, v), is a direct integral:

&)
L*(G,v), =/ L?(G*, A")du(u).
GO

The Hilbert module L?(G,v); can be described similarly. Denote by D :=
dv/dv~"! the Radon—Nikodym derivative of v with respect to v—!. Then

/f(x)dv(x)z/ / FX)D(x)dA, (x)du(u) forall £ € L'(G,v)
G GY JGy

and

(&)
L*(G,v), = /0 L*(Gy, Dy, )dpu(u), where D, = Dlg,.
G
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For later use, we identify the bounded elements of the Hilbert modules L?(G, v),
and L2(G,v);. By direct calculations or an application of Proposition 10.1.17, we
find:

Lemma 10.3.19. i) An element £ € L*(G,v), is bounded with respect to i if and
only if the function on G° given by u > Jou |E(x)|2d A% (x) belongsto L®(G°, w).
For £,€ € D(L*(G,v),, j), the product (¢'|€),, € L®(G, ) is given by u
Jou & ()E(X)dA" (x).

ii) An element £ € L*(G,v)y is bounded with respect to | if and only if the
function on G° given by u qu |£(x)|>D(x)d A, (x) belongs to L® (G, w).
For §,&" € D(L*(G,v)s, j), the product (§'|€),, € L*®(G°, ) is given by u +
Jo, & (0)E) D(x)dAy" (x). O

The pseudo-multiplicative unitary. We construct a pseudo-multiplicative unitary

Wg: L*(G,v)s ® ,L*(G,v) — L*(G,v), ® -L*(G,v); (10.10)
W nw

in the notation of Definition 10.3.4,
N = L®(G% u) = N®, H=L*G,v),
w:'u:wop’ o=r, IB:r, Ié:s_

The relative tensor products that appear in (10.10) can conveniently be described

in terms of the measure v2, on G2, given by

2 . sG(x) u
L, Lo 7 drse® ) it duan

and the measure vZ, on G2, = {(x,y) € G? | rg(x) = rg(y)} given by

/Grz"_gd”rz,r = /GO/u/ug(x,y) dA(y) dA¥ (x) du(u),

where [ € C.(G2,) and g € Cc(G},):
Lemma 10.3.20. For k = s, r, respectively, the map
Or.: L2(G,v)i 2 rL*(G.v) > L*(G,. vi,)
given by l
(P (1 2 ) (x.y) == n(x)&(y),

where 1 € L*(G,v) and £ € D(L*(G,v),, i), is an isometric isomorphism.
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Proof. We prove the assertion for k = s; the case k = r is similar. Let n €
L%*(G,v), £ € D(L*(G,v),, 1), and put ¢ := n ® £. By Lemma 10.3.19 i),
w

112 = (alsCE1)0m)
— [, | T tamneodt o) dutw
GY JGgu
= [ L mRIE0)R 20 () Ao dut
= [, 1@ @) )P )

= |05, QI
This calculation implies that ®; , is well defined and isometric, and it is easy to see
that this map has dense image. O

Alternatively, the preceding result can also be deduced from Proposition 10.1.17.
From now on, we identify L?(G, v)i ® +L%(G,v) with LZ(Gk e vk L) (k=)
via the map Oy .

Proposition 10.3.21. The map
Wg: L*(G,v)s®,L*(G,v) = L*(G,v),®,L*(G,v)
1% 1%

given by

We)(x,y) = ¢(x,x71y) foral e LG, 7)), (x,y) € G,
is a pseudo-multiplicative unitary.

Proof. Thefactthat W is aunitary follows easily from Lemma 10.3.20 and from the
left-invariance of the Haar system A. To verify the pentagon equation, one describes
the iterated relative tensor products of L2(G, v) that occur in the pentagon diagram
(10.7) in terms of measures on iterated fiber products of G, similarly as it was done
in Lemma 10.3.20 for simple relative tensor products, and uses a similar calculation
as in Example 7.1.4. O

Let us identify the legs of Wg. Recall that the von Neumann algebra of G is
the von Neumann algebra LG € £(L?(G,v)) generated by operators of the form
L(g), where g € L1(G,v),

L@@ = [ eI 0aNED) forall v € G, € € LG
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Proposition 10.3.22. Ay (Wg) = L*°(G,v) and Ay (Wg) = LG, in particular,
the pseudo-multiplicative unitary Wg is weakly well-behaved.

Proof. This follows from similar calculations and arguments as in Example 7.2.13,
where G was a group. O

By Theorem 10.3.11, we obtain Hopf—von Neumann bimodules
(L®(G% 1), L®(G,v), r,5,A) and (L®(G° ), LG, r,1,A).
Let us describe the comultiplications
A: L®(G,v) — L®(G,v); # L2G), [ We( e )W,
and ’
A: LG — LG, :IerG, L(g)— Wg(L(g) %) DWg.
Using the isomorphisms of Lemma 10.3.20, we identify L*°(G, v); 7; FL°(G,v)

and LG, :‘ZrLG with von Neumann algebras on the Hilbert space L*(Gy, ., v; ) =

L?2(G,v)r ® ,L?(G,v), where k = s or k = r, respectively.
w

Proposition 10.3.23. i) Forall f € L™(G,v), { € L*(G},. v},). (x.y) € G}

S,r? s,

AN y) = fEp)L(x.y).
ii) Forall g € L'(G,v), { € L*(G},. v},). (x.y) € G

r,r r,r’

AL = [ g@E e ).

Proof. Again, this follows from similar calculations as in Example 7.2.13, where
G was a group. O

Finally, we note:
Proposition 10.3.24. W is regular.

Proof. This follows from similar calculations as in Example 7.3.4 iii); a detailed
proof can be found in [44, Proposition 4.8]. O



Chapter 11
Pseudo-multiplicative unitaries on C *-modules

In contrast to the theory of measurable quantum groupoids, a general theory of
locally compact quantum groupoids in the setting of C *-algebras does not exist
yet. Such a theory should be based on C *-algebraic analogues of the following von
Neumann-algebraic concepts:

* pseudo-multiplicative unitaries on Hilbert spaces,
* Hopf-von Neumann bimodules, and

* operator-valued weights.

Such C *-algebraic analogues of the first and second concepts have recently been
introduced and studied in [154], [155], [156].

In this book we restrict ourselves to a special class of “decomposable” locally
compact quantum groupoids or, more precisely, to a special class of “decompos-
able” pseudo-multiplicative unitaries on C *-modules. For classical groupoids, this
implies a restriction to groupoids that are r-discrete or extensions of r-discrete
groupoids by group bundles.

We proceed as follows. First, we introduce pseudo-multiplicative unitaries on
C*-modules (Section 11.1). When we try to define the legs of such a pseudo-mul-
tiplicative unitary, we immediately encounter several problems that we can only
solve under a certain decomposability assumption.

Tailored to this decomposability assumption, we develop a general calculus of
homogeneous operators on C *-bimodules (Section 11.2) and introduce C *-fami-
lies of such operators, which generalize C *-algebras. Next, we define internal
tensor products and morphisms of C *-families, which enter the definition of a Hopf
C*-family (Section 11.3).

The legs of a decomposable regular pseudo-multiplicative unitary can then be
constructed in the form of Hopf C*-families (Section 11.4). Moreover, one can
define coactions of Hopf C *-families, and relate coactions of the Hopf C *-families
associated to a decomposable groupoid to actions and Fell bundles of that groupoid
(Section 11.5).

The results and concepts presented in this chapter are part of the author’s thesis
[152]. For further details, we refer to this thesis, the article [153], and forthcoming
publications.
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11.1 Pseudo-multiplicative unitaries on C *-modules

Pseudo-multiplicative unitaries on C*-modules are natural generalizations of mul-
tiplicative unitaries and analogues of pseudo-multiplicative unitaries on Hilbert
spaces. The definition and the main example — the pseudo-multiplicative unitary
of a locally compact groupoid — are given in the first sections. Thereafter, we dis-
cuss the question how to define the legs of such a pseudo-multiplicative unitary,
and outline a strategy for a partial solution that will be implemented in the fol-
lowing sections. Let us note that a general solution based on a better notion of a
pseudo-multiplicative unitary was recently proposed in [154].

11.1.1 The flipped internal tensor product of C *-modules

The definition of a pseudo-multiplicative unitary on a C*-module involves the
internal tensor product of C*-modules, which is reviewed in Appendix 12.2, and
the flipped internal tensor product of C*-modules, which is defined as follows.

Let A and B be C *-algebras, let E be a C*-module over B with a fixed repre-
sentation A — £p(F), and let F be a C *-module over A. Then one can form the
internal tensor product F' ® 4 E, whose structure maps are given by

(N ®4&'In®a8)rose) = E1(NINFE)E and (1 ®4E)b =1 ®4 b

forall n,n € F,£,& € E, and b € B. It will be convenient to denote the internal
tensor product by “S”; thus, for example, F © E = F ®4 E.

Similarly, we can construct a flipped internal tensor product E © F: We equip
the algebraic tensor product £ © F with the structure maps (¢ © 7'|€ © ) :=
("' InYFré)E and (' © )b := E'b © 7/, factor out the null space of the semi-
norm ¢ + ||{£|¢)]|, form the completion with respect to the induced norm on the
quotient, and obtain a C *-module over B which we call the flipped internal tensor
product E © F. Thus, E © F is the closed linear span of elements £ © 7, where
e Fandne F,and

EonlEen =ElnrEe and Eonb=Etborn

forall £, € E,n,n € F, and b € B. Evidently, we have a unitary map

S:FoESEoF noftfon

The flipped internal tensor product £© F' can be interpreted as follows. The right
C*-B-module E and the right C*-A-module F can be considered in a canonical
way as a left C*-B°P-module and a left C*-A°P-module, respectively, and the
representation of 4 on E can be considered as an antirepresentation of A°° on E.
Then, the flipped internal tensor product £ © F is just the natural internal tensor
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product of the left C *-modules E and F. However, we consider this internal tensor
product as a right C *-module again.

If we want to emphasize that the (flipped) internal tensor product F & E or
E © F is formed with respect to a fixed representation 7 : A — £Lpg(E), we denote
these tensor products by F &  E or E; © F, respectively.

11.1.2 Definition and examples

Recall that a multiplicative unitary on a Hilbert space H isaunitary V: H Q@ H —
H ® H that satisfies the pentagon equation V[12] V131 V]23] = V[231V]12]. We extend

this concept, replacing H by a C*-module E with representations 8, .

Definition 11.1.1. A C*-trimodule (E, /§, B) over B is afull C*-B-module E with
two commuting nondegenerate faithful representations 8, § of B on E.

Let (E, B B) be a C*-trimodule over B. Then we can form (flipped) internal
tensor products E © BE’ E © gE and Eg © E, Eg © E. Roughly, a pseudo-
multiplicative unitary on E is a unitary

V:E 5O E—- EcgE
that satisfies the pentagon equation V[12)V[13)V[23] = V[23]V[13)- Similarly as in the
case of a pseudo-multiplicative unitary on a Hilbert space, the individual factors V[;
act on iterated internal tensor products. Therefore, several intertwining conditions

on V and B, 3 have to be assumed to ensure that each factor V7;;1 is well defined.
Since § and f commute, we can define representations

By /§[1], Bzon EGzE,  Bu. /3[1], /3[2] on E G gE,
B
/3[1], /3[2], /§[2] on E;©F, ,3[1], ,3[2], ,3[2] on Eﬂ o Fk;
B

for example, the first three representations are given by
Bu®) =By, Pubd)=pB)c1, Ppb):=1cp0)
forall b € B.

Lemma 11.1.2. Let V € i’,B(EﬂA © E, E © gE) and assume that for all b € B,

VBui(b) = Buy(®)V, VBuy(b) = Buy(B)V, V() = fy(d)V. (11.1)
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Then all operators in the following diagram are well defined:

E®ﬂE3 ©F
Vel 16V
Eﬁ@EB@E EcgEcgE
(11.2)
E; o (E S pE) (Ej© E) G pE
10X 23]

Ej0Eg©E _ver (EcE); ©F.

Here, X[»3] denotes the isomorphism given by (§1 © &) © &3 — (§1 © &3) © &,

Proof. This follows from Proposition 12.2.1. |

We extend the leg notation to the operators occurring in diagram (11.2), and
write

ViigiforVelandV ©1; VpaforlgVandleV;
V[13] for 2[23](V S) 1)(1 S Z)

Then diagram (11.2) commutes if and only if V[12) V131 V23] = V[231V][12)-

Definition 11.1.3. Let (E, ,3 ,B) be a C*-trimodule over B. We call a unitary
Vedfsp (EE © E, E & g E) pseudo-multiplicative if it satisfies equation (11.1) and
if diagram (11.2) commutes.

Evidently, this definition generalizes the notion of a multiplicative unitary on
Hilbert spaces and translates the concept of a pseudo-multiplicative unitary on
a Hilbert space into the language of C*-modules. For commutative B, Defini-
tion 11.1.3 subsumes the following special cases:

i) If Bb)E = &b = ﬁ(b)é forall £ € E and b € B, then V is a continuous
field of multiplicative unitaries as defined by Blanchard [17].

i) If B (b)¢ = &b forall £ € E and b € B, then V is a pseudo-multiplicative
unitary in the sense of O’uchi [116].
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Remark 11.1.4. Let (E,/é, B)andV : Eﬁ@E — E©g E beasinDefinition 11.1.3.

Then (E, B, B) is a C*-trimodule over B, and the unitary
o N by v* by
VP .= 3ZV*%: EgoE— EGRE — Ejo E — EG;E

is pseudo-multiplicative, as one can easily check. The unitary V°P is called the
opposite of V.

Let us consider the fundamental example of a pseudo-multiplicative unitary,
discussed already in [116] — the unitary associated to a locally compact groupoid.
For background on groupoids and Haar systems, see Section 10.3.3.

Example 11.1.5. Let G be alocally compact, second countable, Hausdorff groupoid
with left Haar system A. We denote its unit space by G?, its range map by rg, its
source map by sg, and put G¥ := rz' (u) for each u € G°.

Let B := Co(G?). Denote by L?(G, A) the C*-module over B associated to G
and A; this is the completion of the pre-C *-module C.(G), whose structure maps
are given by

(£16)0) = /G FME@AA(x) and  Ef)() = E@) f(r6 ()

forallu € G° x € G, £,8 € C.(G), f € B. The C*-module L?(G, 1)
corresponds to a continuous field of Hilbert spaces [34], [38], [57] over G° with
fiber L2(G*, A*) at u € G°. Define representations r, s: B — £p(L?*(G, 1)) by

(r(NHE(x) := fre(x)§E(x) and  (s()E)(x) := f(s6(x))§(x)

forall x € G, & € C.(G), f € B. Then (E,B,,B) = (L*(G,L),s,r) is a
C *-trimodule over B.
The (flipped) internal tensor products £ 5e E and E & g E can be described as

follows. For k = r, s, put G,%r ={(x,y) € G xG | kg(x) =rg(y)}. Consider
C. (Gsz’r) and C, (Gr% ,) as pre-C *-modules over B via the structure maps

@ = [ [ T3 are I ()ant ) for C(GE),

€= [ [ TEIw o droaa for €.
Gv JGY
©F)0r3) = L. ) (6 x) for both,

and denote by L*(G},) and L*(G?,) the respective completions. Then we have
natural isomorphisms E3 © E = L*(GZ,) and E © g E = L*(G},), similarly as
in Lemma 10.3.20.
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Now the map Wy: C.(G7,) — Cc(G},) given by

(Wol)(x,y) :=t(x.x"'y) forall (x,y) € G},. ¢ € Cc(GZ,),

r,r’

extends to a pseudo-multiplicative unitary Wg : E 5 © E — E S gE. Indeed, the
map W, is a linear isomorphism because it is the transpose of a homeomorphism

G2, — G2, and it extends to a unitary because

(WolIWol)(u) = /G“ /Gu EOx ) (e, xTLy) dAM () dAM (x)
- / ) fasmf (8. y) dAC D (Y)dA" (x) = (£1¢) )

forallu € G%and ¢ € C, (Gsz,r). To check that W satisfies the pentagon equation,
one can use a similar calculation as in the case where G is a group, see Example 7.1.4.

The pseudo-multiplicative unitary W is related to the pseudo-multiplicative
unitary constructed in Section 10.3.3 as follows. Let i be a quasi-invariant Radon
measure on G°. Denote also by u the weight on L®(G°, ) given by f
/. o Jdu, and consider the pseudo-multiplicative unitary

Wg: L*(G,v)s ® ,L*(G,v) - L*(G,v), ® ,L*(G,v)
w 1%

constructed in Proposition 10.3.21. Let B act on L?(G°, 1) by multiplication
operators. Then

L*(G,v)x % PL*(G.v) = L*(GE,.vi,) = L*(G ) & L*(G°, )

for k = s,r, and these isomorphisms identify W(’; with Wg © isz(G,M), as one
can easily check.

The following example is a C *-algebraic analogue of a pseudo-multiplicative
unitary on Hilbert spaces considered by Lesieur [99, Section 7.6].

Example 11.1.6. Let B be a unital C *-algebra, C € Z(B) a C*-subalgebra con-
taining 1p, and t: B — C afaithful conditional expectation, that is, a faithful pos-
itive C-linear map such that 7|c = id¢. We associate to T a pseudo-multiplicative
unitary Wy as follows.

First, consider B as a pre-C *-module over C via the inner product {a’|a) :=
7(a’*a) and via right multiplication, and denote by B; the completion. Next,
consider B as a right C *-B-B-bimodule in the natural way, and denote by E :=
B: © B the internal tensor product over C. Thus FE is generated by elements a & b,
where a,b € B,and (a’ © b'|la © b) = b'*t(a’*a)b, (a © b)b' = a © bb’ for all
a,b,a’,b’ € B.



334 Chapter 11. Pseudo-multiplicative unitaries on C *-modules

Routine arguments show that there exist representations ,é, B: B — Lp(E)
such that B(b')(a© b) = b'ac b and B(b')(acb) =acb'bforalla,b,b’ € B;
here, we use 7(B) € Z(B). Evidently, (E, ,3 B) is a C*-trimodule.

We claim that there exist unitaries

X: Eﬁ@E—>Br®B,®B, (acob)e(cod)rdaccohbh,
Y:EGBE - B;6B: 5B, (acbhb)c(ccd)—accobhd.
Indeed, forx ;== (aob)@ (ccd)and y := (a ©b) © (c ©d) as above,
IXx|> = |(bl{c|{dalda)c)b)|| = [|b*T(c*T(a*d*da)c)b|
= |b*t(a*d*t(c*c)da)b]||
= [{a c bl{c o dlc o d)acb)| = ||x|?
and
1Yyl* = l[{bd|(c[(ala)c)bd)|| = [|[d*b*t(c*t(a*a)c)bd |
= ||d*t(c*c)b*t(a*a)bd ||
= l{c o dlc e (@acblacb)d)| = |y|*
here, weuse t(B) C Z(B)and t(et(f)) = t(e)r(f)fore, f € B. Now consider
the unitary W, := Y*X : E;©F > EcgkE. Explicitly,
Wr((acb)e(ced)=(dacb)yc(col) foralla,b,c,d € B, (11.3)
as can be seen from the relation
Y((dacb)o(col) =daccob=X({(acb)e (ccd)).
The following calculations show that W; satisfies the intertwining conditions in
equation (11.1) and that diagram (11.2) commutes: fora,b,c,d,e, f,g € B,

BBy (f)Br(g)

(achb)o(cod) (aceb)o(gco fd)
W |
(daob)c(col)t - - (fdaceb)s (gcol)
Bri(e)Bri1(f)Pr21(g)
and
Wiz Wii23)
’\—>(da®b)®(c®l)©(e®f)}ﬂ
@ch)a(ced)o(es f) (dach)yc(fcol)o(ecl)

[WI[IZ]

(@acb)o(fcod)s(eol).

Wz[23]l

W3
(a@acbhb)o((fcod)o(ec]))
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11.1.3 Obstructions to the construction of the legs

Given a pseudo-multiplicative unitary V: E; @ E — E S gkF, it is natural to
ask whether we can define a left and a right leg of V' in a similar way as it was
done in Section 7.2 and Section 10.3.2 for every multiplicative unitary and every
pseudo-multiplicative unitary on a Hilbert space. The constructions in Section 7.2
and Section 10.3.2 suggest the following plan:

1. Define C*-algebras ff(V) and A(V) of operators on E, spanned by com-
positions of the form ag gy = [§'[[1V €)1 and agymy = (7'l V 0l
respectively, where &, £ and 1, 1’ are suitable elements of £, and the maps
1£) 1215 18121 = ([€'l12p)* and ]y, |77y = ((0'I[ap) ™ have the form

) E > Eg0E, t>C0f |Elp E > EGRE, {—(cE,
Inlm: E—>E;©E, {—>nol |0y E—>EGRE, (1ol

2. Define fiber products A(V)e A(V) and A(V) & A(V) as C *-algebras of

operators on the C*-module E 5 © E or E © g E, respectively.

3. Define comultiplications A: IilA(V) — /T(V) © /T(V) and A: A(V) —
A(V)s A(V) viathe formulas A(a) = V*(1ca)V and A(a) = V(as1)V™,
respectively.

If we try to carry out this plan, we encounter the following problems:

1. Ata first attempt, we might try to define A (V) and A(V) as C *-subalgebras
of £p(E). But then A(V') and A(V) would have to commute with the right
multiplication of B on E, and this excludes many examples:

* For the pseudo-multiplicative unitary W associated to a locally compact
groupoid G with left Haar system A (Example 11.1.5), the right leg
A(Wg) should correspond to the left regular representation of G on
L?(G, )). But in general, this left regular representation, which is an
integrated form of left multiplication on G, does not commute with the
module multiplication, which is the transpose of the range map of G.

o If VV were a pseudo-multiplicative unitary on a Hilbert space, then the
right module multiplication would correspond to the representation «,
and Lemma 10.3.7 indicates that the legs of V' need not commute with c.

Therefore we need a substitute for the C *-algebra £ g (E) that s large enough
to accommodate A(V') and A(V).

The fact that Af (V) and A(V) can not be defined as C *-subalgebras of £ g (F)
isrelated to the problem that the maps |£] 2 and | ][1] that we wanted to use for
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the definition of the operators d /gy and a,,,) are not well-behaved. Indeed,
|€']121 need not commute with the right module multiplication because

1§21 (6b) = tbe§ =L B #LoE'b=(tcE)b = (&b

unless B(b)§’ = &'b forall b € B, which is a severe restriction on the choice
of £'. Likewise, |n][1] is not adjointable unless B(b)n = nb forall b € B.

2. It is not clear how to define /T(V) © A(V)and A(V) © A(V). In general,
these fiber products can not be spanned by operators of the form

a1©a:n©é—>ameak and a;cax:ncé - ancad,

respectively, where d1,d, € A (V) and ay,a, € A(V), because such opera-
tors need not be well defined. If we put A(V) @ A(V) := (A(V) @ A(V)'Y
and A(V) e A(V) := (A(V) & A(V)') as in the setting of von Neumann
algebras (see Section 10.2.1), we obtain spaces that are too large. Note that
it is also not clear in which ambient C *-algebra the respective commutants
should be taken.

The strategy for a special case. We can solve the problems outlined above and
define the legs of a pseudo-multiplicative unitary on C *-modules only in a special
case, using the following strategy:

The problems listed in Step 1 originate from the fact that the operators involved
are not necessarily adjointable. We consider operators on the C *-module E that are
not strictly adjointable, but adjointable up to a twist by some partial automorphism o
of B (Section 11.2.1). We demand that these operators also commute with the repre-
sentation f or ,3 up to a twist by some partial automorphism p of B. Such operators
form graded families L(ﬁ E) = (L8 (B E))po and L(gE) = (L5(8E))p,e, which
carry an involution and are closed under multiplication and addition of homoge-
neous elements. Under suitable assumptions, we can then define the left and the
right leg of V in the form of subfamilies A(V) C L(;E) and A(V) € L(E)
(Section 11.4).

The assumption that we need to impose is the following. The non-adjointability
of the operators considered in Step 1 is related to the discrepancy between the
right module multiplication on E and the representations ﬁ and B. Similarly as
for operators on E, we consider elements of E that intertwine the representation /§
or B, respectively, and the right module multiplication up to a twist by some partial
automorphism 6 of B (Section 11.2.2). These elements form families H( K E) =
(Hy (3 E))gand H(gE) = (Hg(g E))g, and the assumption that we need to impose
is that these families are linearly dense in E. If this condition is satisfied, we call
the pseudo-multiplicative unitary V decomposable.
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11.2 Semigroup grading techniques on right C *-bimodules

In this section, we develop a general calculus of homogeneous operators on C *-bi-
modules and of homogeneous elements of C *-bimodules. Moreover, we introduce
the concept of a C*-family, which can be thought of as a generalized C *-algebra
of homogeneous operators on a C*-module. These concepts will be used in Sec-
tion 11.4 to construct the legs of a decomposable pseudo-multiplicative unitary on
a C*-module.

Before we start, let us fix some terminology and notation.

Recall that a partial automorphism of a C*-algebra C is a *-isomorphism
o: Dom(c) — Im(o), where Dom(o) and Im(o) are closed ideals of C. Compo-
sitions and inverses of partial automorphisms are partial automorphisms again; thus
the set PAut(C) of all partial automorphisms of C forms an inverse semigroup. We
denote the inverse of a partial automorphism ¢ by *. Let 0,0’ € PAut(C). We
say that o’ extends o and write ¢’ > o if Dom(c) € Dom(c’) and ¢’ |pem(s) = O
We put

o Ao’ :=max{c” € PAut(C) | 0" <0, 0" <0o'};

thus o0 A o’ = o|; = o'|;, where I € Dom(o) N Dom(o”) is the largest ideal on
which ¢ and ¢’ coincide.
Throughout this section, let A and B be C *-algebras.

Definition 11.2.1. A right C*-A-B-bimodule is a C *-module E over B with a fixed
non-degenerate *-homomorphism A — £p(E). Given right C*-A-B-bimodules
E and F, we put

éﬁg(E,F) ={T € £p(E,F) | aT& = Taé foralla € A, £ € E}.

11.2.1 Homogeneous operators and C *-families

We consider maps of right C*-bimodules which almost preserve the bimodule
structure:

Definition 11.2.2. Let E, F be right C*-A-B-bimodules and p € PAut(4), o €
PAut(B). Wecallamap T: E — F a (p, 0)-homogeneous operator if

i) Im(T) € spanIm(p)F and Taé = p(a)T& for all a € Dom(p), £ € E, and

ii) there exists amap S: F — E such that (SF|E) € Dom(o) and (n|T&) =
o((Sn|&)) forallé € E,ne F.

Let us collect some first properties of homogeneous operators:

Proposition 11.2.3. Let E, F, p, 0 and T, S be as above.
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i) T and S are linear and bounded, and ||T || = || S|

ii) T(Eb) = (T&)o(b) forallb € Dom(c) and & € E.

iii) There exists a partial automorphism oy € PAut(B) such that whenever T
is (p', 0’)-homogeneous for some p' € PAut(A) and o’ € PAut(B), then
oo <o’

iv) S is uniquely determined by T.

v) Let (uy)yv and (vy) be approximate units of the ideals Dom(p) and Dom(o),
respectively. Then lim, T (u,§) = T§ = lim, T (§v,,) forall & € E.

Proof. 1) The proof is completely analogous to the case of ordinary adjointable
operators on C *-modules.
ii) This relation follows from the fact that for all , £ € E and b € Dom(o),

{(n|T(EDb)) = o((Snlgb)) = a({(Snl§)b) = a({Snl§))o(b) = (n|(T§)a (D).

iii) Put J := [(F|TE)] € B. Then J is a subspace of Im(c), and an ideal
in B because BJ C [(FB|TE)] and J Im(c) C [(F|T(EB))] by ii). Denote
by oy the restriction of ¢ to 6*(J). Assume that T is also (p’, 6’)-homogeneous
for some p’ € PAut(A) and o’ € PAut(B), and that S’ satisfies condition ii) in
Definition 11.2.2 for T and (o', ¢’). Then

o((Snl§)b) = (nIT(§b)) = o' ((Snl§)b) foralln.§ € E. b € B,

and hence o(c*(a)b) = o'(¢’*(a)b) for alla € J, b € B. Let (u,), be an
approximate unit for J and d € J. The last relation and the inclusion J C Im(a”)
imply

d = lilgn o' (c"*(d)o"* (uy)) = lign o(0*(d)o"*(u,)).

Therefore, 6*(d) = lim, 6*(d)o"*(u,) € 6'*(J). Now

d = lign o(c*(uy)o*(d)) = lign o' (0" (uy)o*(d)) = o' (6*(d)).

Consequently, g < o”.

iv) Similarly as in the case of ordinary adjointable operators, one finds that S is
uniquely determined by 7 and o. But by ii), S is independent of o.

v) This follows from standard arguments. a

The preceding proposition justifies the following definition:

Definition 11.2.4. Let E, F be right C*-A-B-bimodules andlet 7: £ — F be a
(p, 0)-homogeneous operator, where p € PAut(A), o € PAut(B). Then the map
S: F — E in Definition 11.2.2 ii) is called the adjoint of T and denoted by T*.
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For later use, we note the following simple example:

Example 11.2.5. Let p € PAut(B), and consider Dom(p), Im(p) < B as right
sub-C *-bimodules of B. Then p € éﬁﬁ(Dom(p),Im(p)). Indeed, condition 1)
in Definition 11.2.2 is easily checked, and for condition ii), note that for all b €
Dom(p) and ¢ € Im(p),

{clp(b)) = c*p(b) = p(p*(c*)b) = p({p*(c)|b)).
Remark 11.2.6. In the situation of Definition 11.2.2, one can consider
E( o) := [Dom(p)E Dom(o)] € E and F®9 .= [Im(p)F Im(0)] € F

as right C*-Dom(p)-Dom(o)-bimodules, where the structure maps of E, ) are
inherited from E, and the structure maps of F®) are twisted by p and o in

a straightforward way. Then every (p, 0)-homogeneous operator 7: E — F re-
Dom(p)

Dom(0) (E(p,0) F(#-9)) whose adjoint is a restriction

stricts to an operator T(, ) € &£
of T*.

The preceding remark shows that homogeneous operators generalize ordinary
operators on right C *-bimodules only slightly. The point is that we shall consider
entire families of homogeneous operators:

Notation 11.2.7. Let E, F be right C*-A-B-bimodules and p € PAut(A4), o €
PAut(B). We denote the set of all (p, o)-homogeneous operators from E to F by
LE(E, F) and put L5(E) := LY(E, E). The strict topology on L5 (E, F) is the
topology given by the family of seminorms T + ||T&|| and T + ||T*n||, where
£ € Eand n € F. Finally, we put L(E, F) := (L5(E, F))ps and L(E) :=
(LE(EN)p

The family of all homogeneous operators has the following properties:

Proposition 11.2.8. Let E, F, G be right C*-A-B-bimodules and p, p' € PAut(A),
0,0’ € PAut(B).

i) LO(E, F) is a closed subspace of the space of all bounded linear maps from
E to F, and complete with respect to the strict topology.

ii) L2, (F.G)LE(E. F) C LY (E.G).
iii) L&(E, F)* = LU.(F, E), and (AT)* = AT* | T*| = |T|| = | T*T||'/2,
(ST)* =T*S*forall. e C, T € LE(E,F), S € Lg’/(F, G).

iv) LY(E, F) = :ﬁg (E, F), andfor each pair of partial identities € € PAut(A),
€ € PAut(B), the space Lg/(E) is a C*-subalgebra ofig (E).
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V) LE(E, F) is a right C*-L2° (F)-L.F (E)-bimodule.

vi) LE(E,F) CLP(E.F)ifp<p ando <o

Proof. Most of these assertions generalize facts about ordinary operators on right
C*-bimodules and can be proved in a similar way by the help of Proposition 11.2.3.

Therefore we only prove ii). Let T € LO(E,F), T’ € Lg//(F, G). By Defini-
tion 11.2.2 i) and Proposition 11.2.3 v),

[T'TE] C [T"Im(p)F] < [p'(Dom(p") N Im(p))G] = [Im(p'p)G]

and T'ThE = p'(p(b))T'TE for all b € Dom(p’'p), € € E. Moreover, by Defini-
tion 11.2.2 ii) and Proposition 11.2.3 v), (T"*G|TE) C Dom(c’) N Im(c) and

(T*T"*G|E) = 6*((T"*G|TE)) € o*(Dom(c’) N Im(c)) = Dom(c”'0).

Finally, (n|T'T&) = o’({(T"*n|TE)) = (o'o)((T*T'*n|E)) forall £ € E,n € G.
Therefore, T'T € LP (E,G) and (T'T)* = T*T"*. O

We adopt the following notation:

Notation 11.2.9. Let E, F be right C *- A- B-bimodules, and let C = ((:’f;) p,c bea
family of closed subspaces €5 € L5 (E, F), where p € PAut(A4), o € PAut(B).

* Given a family D = (D5),., of closed subspaces D C L5 (E, F), we write
D C @if and only if D5 € €4 for all p € PAut(A), o € PAut(B).

» We define a family C* € L(F, E) by (C*)5 := (Gg:)* for all p, 0.
» We put [CE] :=5Span{T¢ | T € C5, p € PAut(A4), o € PAut(B), & € E}.

* Let G be a right C*-A-B-bimodule and D C L(F, G) a family of closed
subspaces. The product [DC] € L(E, G) is the family given by

[DC)’, = span{T'T | T' € D,

, 2, T eeg’ P,,OEPN, oo EU//}

for all p”” € PAut(A), o” € PAut(B). Clearly, the product (D, C) > [DC]
is associative.

Similarly, we define families [DT], [SC] € L(FE, G) for operators T €
LO(E,F)and S € L?,(F,G), where p, p' € PAut(A4), 0,0’ € PAut(B).

» By a slight abuse of notation, we define a family L'(E, F) € L(E, F) by
(LYE, F)Y = LYE, F), (LYE,F))? :=0forp+#id.

Similarly, we define a family L4 (E, F) € L(E, F).
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In the notation introduced above, we have [L(F, G)L(E, F)] € L(E, G) and
L(E, F)* = L(F, E) for all right C*-A-B-bimodules E, F, G.

Definition 11.2.10. Let E be a right C*-A-B-bimodule. We call a family of
closed subspaces C C L(FE) a C*-family on E if [CC] C C, C* C €, and Gg{ C
@g% whenever p; < pp and 07 < 0. We call a C*-family C non-degenerate if
[CE]=E.

Remarks 11.2.11. Let C be a C *-family on a right C*-A- B-bimodule E.

i) For each pair of partial identities ¢’ € PAut(A) and € € PAut(B), the space
C¢ C LY(E) = £4(E) is a C*-algebra because

1

E/ * e_/* _ e_/ e_/ 6/ G/G/ _ e/
CEH*=el =e’ and € ce =ef.

ii) For each p € PAut(4) and o € PAut(B), the space C4 is a C *-module over
the C*-algebra C.” because

sk * sk *
() e =0 cC and €GPS CEPP =¢h.

Likewise, C4 is a left C*-module over the C*-algebra Ggﬁi and a C*-
bimodule over Ggﬁi and (‘,’gi’;.

i) [CI4CH] = €F = [C5 Cl4] for each p, o; this follows from ii) (see Sec-
tion 12.2).

iv) The C*-family C is non-degenerate if and only if the C*-algebra Gig -
éﬁg (E) is non-degenerate in the usual sense. This follows easily from iii).

To every C *-family, one can associate a multiplier C *-family:

Definition 11.2.12. Let C be a C*-family on a right C*-A-B-bimodule E. The
multiplier family of C is the family M(C) € L(E) given by

M(C)2 ={T € LE(E) | [TC] € Cand [CT] C C}
for all p € PAut(A4) and o € PAut(B). Evidently, this is a C *-family.

Remark 11.2.13. Remark 11.2.11 iii) implies that for all p € PAut(A), o €
PAut(B),

M(C)? = {T e LA(E) | TEY C €2 and YT C €4},

In Section 11.4, we shall construct for every decomposable regular pseudo-
multiplicative unitary a left and a right leg in the form of C *-families. In principle,
we could embed these C*-families in some ambient C *-algebras, which would
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bring us back into more familiar terrain. However, until recently, it was not clear
how to define a fiber product, which is necessary to define the analogue of a Hopf-
von Neumann bimodule, on the level of the ambient C *-algebras. On the level of
C*-families, an internal tensor will be defined in Section 11.3 quite easily. For
recent developments in the setting of C *-algebras, see [154], [155], [156].

11.2.2 Homogeneous elements of right C *-bimodules

We consider elements of right C*-bimodules that almost intertwine left and right
multiplication:

Definition 11.2.14. Let E be a right C*-B-B-bimodule and 6 € PAut(B). An
element £ € E is 0-homogeneous if ¢ € [E Dom(0)] and £b = 0(b)& for all
b € Dom(6). The set of all 8-homogeneous elements of E is denoted by Hy(E).
We call E decomposable if the family H(E) := (Hg(E))g is linearly dense in E.

Note that B can be regarded as a C *-module over B in a natural way, and that
left multiplication turns B into a right C*-B-B-bimodule. Thus we can speak of
homogeneous elements of B; these will be studied later.

Let E be aright C *-B-B-bimodule. For each £ € E, we define maps

|€): B — E, b+ &b, |£]: B— E, b bE.
Then [£) has an adjoint (§| = |£)*: n > (&[n), and [[|E)[| = [I§] [95, p. 12-13].

Proposition 11.2.15. Let £ € E and 0 € PAut(B). Then the following conditions
are equivalent:

DEe(E). ii)|E) € LE(B.E). i) |¢] € LiL(B. E).

If D)-ii) hold, then |||€]|| = [|§|| and [§] := |§]* is given by n — O((§]n)).

Proof. 1) = ii), iii): Assume thati) holds. To prove ii), we only need to show that |€)
satisfies condition i) of Definition 11.2.2. But by assumption, Im |§) € [Im(0) E]
and |E)(bb") = £bb’ = O(b)|E)b’ for all b € Dom(#), b’ € B. Let us prove iii).
Evidently, |§] commutes with left multiplication. By assumption, (§|n) € Dom(6)
for all n € E, so that the map [£]: n — 6((§|n)) is well defined. Let (u,), be an
approximate unit of Im(#). Then

(nl|1p) = lim(nlu,b§) = lim(n|§)6™ (uyb) = 6*(0((§[n))"b) = 6™ (([§1n1b))

forall n € E, b € B. Hence iii) holds. Moreover, we may assume ||u,| < 1 for
all v, and then ||| = lim,, |||€]uv]|| < |||€]]l. The reverse inequality is evident.
ii) = i): Ifii) holds, then & € [§B] = [Im |§)] C [Im(0)E], and éc = 6(c)é& for
each ¢ € Dom(0) because £cb = |E)chb = 0(c)(|€)b) = O(c)éb foreach b € B.
iii) = 1): This follows from a similar argument like the implication “ii) = 1)”.
O
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Let E be a C*-module over A and F a right C*-A-B-bimodule. For each
n € E and £ € F, we define maps

Muy;: F—>ESF, {—=ncl |Elp: E—>EGF, {—~{cE.

Then |n)(17 has an adjoint (n|i1) = [n)f}: £ © ¢ = (nl¢)’, and [[[§)]| = [|€]] if the
representation A — £p(F) is injective [95, Lemma 4.6].

Proposition 11.2.16. Let E, F be right C*-B-B-bimodules and 0 € PAut(B).
D) If 1 € Ho(E), then |n)py € LY(F, E & F).

ii) Let § € Ho(F). Then |§]) € Lied* (E,E G F), and [§|[2) := |§][21™ is given
by ¢ > LOEIL)). If E is full, then [||E]] = [§]l-

Proof. The proof is similar to that of Proposition 11.2.15; we only sketch the main
steps for ii). Let £ € Hy(F). Forall{,{’ € Eand £ € F,

(eIt ct) = (E[L6)E) = 0" (B(E1EN1) = 67 (LOEIENIE).

For {' = ¢, & = &, this equation shows [|[£]z1¢ 1% < 10((€1E)[[I]1%, and hence
€]l < 1I&]l. If E is full, this inequality is an equality. Finally, the equation
above shows that the formula for [§|[] defines a bounded map £ & F — E, and

that (¢ & §'[|§]218) = 6" ([l (¢’ © §)[¢)) forall §,¢" € Eand§' € F. O

Next, we collect several useful formulas concerning homogeneous elements.
Let E and F be right C*-B-B-bimodules. For 8, 8’ € PAut(B), put

Ho(E) © Ho/(F) :=span{nc§ | ne€ Ho(E), § € Ho(F)} S EOF.
Proposition 11.2.17. Let 6, 6’, 0, p € PAut(B). Then:
i) Ho(E) = [He/(E) Dom(0)] € He/(E) if 0 < 6",
i) (Ho(E)|Hg (E)) S Hoxg/(B).

iii) For each & € E, the set {0’ € PAut(B) | & € Hg/ (E)} either is empty or has
a minimal element.

iv) Lﬁ(E, F)3Hg(E) C iHp@a* (F) and g{p(A) Ho(E) Ho(B) € g'CpOG(E)-

v) The space Ig := [(Hg(E)| Hg(E))] is an ideal in Z(B), and Hg(E) is a
right C*-Z(B)-1g-bimodule. In particular, Hg(E)Ig = Hg(E).

vi) If E is full and decomposable, then B is decomposable and the ideal of Z(B)
spanned by all 19/, where 6" € PAut(B), is non-degenerate in B.
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vii) Hg(E) N Hy (E) = Hgaor (E).
viii) Hg(E) S He/(F) € Hog (E & F).

Proof. We only prove assertions iii), iv), v), iiv); the others follow from straight-
forward calculations or can be deduced from Proposition 11.2.8 and 11.2.15.

iii) Given £ € E, apply Propositions 11.2.3 iii) and 11.2.15 to |£].

ivyLet T € LE(E,F) and £ € Hy(E). Choose approximate units (4, ),
(v ), (wy)y of Dom(p), Im(6), Dom(o), respectively. By Proposition 11.2.3,

TE = ,}i;Ian T (uvEwy) = Kh}an T(E0* (uevy)wy) = KliLanV(TE)o(Q*(quM)wU).

Since (0(0* (U vy )Wy))i, v 1S an approximate unit for Dom(pfc ™), the equation
above implies T¢ € [F Dom(pfc*)]. Moreover, for all b € Dom(pfc*),

(T§)b =T (0™ (b)) = TH(0™(b)§ = (pfo™)(b))TE.

Therefore, T§ € H 94+ (F). The second inclusionin assertioniv) follows similarly.
v) The assumptions imply that B is contained in the closure of

S (90 (BN o (E)) = 3 T (366 (BN 3a(E) € 3 Iy Hore(B);
6,0’ 0,6’ 0,0’

here, we used ii) and iv). The claims follow.

vii) By i), G‘C(QAQ/)(E) C Ho(E) N He/(E). Conversely, if £ € Hg(E) N
He/(E) and 6” € PAut(B) is minimal with § € Hygr(FE) (see iii)), then 8”7 < 6
and 6" < 6', whence 0” < 0 A 0" and § € H(gnp/)(E). O

The preceding proposition suggests the following notation:

Notation 11.2.18. Let E be a right C*-B-B-bimodule, and let & = (€4)g and
&' = (€p)g be families of closed subspaces €9 € Hy(E) and & < Hy(E), where
6 € PAut(B).

e We write & C € if 8’9 C &y for all 6 € PAut(B).
» We define a family [(E'|€)] € H(B) by
[(E"1E)]er = Span{(E'|E) | § € Eg, &' € €}, 0.0" € PAut(B), 00 < 0"}
* Given a family € € L(E, F), where F is a right C*-B-B-bimodule, we
define a family [CE] € H(F) by
[CE€)y =span{SE | S €€, &€&y, p, 0,0 € PAut(B), pb'o* < 6}.

Similarly, we define a family [SE] € H(F) for each homogeneous operator
S:E—F.
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* Given a right C*-B-B-bimodule F and a family F C H(F), we define a
family [€ @ F] € H(E © F) by

[EcFlgr :=5pan{nc & | nep & eTFy, 0,0 cPAut(B), 96 < 0"}

Let E, F be right C*-B-B-bimodules. For each 6" € PAut(B), put
K& (E. F) := span{[§)(§'| | € € Ho(F).& € Ho(E). 00" <0},
Proposition 11.2.19. Let E, F be right C*-B-B-bimodules.

i) If E or F is decomposable, then fKied(E, F)= Kp(E,F)N L%(E, F) for
each 6 € PAut(B).

il) If E and F are decomposable, then ES F is decomposable and H(ES F) =
[H(E) & H(F)].

Proof. See [153, Propositions 3.16, 3.17]. O

Let E be a C*-A-module, F aright C*-B-B-bimodule, and 7: A — :ﬁg (F)
a x-homomorphism. Then £ &, F is aright C*-B-B-bimodule via the represen-
tation B — £p(E &5 F), b — id © b (use Proposition 12.2.1). Given a family
F € H(F), we define a family [E &, F] € H(E &, F) by

[E Gx Flo :=3span{n S & [n e E,§ €Ty}

Proposition 11.2.20. If F is decomposable, then E &, F is decomposable and

Proof. See [153, Proposition 3.18]. O
Homogeneous elements of C *-algebras. Let us collect some useful properties
of homogeneous elements of C *-algebras.

Proposition 11.2.21. Let b € Hy(B), 8 € PAut(B), and denote by I, C B the
ideal generated by b*b. Then:

i) b is normal and b*b is central.
ii) There exists a unitary u € M(Ip) such that b = u(b*b)*/2.

iii) With u as in ii), the map Ad,, : I, — 1y is the minimal partial automorphism
of B with respect to which b is homogeneous.

iv) 8(b) = b; in particular, b € Dom(0*) and 6* (b) = b.
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Proof. 1) The positive elements b*b and bb* are central by Proposition 11.2.17 ii),
whence bb* - bb* = b*bbb* = b*b - b*b. Consequently, bb* = b*b.

ii) Put D := spec(b) \ {0}. Forn > 1, define f,, € Co(D) by fn(z) := z/|z|if
|z| > 1/n, and f,(z) := nz if |z| < 1/n. Then (f,), converges in M (D) strictly
to a unitary, and functional calculus shows that the sequence ( f,, (b)), converges in
M (1) strictly to some unitary u#. Denote by idp € Co(D) the identity map. Then
lim, f,|idp | = idp in Co(D), and hence u(b*b)'/? = lim, f,(b)|idp(b)| =
idp(b) = b.

iii) Evidently, b € Ij and bd = u(b*b)'/?d = udu*u(b*b)'/? = Ady(d)b
forall d € Ip, s0 b € Haq,(B). If b € Hy/(B) for some 6’ € PAut(B), then
I, € Dom(6’) because b € Dom(6’), and Ad,, < 6’ by Proposition 11.2.17 iii).

iv) 0(b) = Ady () = u(u(d*b)"?)u* = u(b*b)'/? = b by iii) and because
(b*b)1/2 is central. The relations b € Dom(6*) and b = 0*(b) follow. O

Proposition 11.2.22. Let 0,6’, p € PAut(B). Then:
i) bc = 0(ch) and cb = 0*(bc) forall b € Hy(B), ¢ € B.
i) Ha(B) = Hg(B) N Dom(8 A id).
i) p(36(B) N Dom(p)) € Hpppe (B).
iv) Ho/(B) Hg(B) € Horg(B) and Hg(B)* = Ho=(B).

V) B is decomposable if and only if the inclusion Z(B) C B is non-degenerate.
In particular, every unital C*-algebra is decomposable.

Proof. i) Letb € Hg(B), ¢ € B, and let (u,), be an approximate unit of Dom(8).
Then

bc = lign bu,c = li‘5n O(uyc)b = 0(c6* (b)) = 6(ch)

by Proposition 11.2.21 iv), and similarly cb = 6*(bc).

ii) This follows from Proposition 11.2.21 iv).

iii) Combine Example 11.2.5 with Proposition 11.2.17 iv).

iv) Straightforward.

v) If B is decomposable, then [BZ(B)] = B by Proposition 11.2.17 vi). Con-
versely, assume [Z(B)B] = B. For each unitary u € M(B) and each b € Z(B),
the product bu is contained in Haq, (B) because buc = (ucu*)bu for all ¢ € B.
By [113, Remark 2.2.2], each element of B can be written as a sum of four unitaries
in M(B). Therefore B is decomposable. O

To every C*-bimodule E, we associate a C *-family O(E) as follows:

Proposition 11.2.23. Let A, B be C*-algebras and E a right C*-A-B-bimodule.
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i) Leta € JH,(A), p € PAut(A), and b € H;(B), 0 € PAut(B). Then the map
Oap: E — E, & — akb, is a (p,c*)-homogeneous operator with adjoint
(0a,p)™ = 0g* p*.

ii) For all p € PAut(A), o € PAut(B), put
OP(E) :=3span{ogp | a € Hp(A), b € Hox(B)}.
Then O(E) C L(E) is a C*-family.

Proof. i) Let a, b as above. Then o, satisfies condition i) of Definition 11.2.2
because Im(o,,5) € aE C Im(p)E and

0apa't = ad'th = p(a"ath = p(a)oupk

for alla’ € Dom(p), & € E. Further, by Proposition 11.2.22 1), iv) and 11.2.21 iv),
a* € Hyx(A), o(b*) = b* € Hy+(B), (0g+p+E|E) € b(E|E) € Dom(c*),
and

(nlagb) = (a*n|§)b = o™ (b{a™nl§)) = o™ ({a"nb*[§))

for all n, & € E. The claim follows.
ii) Obvious from i) and Proposition 11.2.22 iv). O

Definition 11.2.24. Let E be a right C *-A-B-bimodule, where A and B are de-
composable. A family € € L(E) is called an O(E)-module if [O(E)C] < C,
and a non-degenerate O(E)-module if additionally C5 = [Ogﬁi (E)Ch] for all
p € PAut(A) and o € PAut(B).

Remark 11.2.25. The C*-family O(FE) defined above is interesting primarily if
A and B are decomposable. However, we can consider E as a right C*-M(A)-
M (B)-bimodule via the identification £ =~ A S E © M(B), and M(A) and M(B)
are decomposable by Proposition 11.2.22 v).

11.2.3 Examples related to groupoids

Let G be a locally compact, second countable, Hausdorff groupoid with left Haar
system A, and consider the C *-module L?(G, 1) over the C *-algebra B := Cy(G?).
Recall that the range and source map of G induce representations r,s: B —
£p(L?(G, 1)). To avoid confusion with these representations, we denote the range
and the source map of G by rg and sg, respectively. As before, we write » L2(G, A)
or s L%(G, ) to indicate whether we consider L2(G, A) as aright C *-bimodule via
the representation r or s.



348 Chapter 11. Pseudo-multiplicative unitaries on C *-modules

Homogeneous elements of L2(G, ). The right C*-bimodule ,L2(G, 1) is de-
composable: Evidently,

Hia(-L*(G. A)) = L*(G. A).

The right C*-bimodule ;L2(G, 1) is decomposable if the groupoid G satisfies the
following decomposability condition:

Definition 11.2.26. We call anopensubset U € G homogeneousifforallx, y € U,
we have rg(x) = rg(p) if and only if sg(x) = sg(y). We call the groupoid G
decomposable if it is equal to the union of its open homogeneous subsets.

Remarks 11.2.27. i) If U, V € G are open homogeneous subsets, then also U -1
andUV = {xy | (x,y) € Gsz,r N (U x V)} are open and homogeneous.

ii) Recall that an open subset U C G is called a G-set if the restrictions
rlu: U —r(U)ands|y: U — s(U) are homeomorphisms and 7 (U ), s(U) € G°
are open. Moreover, recall that G is r-discrete if and only if it is the union of open
G-sets [129, Proposition 2.8]. Evidently, every G-set is homogeneous, and if G is
r-discrete, then it is decomposable.

iii) It is easy to see that every extension of an r-discrete groupoid by a bundle
of groups is decomposable. In fact, it is not difficult to show that a groupoid is
decomposable if and only if it is an extension of an r-discrete groupoid by a bundle
of groups [152, Proposition 3.4].

Let us prove that (L2(G, 1) is decomposable if G is decomposable. Since
the range and the source map of G are open [129, I, Proposition 2.4], every open
homogeneous subset U € G defines a homeomorphism gy : sg(U) — rg(U) by
sG (x) — rg(x), which induces partial automorphisms

qusx: Co(sg(U)) — Co(rg(U)) and qg: Co(rg(U)) — Co(sg(U))
of the C*-algebra B = Co(G?).
Lemma 11.2.28. Let U C G be open and homogeneous. Then
Ce(U) € 3y (L2(G. 2)).

Proof. Clearly, C.(U) € L?(G,A)Co(rg(U)), and for all ¢ € C.(U), f €
Co(rg(U)),and x € U,

Ef)x) =) f(re(x) = §(x) fqu(se(x))) = (s(qr (f)E(x). O
Combining this lemma with a partition of unity argument, we find:

Proposition 11.2.29. Ifthe groupoid G is decomposable, then the right C *-bimod-
ule sL%(G, M) is decomposable. O
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The left regular representation on L2(G, 1). We shall see that if G is decom-
posable, then the left regular representation on L?(G, A) gives rise to a C *-family.
To simplify the discussion, we impose the following condition:

Definition 11.2.30. We call the left Haar system A unimodular if for every open
homogeneous subset U C G, every function f € C.(U), and every z € U,

f FG)AAE (y) = [ £ (y),
G"G® G5G (@

Example 11.2.31. If G is r-discrete, then the family of counting measures is a
unimodular left Haar system.

For a function f € C.(G), we denote by L(f): L?>(G,A) — L?*(G, ) the
map given by left convolution with f,

(LNE)(x) = [G oo JOEOTIDANCD () forall x € G. € € Ce(G).

Moreover, we denote by f* € C.(G) the function given by f*(x) := f(x~!) for
allx € G.

Proposition 11.2.32. Assume that G is decomposable and that the left Haar system
A is unimodular.

i) For every open homogeneous subset U C G and every f € C.(U), we
have L(f) € Ly, (sL*(G, 1)), L(f) € L3:(-L*(G, ), and L(f)* =
L(f*).

ii) Let f € C.(U) and g € C.(V), where U,V C G are open homogeneous
subsets. Then L(f)L(g) = L(h), where h € C.(UV) is given by

h(x) = /Grcm fME™X)dA O (y) forall x € G.

iii) The family of closed subspaces C}(G) € L(,L*(G, X)) given by
CrX(G), =span{L(f) | f € Cc(U), U C G open homogeneous,
qux < pand qux < 0}

forall p,o € PAut(B) is a non-degenerate C*-family and a non-degenerate
O(-L2(G, A))-module.
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Proof. i) It is easy to see that L( f) commutes with the representation s, that the
image of L(f) is contained in r(Co(rg(U)))L?*(G, 1), and that L(f)r(b) =
r(qu«(b))L(f) foreach b € Cy(sg(U)).

Let&, n € C.(G). Then the inner products (n|L( f)&) and (L( f*)n|&), consid-
ered as functions on G°, vanish outside g (U) and sg (U), respectively. For each
zeU,

LHaeen = [ [ 0E6T e © ()axe O ).

Since A is left-invariant and unimodular, this iterated integral is equal to

/c;rc<:> fcsc ) n(yx) f*(y"DENAATD (x)d AT P (y)
- /GSG =) /GSG © n(y=Ix)) f*(0)E(x)dASE D (x)d A5 @ (y)

= (L) (s (2).

Since sG(z) = qu(rg(z)), it follows that (n|L(f)§) = g ((L(f*)nl§)). Thus
assertion i) is proved.

i1), iii) Statement ii) follows from a routine calculation, and statement iii) follows
from 1), ii), and Remark 11.2.27 1). O

11.3 Hopf C *-families

In this section, we introduce the internal tensor product of C*-families and the
notion of a morphism of C *-families. These concepts are needed for the definition
of a Hopf C *-family, which is given afterwards. Throughout this subsection, let A,
B, C be C*-algebras.

11.3.1 The internal tensor product of C *-families

Let E be aright C*-A-B-bimodule and F aright C*-B-C-bimodule. Then we can
form the internal tensor product E © F, which is a right C *-A-C -bimodule. Given
C*-families € C L(F) and D C L(F), we shall define an internal tensor product
CeD C L(E & F), which is a C *-family again. This internal tensor product will
be generated by operators of the form

SeoT:ncé— SnoTE,

where S and T are suitable operators of the C *-families € and D, respectively. The
relation

SmbyeTE=(ScT)nbsé) =S cT)ncbf)=Snc Thé
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shows that the map S © T is well defined only if S intertwines the right multipli-
cation on F in a way that matches up with the way in which T intertwines the left
multiplication on F'. In the next definition and lemma, we formulate and investigate
this compatibility condition:

Definition 11.3.1. We call two partial automorphisms p, o € PAut(B) compatible
and write p v 0 if po* <id and p*o < id.

Lemma 11.3.2. Let p, 0 € PAut(B) such that p v o.
i) p*vo*;
ii) p(a) = o(a) forall a,b € Dom(p) N Dom(o);
iii) p(Dom(p) N Dom(c)) = Im(p) N Im(c) = o(Dom(p) N Dom(0));
iv) p(ab) = p(a)o(b) = o(ab) for all a € Dom(p), b € Dom(0o);
V) if o', 0’ € PAut(B) and p' v ¢’, then pp’ v o0’.

Proof. Assertions 1) and ii) follow immediately from the definition.

iii) By ii), p(Dom(p) N Dom(o)) = o(Dom(p) N Dom(c)) is contained in
Im(p) N Im(c). To obtain the reverse inclusion, replace p, o by p*, o*.

iv) Let (u,), be an approximate unit for Dom(p) N Dom(o). By iii), (o (u,)),
is an approximate unit for Im(p) N Im(o), and for all @ € Dom(p), b € Dom(o),

p(ab) = lim p(abu,) = lim p(a)p(bu,)
v v
= lim p(a)o (buy) = lim p(a)o (b)o (uy) = p(a)o (D).
v) Since p’0’* < id and p*o < id, the products (pp")(c0”)* = p(p'c’*)o™* and
(pp)*(o0’) = p'*(p*0)o’ are restrictions of po™ and p’'*o’, respectively. O

In general, compatibility is not transitive: the automorphism of the ideal {0} is
compatible with every other partial automorphism of B.

Proposition 11.3.3. Let Eq, E; be right C*-A-B-bimodules and Fy, F; right C*-
B-C -bimodules. Furthermore, let

o S € LES(E, Ez), where ps € PAut(A), os € PAut(B),
o T € LoV (Fy, F,), where pr € PAut(B), o € PAut(C).

If os Y pr, then there exists an operator S © T € Lg‘; (E1© F1, E; © F>) such
that

SeT)Y(nectl) =SnoTE forallne Eq, £ € Fy. (11.4)
SoT|<ISNT|and (S T)* =S*cT*

Moreover,
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Proof. To simplify notation, we put £ := E1 @ E,, F := F; & F>, and consider
S and T as elements of L5 (E) and L57 (F), respectively, in the natural way. Let
n,n € Eand £,& € F. Then

(N ©&'|Sne TE) = E|(n'ISn)T§) = ('los(S™n'In)TE).

Let (1)), be an approximate unit for Dom(pr). Then the homogeneity of 7" and S,
Proposition 11.2.3 v), and Lemma 11.3.2 iv) imply

os((S*n'In)TE = lim pr(uy)os((S*n'|n)TE
= lim Tu, (S™n'|n)§ = T(S™n'In)§.

We insert this relation into the equation above, and find

(N o &'|Sne TE) = E|T(S™ ' n)E) = or (TENS™n'In)E))

11.5
—or(S*f e T EmaE). )

Let us show that formula (11.4) defines a bounded map S © T'. By equation
(11.5), we have forall n; € E, § € F,wherei =1,...,n,

HZSm o Té
i

Now S*S € £Lp(E), T*T € :ﬁg(F), and by Proposition 12.2.1, the operators
S*Sel,1eT*T, S*SoT*T € £c(E © F) are well defined. Since

T | Sistsne T TEm o )|
i,J

S*SeT*'T=S*SeH(1eT*'T)=01cT*'T)(S*S 1),
we have
ISSTI? <IS*SeT*T| < |S*Sc 1 T*T| < ISI*IT|>.
Evidently, the image of S & T is contained in Im(ps)(E & F), and

SeTamnct) =SancTE
=ps(@)SncTé=ps@)(ScT)(ncé)
foralln € E, € € F,and a € Dom(pg). Replacing S and T by their adjoints, we

obtain a bounded map S*© T*: Ec F — E © F, and formula (11.5) shows that
S o T is (ps, or)-homogeneous with adjoint S* & T* as claimed. O

Next, we introduce the internal tensor product of C*-families. For later appli-
cations, we state the definition in a slightly wider generality.
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Notation 11.3.4. Let E;, E; be right C *-A-B-bimodules and Fy, F, right C*-B-
C-bimodules. Furthermore, let € € L(E1, E;) and D C L(Fy, F>) be families of
closed subspaces. Then the internal tensor product Co&D C L(E1 S F1, E2 & F»)
is the family given by

(CeD) :=span{ScT|SeCl ,TeD, os,pr € PAut(B),0s ¥ pr}

gs’
for all p € PAut(A4) and o € PAut(C).

The internal tensor product of families does not always behave as one might
naively expect:

Remark 11.3.5. Let £ be aright C*-A-B-bimodule, F aright C*-B-C -bimodule,
and A, C C L(E), B, D € L(F) families of closed subspaces. Then

[(Ae B)(Ce D) C [AC] e [BD].

This inclusion may be strict and fail to be an equality. As a simple example, consider
the case where all spaces comprising the families € and D are 0 except for Gg} and
DF2, where p; € PAut(A), o2 € PAut(C), and o1, p» € PAut(B) are fixed and not
compatible. Then C* © D* =0 = C o D, but C*C & D*D need not be 0.

The internal tensor product of C *-families is a C *-family again:

Proposition 11.3.6. Let E be a right C*-A-B-bimodule, F a right C*-B-C -bi-
module, and let C C L(E) and D C L(F) be C*-families.

i) CoD C L(E & F) isa C*-family.
it) If Cand D are non-degenerate, so is C S D.

iii) If A, B, C are decomposable, C is a (non-degenerate) O(E)-module, and
D is a (non-degenerate) O(F)-module, then C & D is a (non-degenerate)
O(E & F)-module.

iv) M(C) e M(D) € M(€C o D).
Proof. This follows easily from the definitions and from Lemma 11.3.2. O

It is easy to see that the internal tensor product is associative:

Proposition 11.3.7. Let A, B, C, D be C*-algebras, let E be a right C*-A-B-
bimodule, F a right C*-B-C -bimodule, and G a right C*-C-D-bimodule. Fur-
thermore, let B C L(E), € C L(F), D C L(G) be C*-families. Then the natural
isomorphism (E© F)oG = E & (F ©G) induces an isomorphism of C *-families
(Bol)oDxBo(CoD). O
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Remark 11.3.8. The internal tensor product is not quite associative on the level
of operators: It may happen that R, S, and T are operators such that the internal
tensor products R & S and (R © S) © T are well defined while the internal tensor
products S & T and R © (S © T) are not defined. This phenomenon occurs, for
example, if R = 0, but it is not restricted to such trivial cases.

The constructions introduced above can easily be adapted to the flipped internal
tensor product of right C*-bimodules and give rise to a flipped internal tensor
product of homogeneous operators and C *-families.

11.3.2 Morphisms of C *-families

It seems to be difficult to find a natural notion of a morphism of C*-families that
makes the internal tensor product bifunctorial. Therefore we adopt a pragmatic
approach:

Definition 11.3.9. Let C and D be C *-families on right C*-A-B-bimodules. A
family of linear maps ¢ : € — D is a family ¢ = (¢5), o of linear maps ¢5 : C5 —
DF, defined for all p € PAut(A), o € PAut(B). We call a family of linear maps
¢:C—>D

o A’-B’-extendible, where A’ and B’ are C*-algebras, if for each right C*-
A’-A-bimodule X and each right C*-B-B’-bimodule Y, there exists a linear
map

o7 (LX) Ce L)Y — (L(X)eD e LY))Y

such that ¢f (Re S T) = Ro ¢p5(S) e T forall R € LY (X), S €
CO T e Li’fj/(Y), where o', p € PAut(A), 0, 0’ € PAut(B), o’ vy p,o v p’;

* extendible if ¢ is A’-B’-extendible for every C *-algebra A’ and B’;
s injective if each component ¢4 is injective;
* amorphism if ¢ is extendible and ¢§ always is a x-homomorphism.

We call a morphism ¢ : C — M(D) non-degenerate if [¢p(C)D] = D.

Let B, C, D be C *-families on right C*-A-B-bimodules. The composition of
two families of linear maps ¢: B — Cand ¥ : € — D is the family Yy o¢p: B — D
given by (¥ o ¢)h := 5 o ¢8 forall p,o.

Remark 11.3.10. i) (£(X) © € & L(Y))4 and (L(X) & D & L(Y))d are C*-
subalgebras of £4, (X © E ¢ Y) and £4,(X & F & Y), respectively.

ii) Clearly, the composition of (extendible) families of linear maps/of morphisms
is a (extendible) family of linear maps/a morphism again, and the collection of all
C*-families on right C*-A-B-bimodules and all (extendible) families of linear
maps/all morphisms forms a category.
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To determine whether a family of linear maps is extendible, it suffices to check
that it is C-C-extendible:

Proposition 11.3.11. Let ¢: C — D be a family of linear maps between C*-
Sfamilies. Then ¢ is extendible if and only if it is C-C-extendible.

Proof. Assume that ¢ is C-C-extendible, and let A’, B’ be C*-algebras. We show
that ¢ is A’-B’-extendible. Let X’ be a right C*-A’-A-bimodule and Y’ a right
C*-B-B’-bimodule. Denote by X the C*-module X', considered as a right C*-C-
A-bimodule via multiplication by scalars. Choose a faithful representation of B’
on a Hilbert space H andputY :=Y'© H. For G = E, F and B = C, D, the
embedding £4,(X'6G YY) - £LE(X5GaY o H), T — T &idy, maps
(L(X)eBe L) to (L(X)e B e L(Y))Y. Restricting the map ¢35 (which
exists by assumption), we obtain the desired map ¢;f,/. O

For the study of morphisms of C *-families, the following embedding result is
useful:

Theorem 11.3.12. There exist a right C*-A-A-bimodule I A, a right C*-B-B-
bimodule I B, and operators V, € L4(3A), W, € L%(S B), defined for each
o € PAut(A), p € PAut(B), such that for each right C*-A-B-bimodule E, the
maps

0 LE(E) - £4(SAGEGSB), T V,6TcW,,
defined for each p € PAut(A), o € PAut(B), satisfy

lg (DI =TI, G(T)* = (T*). LTI (T") = 150, (TT)

oo’
forall T € LE(E), T' € LP,(E), p. p/ € PAut(A), 0,0’ € PAut(B).
Proof. See [153, Theorem 5.10]. O
Morphisms of C *-families behave in many respects as one should expect:
Proposition 11.3.13. Let ¢: C — D be a morphism of C*-families. Then
DR = $L0(c ). $5(©)* = ¢0u(e). 195 < llell
95() = 95() if (p.0) < (/.0

foral c € C5, ¢ € Gg/,, 0,0 € PAut(A), 0,0’ € PAut(B). In particular
id G;g — @;g is a x-homomorphism of C *-algebras.
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Proof. This follows from the existence of a x-homomorphism ¢§ g that makes the
diagram below commute for all p € PAut(A) and o € PAut(B):

(4 Cp—> L)) S (LRBA)eCeL(3IB) ;g
" o33
DS = [(D)] € (L(34) & D S L(IB))L. O

Remarks 11.3.14. i) A morphism ¢: € — D of C*-families is injective if and
only if the component ¢ is injective because

162(e)N12 = 19L(e)*$L(O)I = 122 (c* )| = pid(c*e)l]

for all ¢ € @2 and all 0,0.
i) A morphism ¢: € — M(D) of C*-families is non-degenerate if and only

if the natural map ¢{9: Cl4 — M(D) — M (D) is a non-degenerate *-homo-
morphism of C*-algebras. This follows from Remark 11.2.11 iii).

The internal tensor product of C*-families is bifunctorial:

Proposition 11.3.15. Let¢p: A — Cand 1 B — D be extendible families of lin-
ear maps/(non-degenerate) morphisms of C *-families on right C *- A- B-bimodules
and right C*-B-C -bimodules, respectively. Then there exists an extendible family
of linear maps/(non-degenerate) morphism

poyYy: AcB—->CcD
such that

(@ ¥ (acb) =5 ey, (b)
foralla € A5, b € ’Bg/,, p € PAut(A), o, p’ € PAut(B), o’ € PAut(C), o v p'.

Proof. If we can prove the assertion for the case that B = D, 1y = idg and for the
case that A = C, ¢ = id 4, then we can simply put ¢ © ¥ := (¢ S id) o (id &Y).
We treat the first case, the second one is similar.

Let p € PAut(A) and ¢’ € PAut(C). Denote by F the right C*-bimodule on
which B acts. If 0, p’ € PAut(B) and o v o/, then the diagram

AL B 10, (A B)) S (L(3A) 5 ACL(F c3C)Y
[
¢§@id\L J/ﬁfésc

’ tﬁf .
Ch o BL,——1,(CcB))) S (L(34) S CoL(Fe30))

commutes, and we can insert a unique linear map (¢ ©id)?, : (ASB)?, — (C&B)?,
that does not depend on o, p’ such that the diagram still commutes.
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The family ((¢ ©id)?,),,0 thus defined is extendible. Indeed, let X be a right
C*-C-A-bimodule and Y aright C*-C-C-bimodule. Then F © Y is a right C*-
B-C-bimodule, and the linear map

¢roy: (L(X)SAGL(FEY))]— (LX) e CeL(FaY))
restricts to a linear map
(¢ cid)y: (LX) ASBE LX) — (LX) €Co B L))

which has the desired properties. If ¢ is a morphism, then ¢f§ sy and hence also
(X id))Y( are *x-homomorphisms, so that ¢ © id is a morphism. O

Non-degenerate morphisms of C *-families can be extended to multipliers:

Proposition 11.3.16. Let ¢: C — M(D) be a non-degenerate morphism of C*-
families. If the C*-family D is non-degenerate, then ¢ extends uniquely to a mor-

phism M(C) — M(D).

Proof. Uniqueness follows, once existence is proved, by a standard argument. De-
note by F the underlying right C *-bimodule of D. Choose an approximate unit
(uy), for the C*-algebra €I such that 0 < u,, < 1 forall v.

Foreach p € PAut(A4), o € PAut(B), we construct an extension ¢5 : M(C)5 —
M(D)? of p2 asfollows. Letc € M(C)5. Since ¢ and D are non-degenerate, the net
(¢ (cu,)), converges strictly to some ¢ (c) € L (F) (see Proposition 11.2.8 1)).
Now ¢4 (c) € M(D)¥ because

$5(0)Dig = ¢5()[$d(Ci)Dig] < [#5(cCYDi] < D,

and likewise D4¢5 (c) € D5.

We show that the family ¢: M(C) — M(D) thus defined is a morphism.
Let X be a right C*-C-A-bimodule and Y a right C*-B-C-bimodule. By as-
sumption on ¢, the x-homomorphism ¢}),( is non-degenerate and extends to a *-ho-
momorphism

X M((L(X) 5 Ce L)) — MU(L(X) e M(D) & L)),

Forall R € LY(X), S € M(€)5, T € Lﬁ;(Y), where o/, p € PAut(A), o,p’ €

PAut(B), and o’ v p, o v p/, the operators 3 (RS S & T) and RS ¢5(S) T are
equal because they coincide with the strict limit of the net (R & d5(Su,) & T),.

Hence, ¢ff restricts to a x-homomorphism

¢y : (L(X) & M(C) & L)) — (L(X) & M(D) & L)) =
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We are primarily concerned with the following examples of morphisms:

Examples 11.3.17. i) An inclusion of C *-families is a morphism.
Let C be a C*-family on a right C*-A-B-bimodule E.

ii)

iiii)

Let F be aright C*-A-B-bimodule and V € éﬁg (E, F) an isometry. Then
Ady (@) := [VCV*] C L(F) is a C*-family, and the formula ¢ + VcV*
defines an isomorphism Ady: € — Ady(C). If C is a (non-degenerate)
O(E)-module, then Ady(C) is a (non-degenerate) O(F)-module; if V is
unitary and C non-degenerate, then Ady (C) is non-degenerate.

Let F bea C*-module over C and 7 : C — £pg(F) a*-homomorphism such
that 7 (C') commutes with each operator in €. Consider F ©, E as a right
C*-A-B-bimodule viaa(nc§) := ncaéforalla € A,ne F,§ € E. Bya
slight abuse of notation, we denote by 13 € C L(F &, E) the internal tensor
product of C with the C*-family generated by the identity operator on F.
Then 1 5 €Cis a C*-family, and the map T + 1 & T defines a non-degenerate
morphism C — 1 & C. If ({F|F)) € £p(E) is non-degenerate, then this
morphism is injective. If the C*-family C is non-degenerate, then 1 © C is
non-degenerate.

11.3.3 Hopf C *-families

The notion of a Hopf C *-family is the straightforward generalization of a bisimplifi-
able C*-bialgebra (Definition 4.1.1). For our applications to pseudo-multiplicative
unitaries, we define two variants which differ only in the usage of the flipped or
non-flipped internal tensor product:

Definition 11.3.18. A Hopf C*-family over a C*-algebra B is a non-degenerate
C*-family A on a right C*-B-B-bimodule equipped with a non-degenerate mor-
phism A: A — M(A & A) called the comultiplication such that

)

ii)

[AA) (1Al =AcA=[AAMAsc )],
(idoA) o A = (A ©id) o A, that is, the following diagram commutes:

A

A M(A & A)
Al lM®A
MA & A) MA S AGCA.

A flipped Hopf C*-family over a C*-algebra B is a non-degenerate C*-family A
on aright C*-B-B-bimodule equipped with a non-degenerate morphism A: A —
JV[(A e A) called the comultiplication such that
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i [AA1eAd)=AcA=[AA) A,
ii) (idoA)o A = (A @id)o A.
Remark 11.3.19. Condition i) implies that the morphisms A and A are non-

degenerate; therefore we can extend the morphismsid A, AGidandid © A, Aeid
to M(A & A) and M(A © A), respectively.

11.4 The legs of a decomposable pseudo-multiplicative
unitary

Let (E, /§, B) be a C*-trimodule over a C *-algebra B and V' : E;0FE > EGRE

a pseudo-multiplicative unitary. We shall construct legs (ﬁ(V), A) and (AV), N),

similarly as for a multiplicative unitary (see Section 7.2.1) or a pseudo-multipli-

cative unitary on a Hilbert space (see Section 10.3.2). The construction will be

interesting, however, only if the right C*-bimodule g E or the right C *-bimodule

/§E is decomposable. If that is the case and if the unitary V satisfies a certain

regularity condition, then (fl V), 3) and (A(V), A) are (flipped) Hopf C *-families.
For detailed proofs, we refer to the article [153].

The families .AA(V) and A(V). The families le\(V) and A(V') are spanned by
operators of the following form:

Lemma 11.4.1. Let p,o € PAut(B).
i) Let§ € H,(gE), & € Hy(gE). Then we have homogeneous operators

1) 2] 14 815
A E—m— E;9FE)— ; (FE6ogEl) —— F,
B (p,id)-hmg. pn B ) (id,id)-hmg. /3[11( sE) (id,0)-hmg. P

where |§)(210 = {©§ and |§']1210 = (S forall§ € E. Put[§'|z) := |§]5y.
The composition 4 gy = [£'|[2)V |€)[2) belongs to LY (/§ E) and satisfies

({{lagst) =o((f' &V ©§) foralll.l' € E.

ii) Letn € U-Cp*(ﬁ E), 1 € :H"*(B E). Then we have homogeneous operators

(7] vV 17"}
FF— E, 9 FE)—— ;, (Ecglk) — 3F,
B (id,0)-hmeg. oo B ) (id,id)-hmeg. 3[11( pE) (p,id)-hmg. b

where ¢ = noand|n' )yl = n'SE forall§ € E. Pur(n'ny == |n')};
The composition agy,ny = (0| V |nlu) belongs to L5 (g E) and satisfies

({lagrmt) = (e l'lVine ) foraltl €E.
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Proof. All assertions follow easily from Proposition 11.2.16, equation (10.6), and
Proposition 11.2.8. O

We define families ﬁ(V) c L(ﬁ E)and A(V) € L(gE) by
A(V)s == span{a | £ € Ho(pE), £ € Ho(gE)} S LE(GE)

and
A(V)E = span{agy,y | n € Hox (BE)’ n e J—C,,*(ﬁE)} C LL(BE)

for each p, 0 € PAut(B).

Applying the ket-bra notation to families of homogeneous elements, we can
rewrite the definition of A(V) and A(V) as follows. Define |g€) € Lia(B, gE)
and |g€] € L¥(B, 4 E) by

E) = {18) 1§ € I (8 ED}. gl = {IE'] | €' € Hon (5 E)}

(see Proposition 11.2.15). Put (g€| := [g€)* and [gE| := |gE]*. Replacing g E by
BE’ we similarly define |ﬁ8)’ (BEL |B8], [58|. To all of these families, we apply
the leg notation just like to individual ket-bra operators. Then

AV) = [[s€lV )] and AWV) = [(ElV1;Em]-

Foreach 6 € PAut(B), b € Hg(B), we have an (id, 6*)-homogeneous operator
(see the proof of Proposition 11.2.23)

ab): E—-E, &+ Eb.

Lemma 11.4.2. Letb € B, §,&' € GE . n' € gE be homogeneous. Then
de,eB(b) = aegp), depa(b) =deprg, desbb) = Bblag.s.

BD)agyyy = amB (b)), ad)ag,y = aw,py.  Bd)agn = @ bxy-

Proof. This follows from similar calculations as in the proof of Lemma 10.3.7, see
[153, Lemma 4.3]. O

To shorten the notation, we denote the family JH(B) by B. Define ﬁ(B) -
Lig(3E) and a(B) € LU(4E) by
B(B)G = 1{B(b) | b € Hy(B)},  a(B)y :={a(b) | b € Hox(B)},

and similarly define B(B) € Lia(4E), a(B) € LY (BE).
Given aright C*-bimodule F and a family € € L(F), we denote by ¢’ C L(F)
the family of all homogeneous operators that commute with all operators of C.
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Proposition 11.4.3. i) [A(V)a(B)] = [A(V)B(B)] = A(V) C B(B). IFA(V) is
a C*-family, then it is a non-degenerate O( 5 E)-module.

i) [@(B)A(V)] = [BB)AV)] = A(V) S B(BY. If A(V) is a C*~family,
then it is a non-degenerate O(g E)-module.

Proof. This follows easily from Lemma 11.4.2, see [153, Proposition 4.4]. O
The families ﬁ(V) and A (V') are non-degenerate in the following sense:

Proposition 11.4.4. i) [fL(V)*E | = E if g E is decomposable.

i) [A(V)E] = FE ifBE is decomposable.

iii) If g E and /§E are decomposable, then [ﬁ(V)* fH(BE)] = fH(ﬁE) and
AV)H(BE)] = H(BE).
Proof. See [153, Proposition 4.5]. O

Next, we show that fL(V) and A(V) are closed under multiplication. The proof
involves the following observation. If g E is decomposable, then
[VIH(E) © E]] = [V H(g, (Eﬁ © E))] (Proposition 11.2.20)
= H(py (E S pE)) (Equation (10.6)) (11.6)
=[H(BE)c H(BE)] (Proposition 11.2.19 ii)).

Proposition 11.4.5. i) [A(V)A(V)] = A(V) if g E is decomposable.
i) [AAV)] = A(V) if 4 E is decomposable.

Proof. We only prove assertion i). By definition, [fl(V)fL(V)] C L( BE ) is the
family of closed subspaces spanned by all compositions of the form

[9]F) 14 [¢'1 1) 14 [§ ]2

Aepde): E >EQE—>EGgE——>E—— >E QE—>ECgE—E,

where £, &', ¢, ¢ € g E are homogeneous. Moving [{’|[2] to the left and |§) 5] to the
right, we can write d g/ £)d ¢/ ¢) in the form

IZ=RQIPS V13 V121 £ |

[
E————E;0(EcpE)——(E; @E)@BE—>E®BE®5E—>E

Using the pentagon equation (10.7) and Proposition 11.2.19 ii), we find that the
product [A(V)A(V)] is equal to the family spanned by all compositions

|w) 2 V[zs] Vi2) V23] [’ |12

1
E—)EB@(E@BE)—)EB@Eﬁ@E—>E®ﬁE‘§©E—>E®ﬂE®BE—>E,
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where w, w’ € g (E © p E) are homogeneous. Now equation (11.6) implies that
[fAL(V)fL(V)] is equal to the family spanned by all compositions

1) 121 idg ©[n)p2 V2] ide (0|12 (% |21
E E/;@E EB@E/;@E—>E®BE[§@E E@BE E,

where 9,9’ € g E are homogeneous and 1, " € E are arbitrary. Since

(d (| Viay = Vido(r |, (de (@) id i) = idep((n'),

the composition above is equal to

1921 By (' Im)V [9]12)
E EB©E E@ﬁE

that is, to a(g/lyn), where " = B((n |n))?. Note that 3" € gE is homogeneous

because ,B commutes with . Using the fact that £ is full and that ﬂ is non-
degenerate, we find that [A (V)A(V)] is equal to the famlly spanned by all operators
a, vy, where 9/, 9" € g E are homogeneous. This is A(V). O

The comultiplications A and A. Denote by B C L( F E)and B C L(gE) the

C *-families generated by ﬁ(V) and A(V), respectively. By Lemma 11.4.1, B and
B commute with 8(B) and B(B), respectively, so that we can define morphisms

@—>L(I§[2](E®,3E)), i 164, B—Lig,(Ez0E), arasl,

(see Example 11.3.17 iii)). Composing with conjugation by V* or V, respectively,
we obtain morphisms (see Example 11.3.17 ii) and equation (10.6))

A:&V:@ae(l@mw[g@f:)), i V*1sayv,
A=Ay:B— L (EcE)). ar V@al)V*

~

Proposition 11.4.6. i) If g E is decomposable and [AB)(1 0 B)] =B 0B =
[3(@)(@ © 1)], then (@ , 3) is a flipped Hopf C* -family.

i) IfBE is decomposable and [A(B)(15B)] = Bo B = [A(B)(Bo 1)], then
(B, A) is a Hopf C*-family.
Proof. We only prove assertion i); the proof of assertion ii) is similar. Let us
make the assumptions stated in i). By Proposition 11.4.4, the C *-family B is
non-degenerate, and by the second assumption, A is a non- degenerate morphlsm

B — M(B e B) It remains to show that A is coassociative. Letd € B , Where
p, 0 € PAut(B). By definition A(a) V*(1 & a)V, and hence

(A ©id)(A@) = Viiy V(1 © 16 a) Vs Via,
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where V231 V12 Eﬁ @Eﬁ OFE - Ecg Eﬁ ©F — EGSgE ©gE. Wesqueeze
in conjugation V[;,) and find
A 0id)(A@) = VinVin Vg1 © D & D ViyVen V-

where V[Tz](V[zz»]V[lz]): Eg0E; ©E - EGE O gE — (EB © E) o

g E. By the pentagon equation (10.7), V[Tz] V231 V[12] s equal to the composition

Via)Via)t Eg © E 0 F — Eg © (EGgE)— (E,é © E) & g E. Therefore,
(A ©id)(A@) = ViyVin((1© 1) 6 )V Vpy = (dod)(A@). O
When we pass from V to VP, the legs get switched as follows:
Proposition 11.4.7. We have
AWVP) = A(V)*, Ayw = Ads oAy,
AV®) = AV)*, Apw = AdgoAy.

Proof. The proof is similar to the proof of Lemma 7.2.5. O

Regularity and decomposability conditions on V. Evidently, it is desirable
to have simple criteria that tell whether the legs of a given pseudo-multiplicative
unitary are Hopf C*-families or not. We shall see that the regularity condition
known from multiplicative unitaries (Section 7.3.1) can be adapted to that purpose,
but has to be refined by additional assumptions.

First, let us explain how the regularity condition can be adapted to the present
setting. As before, let V: E 5 © E — E © g E be a pseudo-multiplicative unitary.
For each £, 7 € E, we have adjointable operators

|E)[2]2E—>EB@E, (> Co¢, |n/)[1]2E—>E®ﬁE, §|—>7)I®Z.

Put (|17 := | )E‘l]. The regularity condition involves operators of the form

corey = NV € £B(E)

and the space

(V) :=spanf{cuy e | .1 € E} = [(ElVIE) 2]
Definition 11.4.8. We call a pseudo-multiplicative unitary V : E 5© E — EGgE
semi-regular it KXp(E) C €(V), and regular if Kp(E) = €(V).

To ensure that the left leg (fL(V), A) or the right leg (A(V), A) of V' is a Hopf
C*-family, we need to impose stronger assumptions than regularity alone. The first
step towards this refinement is the following observation:
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Lemma 11.4.9. i) c(y ) € LYGE) forall & € E, ' € Hox(gE), 6 € PAut(B).
i) copre) € L?d(BE)for all § € Ho(4E), n' € E, 6 € PAut(B).

Proof. i) If £, 17/, 0 are as in i), then we have homogeneous operators

1€) 2] 14 ('l
E——m— E,9F) — E E) ——— 3 F
B (id,id)-hmg. pun g ) (id,id)-hmg. pin (E © 4 E) (0,id)-hmg. B

by Proposition 11.2.16 and equation (11.1), and the composition ¢, ¢) is (6, id)-
homogeneous by Proposition 11.2.8.
ii) If €, 77/, 0 are as in ii), then we have homogeneous operators

1€)21 1% ('l
B (6,id)-hmg. 5[2]( B ©E) (id,id)-hmg. 5[2]( ©8 ) (id,id)-hmg. B
and the claim follows as above. O

We define families C(V) € Lia(s E) and €(V) € Lia(; E) by

C‘?(V)g1 :=spanf{cyy g | E € E, n' € Hg=(gE)}.

C(V)iy == Spantcqy g | € € Ho(3E), 1f € E}
for all 6 € PAut(B). In the notation introduced before Lemma 11.4.2, we have
C(V) = [(g€lmVIE)] and €(V) = [<E|[1]V|ﬁ8)[2]]-

The following definition involves the C*-families é(V) and C(V), the C*-
families Kiq(g £) and Kiq( /§E ) that were defined before Proposition 11.2.19, the

family F(g E) € H(g E) defined by
Fo(p E) = Span {£105((E2162)) | & € Ho, (4 E). 6 € PAW(B), 016,603 < 6}
S Ho(gE),
and the family F( i E) € H( i E) which is defined similarly.

Definition 11.4.10. We call a pseudo-multiplicative unitary V' : E 59 E— EcgkE
decomposably left regular if the following conditions hold:

i) g E is decomposable, i) @(V) =Kia(gE), i) F(gE) =H(E).
We call V decomposably right regular if the following conditions hold:

i) 5 E is decomposable, i) C(V) = Kia(z £),  iii) F(E) = H(; E).
Theorem 11.4.11. LetV : EB ©F — EOGgE beapseudo-multiplicative unitary. If

V' is decomposably left / right regular, then (le\(V) 3) /(AV), A) is aflipped /ordi-
nary Hopf C*-family.

Proof. See [152]. O
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The legs of the pseudo-multiplicative unitary of a groupoid. Let us determine
the legs of the pseudo-multiplicative unitary Wg associated to a decomposable
groupoid G (see Example 11.1.5). We use the same notation as in Example 11.1.5
and in Proposition 11.2.32, and denote by 7 : Co(G) = B — £5(L*(G, 1)) the
representation given by multiplication operators.

Proposition 11.4.12. Let G be a locally compact, second countable, Hausdorff
groupoid with left Haar system A. If G is decomposable, then the pseudo-multipli-
cative unitary Wg is decomposably left regular and decomposably right regular.

Proof. See [152]. O

Proposition 11.4.13. Let G be a locally compact, second countable, Hausdorff
groupoid with left Haar measure A.

i) The family fL(Wg) is a C*-family, and
AWg)? € AWg)d = n(Co(G)) forall p.o € PAut(B).

Forall f € Co(G), ¢ € LG, A)s © L3(G, ) and (x, y) € G2

s,
AN, y) = fOep)E(x, y).
In particular, (A\(Wg), ﬁ) is a Hopf C *-family.
i) If G is decomposable, then A(Wg) is a C*-family, and

A(Wg)s =span{L(f) | f € Cc(U), U < G open homogeneous,

qus < pand qu« < 0}

forall p,o € PAut(B). For every open homogeneous subset U C G and all
feC.(U),telL*G,Lc,L*G,A), (x,y) € G2

ALNHE.y) = /G oo TERET X TN G).

Proof. This follows from Theorem 11.4.11, Proposition 11.4.12, and similar cal-
culations as in the case where G is a group (see Example 7.2.13). O

11.5 Coactions of Hopf C *-families

This section gives a brief overview on coactions of Hopf C*-families, which were
introduced and studied in [152]. We state the pertaining definitions and explain
how such coactions simultaneously generalize actions of groupoids on C *-algebras
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and Fell bundles on decomposable groupoids. Let us mention that one can define
reduced crossed products for coactions of Hopf C *-families and prove an analogue
of the Takesaki—Takai—Baaj—Skandalis duality theorem in a similar way as it was
done for coactions of C *-bialgebras in Chapter 9; see [152].

Throughout this section, let A and B be a C *-algebra.

The concept of a coaction carries over to Hopf C *-families as follows:

Definition 11.5.1. Let (A, A) be a Hopf C *-family on a right C*-B-B-bimodule
and C a non-degenerate C *-family on a right C *-A- B-bimodule.

A (right) coaction of (A, A) on Cis a non-degenerate morphism §: € — M(CS
A) such that [§(C)(16A)] C Cc Aand (§ ©id) 08 = (id SA) 0 §. We call (€, §)
an (A, A)-C*-family if § is injective and [6(C)(1 © A)] = C & A.

Let D be a non-degenerate C *-family on a right C*-A-B-bimodule, and let
de and 8 be coactions of (A, A) on C and D, respectively. A non-degenerate
morphism ¢: € — M(D) is called covariant if §p o p = (¢ ©id) o e.

Remark 11.5.2. Similarly as above, one can define left coactions of Hopf C *-fami-
lies and right and left coactions of flipped Hopf C *-families.

To consider coactions of Hopf C*-families on C*-algebras, we need to con-
struct an internal tensor product of C*-families with C*-algebras. The necessary
definitions are straightforward. Nevertheless, for Hopf C *-families, it seems to be
more natural to consider coactions on C *-families than coactions on C *-algebras.

Definition 11.5.3. A C*-B-algebra is a C*-algebra C equipped with a non-
degenerate *-homomorphism B — M(C). A morphism between C*-B-algebras
C and D is a non-degenerate *-homomorphism 7: C — M(D) that satisfies
w(bc) = br(c) forallb € B and ¢ € C. Given a C*-B-algebra C, we define a
family 7(C) = (H(C))gersua) by

Ho(C) :={c € [C Dom(0)] | cb = 8(b)c forall b € Dom(0)}, 6 € PAut(B).

Let C be a C*-B-algebra. Then we can consider C as a right C*-B-C-
bimodule, and each element ¢ € JHy(C), where 6 € PAut(B), can be considered as
a (0, id)-homogeneous operator via left multiplication. Thus we can identify H(C)
with a subfamily of Li4(C). Evidently H(C) C L;j4(C) is a C*-family.

Definition 11.5.4. Let C be a C*-family on a C *-A-B-bimodule E, and let C be a
C*-B-algebra. The internal tensor product C S C is the subspace of £c(E & C)
given by

CoC :=span{c’'cc|c €€l ¢ eHy(C), where
p € PAut(A), 0,0 € PAut(B), o v 6}.
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The internal tensor product constructed above has the following properties:
Proposition 11.5.5. Let C, E and C be as in the preceding definition.

i) The space C & C is a C*-algebra.

ii) If B is decomposable and C is a non-degenerate O(E)-module, then the
natural representation A — L¢c(E © C) turns C S C into a C*-A-algebra.

iii) For every morphism of C*-B-algebras w: C — M(D), there exists a non-
degenerate x-homomorphism

idorn:CeC - M(Cs D)

such that (idsm)(c’ & ¢) = ¢’ & n(c) forall ¢’ € C5, ¢ € Hg(C), where
o € PAut(A), 0,0 € PAut(B), o v 6. If B is decomposable and C is a
non-degenerate O(E)-module, then id &1 is a morphism of C*-A-algebras.

iv) Let D be a C *-family on some right C*- A- B-bimodule F. Assume that A and
B are decomposable and that C and D are non-degenerate O(E)- or O(F)-
modules, respectively. Then every non-degenerate morphism of C*-families
Y € — M(D) induces a morphism of C*-A-algebras

Yyoid:CeoC > MDaeC)
such that (Y S id)(c’ ©¢) = ¥(c") S cforall ¢’ € C5, ¢ € Hg(C), where
o € PAut(A), 0,6 € PAut(B), o v 6.

v) The internal tensor product is associative in the natural sense.

Proof. See [152]. O

Similarly as above, one can define a flipped internal tensor product C © € which
has analogous properties. In the following definition, we use this flipped internal
tensor product because we want to focus on right coactions:

Definition 11.5.6. Let (A, A) be aHopf C *-family onaright C *- B-B-bimodule E.
Assume that B is decomposable and that A is a non-degenerate O(E)-module.

i) A (right) coaction of (A, A) on a C*-B-algebra C is a morphism of C*-
B-algebras §: C — M(C © A) such that §(C)(1 @ A) € C © A and
(beid)od = (idoA)od.

ii) A morphism of C*-B-algebras n: C — M(D) is called covariant with
respect to coactions §¢ and §p of (A, A) on C and D, respectively, if Sporr =
(mr@id)odc.
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Coactions, groupoid actions, and Fell bundles on groupoids. Coactions of
Hopf C *-families generalize groupoid actions and Fell bundles on decomposable
groupoids, very much like coactions of C *-bialgebras generalize group actions and
Fell bundles on groups (see Section 9.2). Let us briefly outline these relations.

Consider a locally compact, second countable, Hausdorff groupoid G with
left Haar system A, and assume that G is decomposable. The associated pseudo-
multiplicative unitary W (Example 11.1.5) gives rise to a flipped Hopf C *-family
(AWg), 3) and a Hopf C*-family (A(Wg), A) (Proposition 11.4.13, 11.4.12).
Note that the Hopf C*-family (A(Wg), A) can also be considered as a flipped
Hopf C*-family: We have a natural isomorphism

L*(G, ))& ,L*(G.,A) = L*(G, 1), © L*(G, 1),

which induces an isomorphism A(Wg) © A(Wg) = A(Wg) © A(Wg).
The concepts of a group action and of a Fell bundle generalize to groupoids
easily, see, for example, [98] and [85].

Theorem 11.5.7. Let G be a groupoid as above.

i) Injective coactions of the flipped Hopf C*-family (ﬁ(Wg), A) on a C*-
Co(G®)-algebra C correspond bijectively with continuous actions of the
groupoid G on C.

i1) Assume that G is r-discrete. Then injective coactions of the flipped Hopf
C*-family (A(Wg), A) on C*-Cy(G°)-algebras correspond bijectively (up
to isomorphism) with upper semi-continuous Fell bundles on G.

Proof. See [152]. O



Chapter 12
Appendix

12.1 C*-algebras

Standard references on C*-algebras are, for example, [34], [113], [121], [137],
[149].

Basic definitions and facts. A x-algebrais acomplex algebra A with a conjugate-
linear antiautomorphism % : A — A called the involution of A. A x-homomorphism
between two x-algebras is a homomorphism of complex algebras that intertwines
the respective involutions.

A Banach algebra is an algebra A equipped with a norm || - || such that A
is complete and ||ab| < |la|| - ||b|| for all a,b € A. A Banach *-algebra is a
Banach algebra A that is simultaneously a x-algebra such that ||a| = ||a*|| for all
a € A. A Banach *-algebra A is a C*-algebra if ||a*a| = |la||* foralla € A. A
C*-(semi)norm on a *-algebra A is a (semi)norm that satisfies ||a*|| = |la|| and
la*al|l = |la||? foralla € A.

An approximate unit of a Banach algebra A is a net (u,,), of elements of A that
satisfies lim, #,a = a = lim, au, foralla € A.

Let A be a C*-algebra. Anelementa € A is central if ab = ba forallb € A, a
partial isometry if aa*a = a, an isometry if a*a = 1, aunitaryif a*a = aa* = 1,
self-adjointifa = a*, aprojectionifa® = a = a*, positive if it can be written in the
forma = b*b for some b € A. The natural order on A is givenbya > b :< a—b
is positive.

Every C*-algebra contains an approximate unit consisting of positive elements
which have norm less than 1.

By an ideal of A we mean a two-sided ideal in the algebraic sense that is closed
with respect to the involution and with respect to the norm; thus, every ideal is a
C *-algebra again.

If A is non-unital, then the unitization of A, denoted by A™, is the C *-algebra
with underlying vector space A @ C and multiplication, involution, and norm given
by

(@A) - (b.p) := (ab + b +ap. Ap), (a.)* := (@*. 1),
(@, M) :=sup{llac + Ac| | c € A, |c|| <1} foralla,be A, A,u € C.

The algebra A is contained in A as a two-sided ideal.
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The multiplier algebra M(A) of A defined in Section 2.1.1 is a C*-algebra
with respect to the operator norm | 7| := sup{||Tal|l | a € A, |la] < 1}. The
strict topology on M(A) is the topology defined by the seminorms ¢,, ¥, (a € A),
where ¢4 (T) = ||Tall and ¥, (T) = ||aT| foralla € Aand T € M(A). The
C*-algebra A is dense in M(A) with respect to the strict topology: if (u,), is a
bounded approximate unit for A and T € M(A), then (T'u,), is a net in A that
converges strictly to 7.

Every x-homomorphism of C *-algebras is automatically norm-decreasing. Let
A and B be C*-algebras. A *x-homomorphism 7: A — M(B) is called non-
degenerate if w(A)B is linearly dense in B. In that case, 7w extends uniquely to a
strictly continuous *x-homomorphism M (A4) — M(B).

For each unitary U € A, we define Ady: A — Abya +— UaU?*; thisis a
*-automorphism.

Commutative C *-algebras and Gelfand duality. The category of all commuta-
tive C*-algebras with non-degenerate *-homomorphisms is equivalent to the cat-
egory of all locally compact Hausdorff spaces with proper continuous maps. This
correspondence is established as follows:

Let X be a locally compact Hausdorff space. Then the algebra Co(X) of
complex-valued functions on X vanishing at infinity, equipped with the supre-
mum norm, is a commutative C *-algebra. The multiplier algebra M(Cy(X)) is
canonically isomorphic to the C *-algebra Cp(X) of all bounded continuous func-
tionson X. Amap ¢: X — Y between locally compact Hausdorff spaces induces
a non-degenerate *-homomorphism ¢*: Co(Y) — M(Co(X)) via (¢* f)(x) =
f(¢(x)). The image of ¢* is contained in Cy(X) if and only if ¢ is proper.

Conversely, let A be acommutative C *-algebra. A character on A is a non-zero
x-homomorphism A — C. Denote by A the set of all characters of A endowed
with the weakest topology that makes all functions of the form y x(a), where
acAand y € A, continuous. Then A is a locally compact Hausdorff space, and
the Gelfand—Naimark theorem says that the natural map A — Cy (A) is a natural
isomorphism. Each *-homomorphism ¢: A — B of commutative C *-algebras
induces a proper continuous map ¢*: B — Avia X xodo.

Representations. For every Hilbert space H, the space £(H) of all bounded
linear operators on H is a C*-algebra, and the subspace K(H) C £(H) of all
compact linear operators is an ideal. Moreover, £(H) = M(K(H)).

A (bounded) representation of a x-algebra A on a Hilbert space H is a *-
homomorphism w: A — £(H). The representation s is called faithful if m is
injective, and non-degenerate if 7(A)H is linearly dense in H. Note that if A is a
C *-algebra, then every x-homomorphism A — £(H ) is automatically bounded.
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Positive functionals and states. Let A be a C*-algebra. We denote by A’ the space
of continuous linear functionals A — C. A linear map ¢: A — B of C *-algebras
is called positive if it preserves the order. A positive map is always continuous.
More precisely, if ¢ € A’ is positive, then ||¢p| = lim, |¢(u,)| < oo for every
approximate unit (u,), of A. In particular, ||¢|| = ¢ (1) if A4 is unital. A state on a
C *-algebra A is a positive linear functional of norm one.

By the Hahn-Banach theorem, there exists for eacha € A a ¢ € A’ such that
¢(a) = |la|| and ||¢|| = 1. For each w € A’, there exist positive functionals
W1,...,w4 € A such that ® = w1 — wy + i (w3 — w4).

GNS-construction. A GNS-construction for a state ¢ on a C *-algebra A4 consists
of a Hilbert space H, a linear map A: A — H with dense image, and a represen-
tation w: A — £(H), such that (A(a)|A(D)) = ¢(a*b) and w(a)A(b) = A(ab)
forall a,b € A. It is easy to see that the GNS-construction is unique up to a uni-
tary transformation. For every GNS-construction (H, A, ), there exists a unique
vector { € H, called the cyclic vector, such that A(a) = n(a)¢ for all a € A;
moreover, ||¢]| = 1 and (|7 (a)) = ¢(a) for all a € A. If (u,), is a bounded
approximate unit for A4, then (7 (u,,)£), converges in norm to £ foreach & € H.

A particular GNS-construction for ¢ can be obtained as follows. By the Cauchy—
Schwarz inequality, the set N := {a € A | ¢(a*a) = 0} C A is a subspace (even
a left ideal). Denote by H the completion of the quotient A/N with respect to
the inner product {(a + N|b + N) := ¢(a*h). Then H is a Hilbert space, the
map A: A — H, a — a + N, has dense image, and there exists a representation
w: A— L(H) suchthat (H, A, ) is a GNS-construction.

The universal GNS-representation for a C*-algebra A is obtained as follows.
For each state ¢ on A, choose a GNS-representation (Hg, Ay, 7p). Put H =
@D, Hy, and define n: A — L(H) by (n(a)§)y = my(a)éy foreverya € A, § =
(§4)¢ € H, and every state ¢. Then 7 is called the universal GNS-representation
for A. This representation is always faithful; in particular, A is isomorphic to
w(A) € £(H).

Enveloping C *-algebra of a %-algebra. Let A be a x-algebra. If foreverya € A,
the supremum

la| := sup{||z(a)| | #: A — B is a x-homomorphism, B a C*-algebra}

is finite, then | - | : @ — |a| is a C *-seminorm on A. The completion of the quotient
A/{a € A | |a] = 0} with respect to the norm induced by | - | is a C*-algebra,
called the enveloping C*-algebra of A. Denote this C*-algebra by A, and the
natural map A — A, by ¢g.. By definition, A, and g, have the following universal
property: For every x-homomorphism 77 : A — B, where B is a C *-algebra, there
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exists a unique *-homomorphism 7, : A, — B such that 7 = 7, o ¢.. Note that
foreacha € A,

|a| = sup{||w(a)| | = is a bounded representation

of A on some Hilbert space H }.

The minimal tensor product. The minimal tensor product of two C *-algebras A
and B is defined as follows. Denoteby mg: A — £(H4)andp: B — £(Hp)the
universal GNS-representations of A and B, respectively. Then the minimal tensor
product A ® B is the C*-subalgebra of £(H4 ® Hp) generated by all operators
of the form w4(a) ® np(b), wherea € Aand b € B.

One has a canonical inclusion M(4) ® M(B) € M(A ® B).

The minimal tensor product is functorial, that is, for each pair of *-homo-
morphisms ¢; : A; — B; of C*-algebras, where i = 1,2, there exists a x-homo-
morphism ¢; ® ¢: A ® Ay — B; ® B, such that (¢ ® ¢o)(a; ® az) =
$1(a1) ® ¢a(az) forall a; € A;.

For each state ¢p on A and each state ¥ on B, there exists a unique product state
¢ @Y on A® B suchthat (p @ ¥)(a @ b) = ¢(a)y(b) foralla € Aand b € B.
More generally, for each ¢ € A’ and ¥ € B’, there exists a unique functional
¢ R Y € (A® B) suchthat (¢ ® ¥)(a ® b) = ¢p(a)y(b) foralla € A, b € B,
and ||[¢ @ ¥| < |l¢llllv|l (149, Section IV.4, page 208].

Complements on linear functionals. The following results are well known, but
it seems useful to include proofs.

Proposition 12.1.1. Let A be a C*-algebra. Then each of the sets

{p(-b)[peA.bed) {pa)|¢ped acd
{pa-b)|peA.abe A

is equal to A'.

Proof. We only prove the assertion concerning the first set; the remaining assertions
follow similarly. The map A x A’ — A’, (b, $) > ¢(-b), turns A’ into a Banach
module over A. We shall show that A A’ is linearly dense in A’, and then the Cohen
Factorization Theorem [62, Theorem 32.22], [36] implies AA’ = A'.

Let ¢ € A’ be a state with GNS-construction (H, A, ) and cyclic vector .
Choose an approximate unit (u, ), for A. Since lim, 7w (u,){ = ¢, the functional
¢(-uy) = (|7 (-)m(uy)¢) converges in norm to ¢ = (¢|7(-)¢) as v tends to
infinity. Using the fact that every functional can be written as a linear combination
of states, we find that AA’ is dense in A’. O
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Corollary 12.1.2. Let A be a C *-czlgebra and ¢ € A'. Then ¢ extends uniquely
to a strictly continuous functional ¢ € M(A)' of norm ||p|| = ||@|. If ¢ is posi-
tive/a state, so is . O

Proposition 12.1.3. Let A be a C*-algebra and T € M(A). Then |T| =
sup{o(T) |w € A', |lo|l = 1}.

Proof. Evidently, ||T|| > sup{®(T) | o € A, |o| < 1}. Let (u,), be an
approximate unit for A such that ||u, || < 1 for all v. Then ||Tu,| < ||T|||luv] <
|| for all v and lim, Tu,a = Ta for all a € A, whence lim,, |Tu,| = ||T|.
Givene > 0, choose anindex v andanw € A’ of norm 1 such that ||| Tu, || —||T||| <
€/2 and |Tu,| = w(Tuy). Then ||T| < |Tuy| + €/2 = w(Tu,) + €/2 <
o(T) + €. O

12.2 C*-modules

An excellent reference on C *-modules is [95]; other sources are, for example, [16,
Section I1.7], [57, Section 2.5], and [128, Chapter 2].

Definition and basic facts. Let A be a C*-algebra. A (right) pre-C*-module
over A or a (right) pre-C*-A-module is a complex vector space E equipped with a
right module structure over A and a sesquilinear map (- |-): £ x E — A such that

(nl§)* = (Eln).  (nlga) = (nl§a, (€1§) =0 foralln.§ € E. a € A.

The assignment ||£]| := ||(£|€)]|'/? defines a seminorm on E. Evidently, || - | is
a norm if and only if (£]€) # Oforall &£ € E, £ # 0. If || - || is anorm and E is
complete with respect || - ||, then E is called a (right) C *-module over A or a (right)
C*-A-module.

To every pre-C *-module E over A, one can associate a C *-module over A as
follows. Thesubset N := {& € E | ||| = 0} iseasily seen to be aright submodule,
and the quotient £/ N is a pre-C *-module over A with respect to the structure maps
(n+ N|E+ N) :=(n|é) and (§ + N)a := £€a + N. The completion of E/N with
respect to the norm is a C *-module over A.

If E is a C *-module over A, then EA is linearly dense in E. Indeed, if (uy),
is a bounded approximate unit for A4, then for all £ € E,

1& — Eun > = I1(E — Eun|& — Eu) || = (1 — ul)(ELE) (1 — uy) > 0.

The Cohen Factorization Theorem [62, Theorem 32.22], [36] implies that one even
has FA = E.
A C*-module E over A is called full if the set (E|E) is linearly dense in A.
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A basic example of a C*-module is the C *-algebra A itself, with inner product
{(alb) := a*b and the obvious right module structure. Another basic example:
every Hilbert space can be considered as a C*-module over C.

Operators on C*-modules. Let E and F be C*-modules over a C*-algebra A.
An adjoint of amap T: E — F isamap S: F — E that satisfies (n|T&) =
(Sn|é) for all n € F and £ € E. If it exists, the adjoint of T is unique; it is
denoted by T*. In this case, T and T* are bounded, A-linear in the sense that
T(Ea) = (T¢a, T*(na) = (T*n)a forall £ € E,n € F,a € A, and T and
T* satisty | T||> = |T*T| = |T*||>. The space of all adjointable operators
from E to F is denoted by £4(E, F). If E = F, this space is also denoted by
£4(E). Equipped with the natural operations and the operator norm, £4(E) is a
C *-algebra. The space £4(E, F), equipped with the inner product (S|T) := S*T
and the right module structure given by composition, is a C *-module over £ 4(E).

For each pair of elements § € E and n € F, the map |n)(§]: E — F given
by ¢ — n{&|{) defines an adjointable operator E — F'. Its adjoint is given by the
map |€)(n|: F — E. Anoperator T € £4(E, F) is called compact if it can be
approximated in norm by linear combinations of such elementary operators. The
set of all compact operators is denoted by K4(E, F); if E = F, this space is
also denoted by K4 (E). The composition of a compact operator with an arbitrary
operator is compact again, and K4 (E) is an ideal in £4(E). Moreover, £4(E) =
M(JK4(E)). The space K4(A, F) can be identified with F via |n){a| = na* for
allne F,a € A.

The strict topology on £4(E, F) is the topology generated by the family of
seminorms ¢¢, § € E,andy,, n € F,where¢¢(T) = || T&||and v, (T) = ||T ||
forallé e E,ne F, T € £4(E, F). The subspace K4(E, F) is strictly dense in
L4(E, F).

A representation of a C*-algebra B on E is a x-homomorphism 7: B —
£4(E). The representation is called faithful if it is injective, and non-degenerate
if 7(B)E is linearly dense in E.

Amplification. Let £ be a C*-module over a C*-algebra A4, and let H be a
Hilbert space. Then the algebraic tensor product E © H is a pre-C *-module over
A with respect to the structure maps

(oMot :=ne -(E1&r and (nO&a:=naoE

forall n,n' € E, §,§ € H,a € A. The completion of this pre-C *-module is
a C*-module over A, which we denote by £ ® H. Similarly, we can define a
C*-A-module H ® E.

For each S € £4(E) and T € £(H), there exists an operator S @ T €
L4(EQ® H)ysuchthat (S® T)(n Q&) = Sn® TEforallny € E, £ € H. The
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map L4(E) © L(H) - L4(E ® H) givenby S © T — S ® T extends
to a x-homomorphism £4(F) ® £(H) — L4(E ® H), which restricts to a

x-isomorphism K4 (E) ® K(H) = K4(E @ H).

Internal tensor product. Let E and F be C *-modules over C *-algebras A and B,
respectively. Assume that we have fixed a representation A — Lp(F). Then the
algebraic tensor product £ © F is a pre-C *-module over B via

(N 0&not) = Enetr and (HO&§b:=n0o &b

foralln,n € E, £, € F,b € B. The associated C*-module over B is denoted
by £ ®4 F and called the internal tensor product of E and F. Foreachn € E
and £ € F, we denote by n ®4 £ the image of n ©® & under the natural map
EOF > EQ®u4F.

If A = C and therepresentation of A = C on F is given by scalar multiplication,
then F is a Hilbert space and F ®c F is equal to the C *-module F' ® E introduced
above.

If E = A and the representation of A on F' is non-degenerate, then there exists

an isomorphism A ®4 F 5 F,a®4&+ aé.
We shall frequently use the following result [39, Proposition 1.34]:

Proposition 12.2.1. Fori = 1,2, let E; be a C*-module over a C*-algebra A and
F; a C*-module over a C*-algebra B with a fixed representation A — L (F;).
Let S € LA(E1,Ez) and T € £p(F1, F>). If Taé = aTE forall a € A and
& € F, then there exists a unique operator S @4 T € £p(E1 ®4 F1, E2 ®4 F>)
such that (S @4 T)(n R4 &) = Sn Q4 TE foralln € Eq and & € Fy. Moreover,
(SR4T)*  =8*R4 T*. O

The internal tensor product of C *-modules is associative in an obvious sense.

12.3 Von Neumann algebras

Standard references on von Neumann algebras are, for example, [35], [75], [76],
[137], [149], [150].

Topologies on £(H). Let H be a Hilbert space. Then &£(H) can be equipped
with the several locally convex topologies:

* The family of seminorms ¢, ¢ givenby ¢, £(T) := [(n|T&)|, wheren,§ € H,
defines the weak (operator) topology on £(H ).

* The family of seminorms v, given by ¥,(T) := ||Tn||, where n € H,
defines the strong (operator) topology on £ (H).
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* The family of seminorms v, ¥, where ¥/ is given by ¥, (T) := | T*n||
for each n € H, defines the strong-* (operator) topology on L£(H ).

* The family of seminorms isn,g given by ‘in,é (T) := |(n|(T ®id)&)|, where
n.& € H ® [2(N), defines the o-weak (operator) topology on £ (H ).

* The family of seminorms 1},, given by 1},7 (T) := (T ®1id)n||, where n €
H ® [%(N), defines the o-strong (operator) topology on £.(H).

* The family of seminorms v, 1},}“ , where 1},’7" is given by 1},’; (T):=|(T*®
id)n|| for each n € H ® [?(N), defines the o-strong-* (operator) topology
on £(H).

These topologies are related as follows:

norm > o-strong-x > o-strong > g-weak
U ] U
strong-x > strong > weak,

where “D” means that the left-hand side is finer/stronger than the right-hand side.

Definition and basic facts. Let H be a Hilbert space. The commutant of a subset
X C £(H), usually denoted by X', is the set of all T € £(H) that commute with
every element of X. Evidently, X’ is an algebra, and if X* = X, then X' is a
x-algebra.

By von Neumann’s double commutant theorem, the following conditions on a
C*-algebra A C £(H) containing idg are equivalent: (i) A4 is equal to the double
commutant A”, (ii) A is closed with respect to the weak topology. If these conditions
hold, then A is called a von Neumann algebra.

A linear functional on a von Neumann algebra is called normal if it is o -weakly
continuous. The space of all normal linear functionals on a von Neumann algebra
A is denoted by A,. If A is a von Neumann algebra on a Hilbert space H, then
every normal linear functional w € A4 can be written in the form

w(x) = Z(r]n|x§n) for all x € A,

n

where (7,)n and (§,), are sequences of vectors in H satisfying Y, [|7.]*> < oo
and )", ||&,||* < co. Conversely, if @ has the form above, then it is normal.

For each element x of a von Neumann algebra A, there exists a normal functional
w € Ay such that ||x|| = w(x) and ||w|| = 1.

More generally, a map A — B of von Neumann algebras is called normal if it
is continuous with respect to the o-weak topologies on A and B, respectively.
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Tensor product. Let H and K be Hilbert spaces. The tensor product of von
Neumann algebras N € £(H) and M C £(K), which we denote by N ® M, is
the von Neumann algebraon H ® K generated by the operators SQT € £L(H ® K),
where S € N and T € M. In particular, one easily finds £(H) ® £(K) =
L(H ® K). More generally, (N @ M) = N’ ® M’ [149, 1V, Theorem 5.9].

The tensor product of von Neumann algebras is functorial with respect to normal
*-homomorphisms: For each pair of normal *-homomorphisms ¢; : M; — N; of
von Neumann algebras, where i = 1, 2, there exists a normal *-homomorphism
$1 @ ¢2: My ® My — Ny ® Nasuchthat (¢ ® ¢2)(x1 ® x2) = ¢1(x1) ® ¢2(x2)
forall x; € M1 and x, € M>.

For each ¢ € N, and ¥ € M,, there exists a unique functional ¢ @ ¥ €
(N ® M), such that (¢p ® ¥)(@a ®b) = ¢p(a)y(b) foralla € N, b € M, and
lo @ | < lollllw| [149, Section IV.5]. If ¢ and  are positive or states, then so
isp @Y.

Abstract von Neumann algebras. A C*-algebra A is called a W*-algebra if it
is isomorphic as a Banach space to the dual of some other Banach space A.. In
this case, A is uniquely determined (up to isomorphism) and called the predual
of A. Every von Neumann algebra is a W *-algebra, where the predual is the space
of all normal linear functionals. Conversely, for every W *-algebra, there exists a
*-isomorphism onto a von Neumann algebra that is continuous with respect to the
weak-x*-topology.

In particular, for every von Neumann algebra N, the opposite algebra NP is a
W *-algebra. Somewhat sloppily, we refer to N °P as a von Neumann algebra again.

12.4 Slice maps

Slice maps are an important tool for the theory of quantum groups in the setting
of C*-algebras and von Neumann algebras. We shall describe in detail how these
slice maps are constructed and collect some frequently used formulas.

Slice maps in the setting of %-algebras. Let A and B be unital *-algebras with
linear maps ¢: A — C, yy: B — C. Then we can define linear slice maps

¢poid:A©OB—> B, a®br ¢(a)b,

. (12.1)
dOyv:AOB— B, a®br ay().

One easily verifies that for alla,a’ € A,b,b’ € Bandx € A © B,

(Y o(pOid)(x) = (¢ O ¥)(x) = (po(id O ¥))(x) (12.2)
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and
b((p ©id)(x))b" = (¢ ©®id)((1 © b)x(1 © b)),

. , . , (12.3)
a((id © ¥)(x))a’ = (id © ¥)((a © Dx(a’ O 1)).

If ¢ and ¢ are *-linear, so are ¢ © id and id © . In general,

(¢ ©id)(x))* = (¢ ©id)(x*), wherep: A — C, a — ¢(a*),

- - _ 12.4
(Gd © ¥)(x)* = (d © ¥)(x*), wherey: B — C, b — ¥ (b*). (129

Given another *-algebra C, we can define a linear slice map
pOidOY: AOCOB—>C, a®cObr ¢a)y(b),
andforallx e A©C,yeC OB,

(¢ 0id)(x)-(d O ¥)(y) = (¢ ©id © ¥)((x © D1 O y)).

12.5
(40 V() - OiIE) = oido (ool

When we switch the order of the factors in the tensor product A © C © B, we
obtain new slice maps that satisfy analogues of equation (12.5).

Slice maps in the setting of C*-algebras. In the setting of C*-algebras, one
often uses slice maps that are defined on the minimal tensor product A ® B of
C*-algebras A and B and on the multiplier algebra M (4 ® B).

Proposition 12.4.1. Let A and B be C*-algebras and ¢ € A, v € B'. Then
¢ © id and id © ¥ extend uniquely to linear maps

¢ ®id: M(A® B) — M(B), id®y: M(A® B) — M(A)

that are norm-continuous and strictly continuous on bounded subsets. We have
lp ®id || = ||@|l and || id Q¥ || = ||V ||. If ¢ or ¥ is positive, so is ¢ Qid orid Q,
respectively.

Remark 12.4.2. The algebraic tensor product A ©® B is strictly densein M (A® B)
because it is norm-dense in A ® B and because A ® B is strictly dense in M(AQ B).
Moreover, the unit ball of the algebraic tensor product A ©® B is strictly dense in the
unit ball of M(A® B). Consequently, ¢ ®id and id ® are uniquely determined by
their restrictions to A © B. Furthermore, it follows that the equations (12.2)—(12.5)
and many more formulas satisfiedby ¢ © idandid © ¥ extendto p @id andid @,
respectively. Finally, we find (¢ ® id)(4A ® B) € B and (id ®y)(4 ® B) C A.
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Proof of Proposition 12.4.1. We only prove the assertions concerning ¢ ® id; for
id ®, the arguments are similar. Uniqueness of ¢ ® id was already observed
above. To prove existence, we consider two cases.

The case where ¢ is a state: Let (Hg, Ay, ) be a GNS-construction for ¢
with cyclic vector ¢y, and let (Hp, Ap,wp) be the universal GNS-construction
for B. By definition of A ® B, there exists a non-degenerate *-homomorphism
7:AQ B — £(Hy ® Hp) such that 7(a ® b) = my(a) @ mp(b) foralla € A,
b € B. Extend m to the multiplier algebra M (A ® B) and consider the map

®: M(A® B) — £(Hp), T (5slpyon(T) o |s)n),

where |8y)p11: Hp — Hg ® Hp is given by § > {y ® £, and ({gl11) = [8g)]}-
We have ®(A ® B) C np(B) because foralla € A,b € B,

(a ®b) = (¢plmp(a)ip)mp(b) = dp(a)mp ().

Choose an approximate unit (%, ), for A. Then lim, g (uy)ls = Cp. If (T) is a
norm-bounded net in M(A ® B) that converges strictly to some 7 € M(A ® B),
and if b € B, then

1131 O(T,)mp(b) = lﬁnﬂl (Colry o m(Ty) o |y (uy) )y © mp (b)
= 1,1“3 (Coly o m(Tp)(7mp(uy) ® wp (b)) © | 1]-

Using the relation 7 (7},)(7y(uy) @ wp(b)) = n(T,(uy ® b)) and the fact that
(Tyw) . converges strictly to 7', we find

lim ®(Ty)7p (b) = lim (g |11y © 7(T)(7rg (uv) ® 7 (D)) © 8g)11) = P(T)75(b).

A similar argument shows that lim,, 7g(b)®(7,,) = mp(b)®(T). Approximating
any T € M(A ® B) strictly by a norm-bounded net in A ® B, we find that
d(M(A® B)) € ng(M(B)) and that ®: M(A ® B) — np(M(B)) is strictly
continuous on norm-bounded subsets.

Since np: M(B) — mp(M(B)) is an isomorphism, we can define ¢ ® id :=
7151 o ®. By construction, ¢ ® id is positive and has norm less than or equal to
IS 12l = 1 = lgl.

General case: Let¢ € A’ be arbitrary. Then ¢ is a linear combinations of states,
and all assertions except for the norm estimates follow easily from the special case
considered above. Using Proposition 12.1.3, we find

I¢ ®id || = suplllw o (¢ ®id)]|: @ € B' € M(BY, ]| < 1}.

But for w as above, ||w o (¢ ® id)|| = ||¢ ® w| < |¢llllwll = ||¢|, and hence
¢ ®id|l <[l 0
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Proposition 12.4.3. Let A, B be C*-algebras, T € M(A® B), p € A', v € B’.

DIfF(AQNT(A®1) C A® B, then (¢ ®1d)(T) € B.
i) f 1@ B)T(1® B) T A® B, then (id®y)(T) € A.
Proof. We only prove i), the proof of ii) is similar. By Proposition 12.1.1, we may

assume that ¢ has the form w(a; - a,), where w € A’ and a1,a, € A. But then
(¢ Qid)(T) = (0 ®id)((a1 ® NT (a2 ® 1)) € (0 ®id)(4 ® B) < B. O

Slice maps in the setting of von Neumann algebras. In the setting of von Neu-
mann algebras, slice maps can be defined for normal functionals:

Proposition 12.4.4. Let A and B be von Neumann algebras and ¢ € Ax, ¥ €
By. Then the maps ¢ © id and id O Y extend uniquely to norm-continuous
normal linear maps ¢ @ id: AQB — Bandid @y : AQB — A. We have
||¢g—§) id|| = ¢l and ||id @ || = |[¥]|l. If ¢ or ¥ is positive, so is ¢ @ id or
id ® ¥, respectively.

Remark 12.4.5. Since A ©® B isdense in A ® B with respect to the o-weak topol-
ogy, the extensions ¢ ® id andid ® v are uniquely determined by their restrictions
to A © B. Moreover, it follows that the equations (12.2)—(12.5) and many more
Sformulas satisfied by ¢ © id and id © ¥ extend to ¢ ® id and id @, respectively.

Proof of Proposition 12.4.4. We only prove the assertions concerning ¢ ® id.
Uniqueness follows from the observation made above. We prove existence. Denote
by H and K the underlying Hilbert spaces of A and B, respectively. Since ¢ is
normal, there exist sequences (7,), and (&), of vectors in H such that

Cpi= Y Il <oco. Cgi=Y [&all? < oo,
n n
¢(a) =Y (nalak,) foralla € A.

n

For each x € A ® B, the sesquilinear map oy : K x K — C given by

02 (6.8 = 3 ® Llx (6 ® 1)

n

is bounded: using the relation |(7, ® £|x (5, & &) = [Inall I llllx[IE[HIE"] and
the Cauchy—Schwarz inequality, we find

lox (6. DIl < CoCe - x|l - ISl - IS forall £,¢" € H.
Hence we can define ¢ ® id: A® B — £(K) by
€l(¢ ® id)(x)C') := 0x(, ') forallx € A® B,
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and ||¢ ® id || < C,C;. Moreover,
¢ ® id || = sup{flw o (¢ ® id)|: @ € B, |lw]| <1},

and for w as above, |w o (¢ ® id)| = [[¢®w| = [#lllw] = l¢|. Hence,
l¢@id| < [lo].

We claim that ¢ ® id is normal. Let ¢ € B.. Then there exist sequences ({,)n
and (¢},), of vectorsin K suchthat Ce := Y, [|Em > < 00, Cer := Y, 1C0, ]| < o0
and ¥ (b) =) _,,(¢m|b),) forall b € B. The relations

D ol ®&mll> < CoCr <00, D & ® 4,7 < CeCpr < o,

n,m n,m

(Vo (p®id)(x) =Y (N ® tmlx(n ®p,)) forallx € AR B

n,m

show that the composition ¥ o (¢ ® id) is normal. Since ¥ € B was arbitrary,
the claim follows.

Finally, a similar construction as in the proof of Proposition 12.4.1 shows that
¢ ® id is positive if ¢ is a normal state, and consequently, ¢ ® id is positive when-
ever ¢ is positive. O

12.5 Aucxiliary results

Proposition 12.5.1. Let n: A — B be a bounded homomorphism of Banach
algebras. Assume that

i) 7 is non-degenerate in the sense that span n(A)B = B = span Br(A);

i) A has a bounded approximate unit, that is, a norm-bounded net (uy), of
elements in A such that limy uya = a = limy auy forall a € A.

Then 1 extends uniquely to a homomorphism 7w : M(A) — M (B) such that
a(T)rw(a) = n(Ta) and n(a)n(T) = n(aT) (12.6)
forallT € M(A), a € A.

Proof. Let T € M(A) and put vy := w(Tuy) for all A. Then the net (vy);, is
norm-bounded because ||vy|| < ||7||||T||||u|l for all A, and

li){n vam(a) = 1i{n (T (upa)) = n(Ta),

liin w(a)vy = liill mw((@aT)uy) = n(aTl)
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foralla € A. Since (v}, is norm-bounded and span 7 (A4) B = B = span Bn(A),
it follows that for every b € B, the nets (vyb), and (bvy), converge in norm.
Clearly, the assignments

a(T)b := liirl vpb and ba(T):= liinbvk, b € B,

define a multiplier 7(7") € M(B) of norm

Iz (DIl = sup oall < Tl sup [l

Themap T + 7(T) is obviously linear and satisfies condition (12.6). Furthermore,
by assumption i), the relation

a(S)a(T)rw(a) = 7 (S)n(Ta) =n(STa) =7 (ST)n(a), a € A,

implies that 7 (S)7(T)b = 7 (ST)bforall S, T € M(A)and b € B, and similarly
br(S)n(T) = br(ST). Therefore, 7w is a homomorphism. O

Corollary 12.5.2. Let m: A — B be a bounded *-homomorphism of Banach
x-algebras that satisfies conditions i) and ii) of Proposition 12.5.1. Then  extends
to uniquely to a x-homomorphism 7. M(A) — M(B) such that (12.6) holds.

Proof. The fact that the extension 7 provided by the previous proposition is a
*-homomorphism follows easily from (12.6) and condition i). O

Lemma 12.5.3. Let Vi,...,V, and W be topological vector spaces, and let
F: Vi x--xV, — W be a multilinear map that is separately continuous in
each component. Suppose that for eachi = 1,...,n, we are given a closed sub-
space Y; C Vi, and a subset X; C Y; that is linearly dense. Then

span{F(x1,...,xn) | x; € X, foralli}
=span{F(y1,...,Vn) | yi € Y; foralli}.

Proof. Replacing X; by span X;, we may assume each X; is a subspace. Put
U :=5span{F(x1,...,x,) | x; € X; foralli}.
We prove by induction that for every k = 0, ..., n,
Fy1,- ) Vies Xk1s---5Xn) €U

forall y; € ¥;,i =1,....,k,and x; € X;, j = k 4+ 1,...,n. Note that for
k = n, this statement implies the claim. For & = 0, the assertion is trivially
satisfied. We assume that the statement holds for k and prove it for kK + 1. Given
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vieY,i=1,....,k+1l,andx; € X;, j =k +2,...,n, we can approximate
Yk+1 by some net (Xg+1,0)v in Xg41, and

F(yi,.- oYk Xk+1,0> Xk42+.-..Xp) € U forevery v

by assumption. Since U is closed and F is continuous in the (k 4 1)st variable, we
also have F(y1,..., Yk» Vk+1> Xk+2s---:%Xn) € U. O






Bibliography

(1]

(2]

(3]

(4]

(51

(6]

(71

(8]

(9]

(10]

(11]

[12]

(13]

[14]

(15]

[16]

E. Abe, Hopf algebras. Cambridge Tracts in Math. 74, Cambridge University Press,
Cambridge 1980. xv, 3,9, 38, 39, 47

C. A. Akemann, G. K. Pedersen, and J. Tomiyama, Multipliers of C™*-algebras.
J. Funct. Anal. 13 (1973), 277-301. 115, 259

S. Baaj, Multiplicateurs non bornés. These 3eme cycle, Université Paris VI, Paris
1980. 229

S. Baaj, Représentation réguliere du groupe quantique E,, (2) de Woronowicz. C. R.
Acad. Sci. Paris Sér. I Math. 314 (1992), 1021-1026. 189, 191, 227, 228, 233, 235,
239

S. Baaj, Représentation réguliére du groupe quantique des déplacements de Worono-
wicz. Astérisque 232 (1995), 11-48. 189, 191, 196, 227, 233, 235, 236, 239, 240,
264

S. Baaj and G. Skandalis, C *-algebres de Hopf et théorie de Kasparov équivariante.
K-Theory 2 (1989), 683-721. 251, 263, 282

S. Baaj and G. Skandalis, Unitaires multiplicatifs et dualité pour les produits croisés
de C*-algebres. Ann. Sci. Ecole Norm. Sup. (4) 26 (1993), 425-488. xvii, 97, 105,
166, 167, 170, 172, 189, 195, 227, 252, 283, 284

S. Baaj and G. Skandalis, Unitaires multiplicatifs commutatifs. C. R. Acad. Sci. Paris
Sér. I Math. 336 (2003), 299-304. 170

S. Baaj, G. Skandalis, and S. Vaes, Non-semi-regular quantum groups coming from
number theory. Comm. Math. Phys. 235 (2003), 139-167. 174, 191, 194, 227

S. Baaj, G. Skandalis, and S. Vaes, Measurable Kac cohomology for bicrossed prod-
ucts. Trans. Amer. Math. Soc. 357 (2005), 1497-1524. 227

S. Baaj and S. Vaes, Double crossed products of locally compact quantum groups.
J. Inst. Math. Jussieu 4 (2005), 135-173. 227

T. Banica, Théorie des représentations du groupe quantique compact libre O(n). C. R.
Acad. Sci. Paris Sér. I Math. 322 (1996), 241-244. 135, 159, 161, 162

T. Banica, Le groupe quantique compact libre U(n). Comm. Math. Phys. 190 (1997),
143-172. 135, 161, 164

T. Banica, Symmetries of a generic coaction. Math. Ann. 314 (1999), 763-780. 135,
141

T. Banica and B. Collins. Integration over quantum permutation groups. J. Funct.
Anal. 242 (2007), 641-657. 141

B. Blackadar, Operator algebras. Encyclopaedia Math. Sci. 122, Springer-Verlag,
Berlin 2006. 373



386

(17]

(18]

Bibliography
E. Blanchard, Déformations de C *-algebres de Hopf. Bull. Soc. Math. France 124
(1996), 141-215. 144, 331

R.J. Blattner, M. Cohen, and S. Montgomery, Crossed products and inner actions of
Hopf algebras. Trans. Amer. Math. Soc. 298 (1986), 671-711. 38

[19] A.Borel, Linear algebraic groups. 2nd ed., Grad. Texts in Math. 126, Springer-Verlag,

(20]

(21]

(22]

(23]

New York 1991. 9

N. Bourbaki, Eléments de mathématique. Fasc. XXXII. Théories spectrales. Chap. 1
et 2: Algebres normées. Groupes localement compacts commutatifs, Hermann, Paris
1967. 3

O. Bratteli and D. W. Robinson, Operator algebras and quantum statistical mechan-
ics. Vol. 1: C*- and W *-algebras, symmetry groups, decomposition of states, Texts
Monogr. Phys., Springer-Verlag, New York 1979. 207

T. Brocker and T. tom Dieck, Representations of compact Lie groups. Grad. Texts in
Math. 98, Springer-Verlag, New York 1995. 4, 8, 33, 35, 81, 83, 125

K. A.Brown and K. R. Goodearl, Lectures on algebraic quantum groups. Adv. Courses
Math. CRM Barcelona, Birkhiuser, Basel 2002. xvi, 3, 11, 135

[24] V. Chari and A. Pressley. A guide to quantum groups. Cambridge University Press,

(25]

Cambridge 1994. xvi, 11, 135, 142

C. Chevalley. Theory of Lie groups I. Princeton Math. Ser. 8, Princeton University
Press, Princeton, N. J., 1946. 4

[26] A. Connes, On the spatial theory of von Neumann algebras. J. Funct. Anal. 35 (1980),

(27]

(28]

[29]

(30]

(31]

(32]

(33]

(34]

153-164. 299

A. Connes, Noncommutative geometry. Academic Press Inc., San Diego 1994. 291,
299

J. B. Conway, A course in functional analysis. 2nd ed., Grad. Texts in Math. 96,
Springer-Verlag, New York 1990. 190, 197

S. Discilescu, C. Nastasescu, and S. Raianu, Hopf algebras, Monographs Textbooks
Pure Appl. Math. 235, Marcel Dekker, New York 2001. 3, 49, 52, 66

M.-C. David, Paragroupe d’Adrian Ocneanu et algebre de Kac. Pacific J. Math. 172
(1996), 331-363. 289

J. De Canniére, Produit croisé d’une algebre de Kac par un groupe localement compact.
Bull. Soc. Math. France 107 (1979), 337-372. 105

J. Dieudonné, Treatise on analysis. Vol. 111, Pure Appl. Math. 10-III, Academic Press,
New York 1972. 35

J. Dieudonné, Treatise on analysis. Vol. VI, Pure Appl. Math. 10-VI, Academic Press,
New York 1978. 3

J. Dixmier, Les C *-algebres et leurs représentations. Cahiers Scientifiques, Fasc.
XXIX, Gauthier-Villars & C°, Paris 1964. 332, 369



(35]

[36]

(37]

(38]

(391

[40]

[41]

(42]

[43]

[44]

[45]

[46]

[47]

(48]

[49]

[50]

[51]

[52]

Bibliography 387

J. Dixmier, Les algebres d’opérateurs dans l’espace hilbertien (algébres de von Neu-
mann). 2nd ed., Cahiers Scientifiques, Fasc. XXV, Gauthier-Villars, Paris 1969. 293,
294, 295, 309, 310, 375

R. S. Doran and J. Wichmann, Approximate identities and factorization in Banach
modules. Lecture Notes in Math. 768, Springer-Verlag, Berlin 1979. 372, 373

V. G. Drinfeld, Quantum groups. In Proc. Internat. Congr. Math. (Berkeley, Calif.,
1986), Vol. 1, Amer. Math. Soc., Providence, RI, 1987, 798-820. xvi, 135, 227

M. J. Dupré and R. M. Gillette, Banach bundles, Banach modules and automorphisms
of C*-algebras. Pitman Res. Notes Math. Ser. 92, Pitman Advanced Publishing Pro-
gram, Boston 1983. 332

S. Echterhoff, S. Kaliszewski, J. Quigg, and I. Raeburn, A categorical approach to im-
primitivity theorems for C *-dynamical systems. Mem. Amer. Math. Soc. 180 (2006),
no. 850. 375

E. G. Effros and Z.-J. Ruan, Discrete quantum groups [: The Haar measure. Internat.
J. Math. 5 (1994), 681-723. 65, 66, 91

M. Enock, Produit croisé d’une algebre de von Neumann par une algebre de Kac.
J. Funct. Anal. 26 (1977), 1647. 252

M. Enock, Quantum groupoids and pseudo-multiplicative unitaries. In Locally com-
pact quantum groups and groupoids (Strasbourg, 2002), IRMA Lect. Math. Theor.
Phys. 2, Walter de Gruyter, Berlin 2003, 17-47. 313

M. Enock. Inclusions of von Neumann algebras and quantum groupoids III. J. Funct.
Anal. 223 (2005), 311-364. 289, 313

M. Enock, Quantum groupoids of compact type. J. Inst. Math. Jussieu 4 (2005),
29-133. 189, 194, 313, 321, 322, 323, 327

M. Enock and R. Nest, Irreducible inclusions of factors, multiplicative unitaries, and
Kac algebras. J. Funct. Anal. 137 (1996), 466-543. 252, 289

M. Enock and J.-M. Schwartz, Produit croisé d’une algeébre de von Neumann par une
algebre de Kac, II. Publ. Res. Inst. Math. Sci. 16 (1980), 189-232. 252

M. Enock and J.-M. Schwartz, Kac algebras and duality of locally compact groups.
Springer-Verlag, Berlin 1992. xvii, 4, 105

M. Enock and L. Vainerman, Deformation of a Kac algebra by an abelian subgroup.
Comm. Math. Phys. 178 (1996), 571-596. 105

M. Enock and J.-M. Vallin, C*-algebres de Kac et algebres de Kac. Proc. London
Math. Soc. (3) 66 (1993), 619-650. xvii, 105

M. Enock and J.-M. Vallin, Inclusions of von Neumann algebras, and quantum
groupoids. J. Funct. Anal. 172 (2000), 249-300. 289, 313

M. Enock and J.-M. Vallin, Inclusions of von Neumann algebras and quantum
groupoids II. J. Funct. Anal. 178 (2000), 156-225. 289, 313

T. Falcone, L2-von Neumann modules, their relative tensor products and the spatial
derivative. Illinois J. Math. 44 (2000), 407-437. 291



388

(53]

[54]

[55]

[56]

[57]

(58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]
[70]

Bibliography

J.M. G. Fell and R. S. Doran, Representations of *-algebras, locally compact groups,
and Banach *-algebraic bundles. Vol. 1: Basic representation theory of groups and
algebras, Pure Appl. Math. 125, Academic Press, Boston, MA, 1988. 261

J.M. G.Fell and R. S. Doran, Representations of *-algebras, locally compact groups,
and Banach *-algebraic bundles. Vol. 2: Banach *-algebraic bundles, induced rep-
resentations, and the generalized Mackey analysis, Pure Appl. Math. 126, Academic
Press, Boston 1988. 261

W. Fulton and J. Harris, Representation theory. Grad. Texts in Math. 129, Springer-
Verlag, New York 1991. 149

V. V. Gorbatsevich, A. L. Onishchik, and E. B. Vinberg, Foundations of Lie theory and
Lie transformation groups. Springer-Verlag, Berlin 1997. 11

J. M. Gracia-Bondia, J. C. Virilly, and H. Figueroa, Elements of noncommutative
geometry. Birkhduser Advanced Texts, Birkhduser, Boston 2001. 332, 373

U. Haagerup, The standard form of von Neumann algebras. Math. Scand. 37 (1975),
271-283. 293

U. Haagerup, Operator valued weights in von Neumann algebras, 1. J. Funct. Anal.
32 (1979), 175-206. 290

U. Haagerup, Operator valued weights in von Neumann algebras, II. J. Funct. Anal.
33 (1979), 339-361. 290

B. C. Hall, Lie groups, Lie algebras, and representations. Grad. Texts in Math. 222,
Springer-Verlag, New York 2003. 149

E. Hewitt and K. A. Ross, Abstract harmonic analysis. Vol. II: Structure and analysis
for compact groups. Analysis on locally compact abelian groups, Grundlehren Math.
Wiss. 152, Springer-Verlag, Berlin 1970. 4, 8, 81, 83, 125, 372, 373

E. Hewitt and K. A. Ross, Abstract harmonic analysis. Vol. I: Structure of topological
groups, integration theory, group representations, 2nd. ed., Grundlehren Math. Wiss.
115, Springer-Verlag, Berlin 1979. 108, 140

E. Hille, Analytic function theory. Vol. II, Ginn and Company, Boston 1962. 89

G. P. Hochschild, Basic theory of algebraic groups and Lie algebras. Grad. Texts in
Math. 75, Springer-Verlag, New York 1981. 9, 11, 39

H. Hopf, Uber die Topologie der Gruppen-Mannigfaltigkeiten und ihre Verallge-
meinerungen. Ann. of Math. (2) 42 (1941), 22-52. xv

A. Jacobs, The quantum E(2) group. PhD thesis, Katholieke Universiteit Leuven,
Leuven 2005. Available at http://hdl.handle.net/1979/154 166, 203, 227, 228, 233,
236, 237, 239, 240, 241

J. C. Jantzen, Lectures on quantum groups. Grad. Stud. Math. 6, Amer. Math. Soc.,
Providence, RI, 1996. xvi, 11, 135

K. K. Jensen and K. Thomsen, Elements of KK-theory. Birkhduser, Boston 1991. 113

M. Jimbo, A g-difference analogue of U(g) and the Yang-Baxter equation. Lett. Math.
Phys. 10 (1985), 63-69. 135



(71]
[72]

(73]

[74]

[75]

[76]

(771

(78]

(791

(80]

[81]

(82]

[83]

(84]

[85]

[86]

(87]

Bibliography 389

V. E. R. Jones, Index for subfactors. Invent. Math. 72 (1983), 1-25. 162

V.Jones and V. S. Sunder, Introduction to subfactors, London Math. Soc. Lecture Note
Ser. 234, Cambridge University Press, Cambridge 1997. 289

A. Joyal and R. Street, An introduction to Tannaka duality and quantum groups. In
Category theory (Como, 1990), Lecture Notes in Math. 1488, Springer-Verlag, Berlin
1991, 413-492. 4

G. . Kac, Extensions of groups to ring groups. Mat. Sb. (N.S.) 76 (1968), 473—-496;
English transl. Math.-USSR Sb. 5 (1968), 451-474. 227

R. V. Kadison and J. R. Ringrose, Fundamentals of the theory of operator algebras.
Vol. I: Elementary theory, Grad. Stud. Math. 15, Amer. Math. Soc., Providence, RI,
1997. 197, 200, 375

R. V. Kadison and J. R. Ringrose, Fundamentals of the theory of operator algebras.
Vol. II: Advanced theory, Grad. Stud. Math. 16, Amer. Math. Soc., Providence, RI,
1997. 207, 375

B.-J. Kahng, Non-compact quantum groups arising from Heisenberg type Lie bialge-
bras. J. Operator Theory 44 (2000), 303-334. 105

B.-J. Kahng, Haar measure on a locally compact quantum group. J. Ramanujan Math.
Soc. 18 (2003), 384-414. 105

C. Kassel, Quantum groups, Grad. Texts in Math. 155, Springer-Verlag, New York
1995. xvi, 3, 11, 33, 75, 78, 120, 121, 135, 142

A. Klimyk and K. Schmiidgen, Quantum groups and their representations. Texts
Monogr. Phys., Springer-Verlag, Berlin 1997. xvi, 3, 11, 47, 52, 66, 107, 135, 142,
145

E. Koelink and J. Kustermans, A locally compact quantum group analogue of the
normalizer of SU(1, 1) in SL(2, C). Comm. Math. Phys. 233 (2003), 231-296. 227,
228

E. Koelink and J. Kustermans, Quantum SU (1, 1) and its Pontryagin dual. In Locally
compact quantum groups and groupoids (Strasbourg, 2002), IRMA Lect. Math. Theor.
Phys. 2, Walter de Gruyter, Berlin 2003, 49-77. 227

T. H. Koornwinder, Representations of the twisted SU(2) quantum group and some
q-hypergeometric orthogonal polynomials. Nederl. Akad. Wetensch. Indag. Math. 51
(1989), 97-117. 142

L. I. Korogodski and Y. S. Soibelman, Algebras of functions on quantum groups:
Part 1. Math. Surveys Monogr. 56, Amer. Math. Soc., Providence, RI, 1998. xvi, 11,
135, 142

A. Kumjian, Fell bundles over groupoids. Proc. Amer. Math. Soc. 126 (1998),
1115-1125. 368

J. Kustermans, One-parameter representations on C*-algebras. Technical report,
Odense Universitet, 1997. Available at http://arxiv.org/abs/funct-an/9707009 208

J. Kustermans, Locally compact quantum groups in the universal setting. Internat.
J. Math. 12 (2001), 289-338. 203



390

(88]

[89]

[90]

(91]

[92]

(93]

[94]

[95]

[96]

(971

(98]

[99]

[100]

[101]

[102]

[103]

[104]

Bibliography

J. Kustermans, Locally compact quantum groups. In Quantum independent increment
processes I. Lecture Notes in Math. 1865, Springer-Verlag, Berlin 2005, 99-180. 97,
203

J. Kustermans and L. Tuset, A survey of C *-algebraic quantum groups, Part II. Irish
Math. Soc. Bull. 44 (2000), 6-54. 203

J. Kustermans and S. Vaes, Weight theory for C*-algebraic quantum groups. Technical
report, Katholieke Universiteit Leuven and University College Cork, 1999. Available
at http://arxiv.org/abs/math/9901063v1 210, 214, 215

J. Kustermans and S. Vaes, Locally compact quantum groups. Ann. Sci. Ecole Norm.
Sup. (4) 33 (2000), 837-934. xvii, 4, 97, 106, 189, 203, 210, 211, 214, 215, 217, 218,
219, 220, 222, 223, 224, 225, 273, 289

J. Kustermans and S. Vaes, The operator algebra approach to quantum groups. Proc.
Natl. Acad. Sci. USA 97 (2000), 547-552. 203

J. Kustermans and S. Vaes, Locally compact quantum groups in the von Neumann
algebraic setting. Math. Scand. 92 (2003), 68-92. xvii, 106, 203, 211, 226, 227,272,
273

J. Kustermans and A. Van Daele, C *-algebraic quantum groups arising from algebraic
quantum groups. Internat. J. Math. 8 (1997), 1067-1139. 52, 183, 213

E. C. Lance, Hilbert C*-modules. A toolkit for operator algebraists. London Math.
Soc. Lecture Note Ser. 210, Cambridge University Press, Cambridge 1995. 301, 342,
343, 373

M. B. Landstad, Quantizations arising from abelian subgroups. Internat. J. Math. 5
(1994), 897-936. 105

M. B. Landstad, J. Phillips, I. Raeburn, and C. E. Sutherland, Representations of
crossed products by coactions and principal bundles. Trans. Amer. Math. Soc. 299
(1987), 747-784. 263

P.-Y. Le Gall, Théorie de Kasparov équivariante et groupoides I. K-Theory 16 (1999),
361-390. 368

F. Lesieur, Groupoides quantiques mesurés: axiomatique, étude, dualité, exem-
ples. PhD thesis, Universite d’Orléans, Orléans 2003. Available at http://www.univ-
orleans.fr/mapmo/publications/lesieur/these.php 289, 314, 322, 333

S. Levendorski and Y. Soibelman, Algebras of functions on compact quantum groups,
Schubert cells and quantum tori. Comm. Math. Phys. 139 (1991), 141-170. 135

R. Longo, A duality for Hopf algebras and for subfactors. I. Comm. Math. Phys. 159
(1994), 133-150. 289

R. Longo and J. E. Roberts, A theory of dimension. K-Theory, 11 (1997), 103—-159.
120

G. Lusztig, Introduction to quantum groups. Progr. Math. 110, Birkhduser, Boston
1993. xvi, 11, 135

S. Mac Lane, Categories for the working mathematician. 2nd ed., Grad. Texts in
Math. 5, Springer-Verlag, New York 1998. 75, 120



[105]

[106]

[107]

[108]

[109]

[110]

[111]

[112]

[113]

[114]

[115]

[116]

[117]

[118]

[119]

[120]

[121]

Bibliography 391

A. Maes and A. Van Daele, Notes on compact quantum groups. Nieuw Arch. Wisk. (4)
16 (1998), 73-112. 107, 108, 140

S. Majid, Hopf-von Neumann algebra bicrossproducts, Kac algebra bicrossproducts,
and the classical Yang—Baxter equations. J. Funct. Anal. 95 (1991), 291-319. 105

S. Majid, Foundations of quantum group theory. Cambridge University Press, Cam-
bridge 1995. 227

T. Masuda, K. Mimachi, Y. Nakagami, M. Noumi, and K. Ueno, Representation of
quantum groups. In Mappings of operator algebras (Philadelphia, PA, 1988), Progr.
Math. 84, Birkhiuser, Boston 1990, 119-128. 142

T. Masuda, K. Mimachi, Y. Nakagami, M. Noumi, and K. Ueno, Representations of
the quantum group SU,(2) and the little g-Jacobi polynomials. J. Funct. Anal. 99
(1991), 357-386. 142

T. Masuda, Y. Nakagami, and S. L. Woronowicz, A C *-algebraic framework for
quantum groups. Internat. J. Math. 14 (2003), 903—-1001. xvii, 97, 106, 189, 227

S. Montgomery, Hopf algebras and their actions on rings. CBMS Regional Conf. Ser.
in Math. 82, Amer. Math. Soc., Providence, RI, 1993. 3, 47

S. A. Morris, Pontryagin duality and the structure of locally compact abelian groups.
29 London Math. Soc. Lecture Note Ser. 29, Cambridge University Press, Cambridge
1977. 3

G. J. Murphy, C*-algebras and operator theory. Academic Press, Boston 1990. 200,
346, 369

A. Ocneanu, Quantized groups, string algebras and Galois theory for algebras. In
Operator algebras and applications, Vol. 2: Mathematical physics and subfactors,
London Math. Soc. Lecture Note Ser. 136, Cambridge University Press, Cambridge
1988, 119-172. 289

A. Ocneanu, Operator algebras, topology and subgroups of quantum symmetry — con-
struction of subgroups of quantum groups. In Taniguchi Conference on Mathematics
Nara ’98, Adv. Stud. Pure Math. 31, Math. Soc. Japan, Tokyo 2001, 235-263. 289

M. O’uchi, Pseudo-multiplicative unitaries on Hilbert C *-modules. Far East J. Math.
Sci. (FIMS) 2001, Special Volume, Part II, 229-249. 331, 332

A. Pal, On some quantum groups and their representations. PhD thesis, In-
dian Statistical Institute, New Delhi 1995. Available at http://www.isid.ac.in/~arup/
papers/thesis.pdf 227, 233

A. Pal, Haar measure on E,(2). Pacific J. Math. 176 (1996), 217-233. 227, 233

A. L. T. Paterson, Amenability. Math. Surveys Monogr. 29, Amer. Math. Soc., Provi-
dence, RI, 1988. 102, 103, 111

A. L. T. Paterson, Groupoids, inverse semigroups, and their operator algebras. Progr.
Math. 170, Birkhduser, Boston 1999. 323

G. K. Pedersen, C *-algebras and their automorphism groups. London Math. Soc.
Monogr. 14, Academic Press, London 1979. 102, 111, 204, 206, 207, 208, 210, 252,
254, 255, 256, 369



392

[122]

[123]

[124]

[125]

[126]

[127]

[128]

[129]

[130]

[131]

[132]

[133]

[134]

[135]

[136]
[137]

[138]

[139]

Bibliography

L. Pontrjagin, Topological groups. Princeton Math. Ser. 2, Princeton University Press,
Princeton 1939. 3

W. Pusz, Quantum GL(2, C) group as double group over “az + b” quantum group.
Rep. Math. Phys. 49 (2002), 113-122. 227

W. Pusz and P. M. Soltan, Functional form of unitary representations of the quantum
‘az + b’ group. Rep. Math. Phys. 52 (2003), 309-319. 227

W. Pusz and S. L. Woronowicz, A quantum GL(2, C) group at roots of unity. Rep.
Math. Phys. 47 (2001), 431-462. 227

W. Pusz and S. L. Woronowicz, A new quantum deformation of ‘ax + b’ group. Comm.
Math. Phys. 259 (2005), 325-362. 227, 228

W.Pusz and S. L. Woronowicz, On a quantum group of unitary operators. The quantum
‘az 4+ b’ group. In Twenty years of Bialowieza: a mathematical anthology, World Sci.
Monogr. Ser. Math. 8, World Scientific Publishing, Singapore 2005, 229-261. 227,
228, 242,244, 246, 247

1. Raeburn and D. P. Williams, Morita equivalence and continuous-trace C *-algebras.
Math. Surveys Monogr. 60, Amer. Math. Soc., Providence, RI, 1998. 373

J.Renault, A groupoid approach to C*-algebras. Lecture Notes in Math. 793, Springer-
Verlag, Berlin 1980. 323, 324, 348

M. A. Rieffel, Some solvable quantum groups. In Operator algebras and topology
(Craiova, 1989), Pitman Res. Notes Math. Ser. 270, Longman Sci. Tech., Harlow
1992, 146-159. 105

M. A. Rieffel, Compact quantum groups associated with toral subgroups. In Repre-
sentation theory of groups and algebras, Contemp. Math. 145, Amer. Math. Soc.,
Providence, RI, 1993, 465-491. 135

M. A. Rieffel, Non-compact quantum groups associated with abelian subgroups.
Comm. Math. Phys. 171 (1995), 181-201. 105

M. Rosso, Comparaison des groupes SU(2) quantiques de Drinfel’d et de Woronowicz.
C. R. Acad. Sci. Paris Sér. I Math. 304 (1987), 323-326. 135, 142

M. Rosso, Algebres enveloppantes quantifiées, groupes quantiques compacts de ma-
trices et calcul différentiel non commutatif. Duke Math. J. 61 (1990), 11-40. 135

M. Rowicka, Exponential equations related to the quantum ‘ax + b’ group. Comm.
Math. Phys. 244 (2004), 419-453. 227

W. Rudin, Functional analysis. 2nd ed., McGraw-Hill, New York 1991. 197

S. Sakai, C *-algebras and W *-algebras. Ergeb. Math. Grenzgeb. 60, Springer-Ver-
lag, Berlin 1971. 293, 310, 369, 375

J.-L. Sauvageot, Sur le produit tensoriel relatif d’espaces de Hilbert. J. Operator
Theory 9 (1983), 237-252. 291

J.-L. Sauvageot, Produits tensoriels de Z-modules et applications. In Operator alge-
bras and their connections with topology and ergodic theory (Busteni, 1983), Lecture
Notes in Math. 1132, Springer-Verlag, Berlin 1985, 468-485. 307



[140]

[141]

[142]

[143]

[144]

[145]
[146]

[147]

[148]

[149]

[150]

[151]

[152]

[153]

[154]

[155]

[156]

Bibliography 393

S. Shnider and S. Sternberg, Quantum groups: From coalgebras to Drinfeld algebras.
International Press, Cambridge, MA, 1993. xvi, 3, 11, 135

P. M. Softan, New quantum “az + b” groups. Rev. Math. Phys. 17 (2005), 313-364.
227,228,242, 244, 245, 246, 247

P. M. Sottan and S. L. Woronowicz, A remark on manageable multiplicative unitaries.
Lett. Math. Phys. 57 (2001), 239-252. 189, 197, 199, 246

T. A. Springer, Linear algebraic groups. 2nd ed., Progr. Math. 9, Birkhduser, Boston
1998. 9

S. Stratila, Modular theory in operator algebras. Editura Academiei, Bucharest; Aba-
cus Press, Tunbridge Wells, Kent, 1981. 207, 290

M. E. Sweedler, Hopf algebras. W. A. Benjamin, New York 1969. 3,9, 47, 49, 52, 66

W. Szymaniski, Finite index subfactors and Hopf algebra crossed products. Proc. Amer:
Math. Soc. 120 (1994), 519-528. 289

M. Takesaki, Tomita’s theory of modular Hilbert algebras and its applications. Lecture
Notes in Math. 128, Springer-Verlag, Berlin 1970. 207, 215

M. Takesaki, Duality and von Neumann algebras. In Lectures on operator algebras,
Tulane Univ. Ring and Operator Theory Year, 1970-1971, Vol. II, Lecture Notes in
Math. 247, Springer, Berlin 1972, 665-786. 206

M. Takesaki, Theory of operator algebras I. Encyclopaedia Math. Sci. 124, Springer-
Verlag, Berlin 2002. 293, 294, 304, 310, 369, 372, 375, 377

M. Takesaki, Theory of operator algebras II. Encyclopaedia Math. Sci. 125, Springer-
Verlag, Berlin 2003. 3, 207, 210, 211, 214, 215, 256, 290, 291, 293, 296, 298, 299,
306, 375

T. Tannaka, Sétai genri (Japanese) [ The principle of duality]. Iwanami Shoten, Tokyo
1951. 4

T. Timmermann, Pseudo-multiplicative unitaries and pseudo-Kac systems on C*-
modules. PhD thesis, Universitit Miinster, Miinster 2005. Available at http://www.
math.uni-muenster.de/sfb/about/publ/heft394.ps 328, 348, 364, 365, 366, 367, 368

T. Timmermann, Pseudo-multiplicative unitaries on C*-modules and Hopf C*-fami-
lies I. J. Noncommut. Geom. 1 (2007), 497-542. 328, 345, 355, 359, 360, 361

T. Timmermann, C *-pseudo-multiplicative unitaries. SFB 478 - Geometrische Struk-
turen in der Mathematik, Miinster, Technical Report No. 481, September 2007. Avail-
able at www.arxiv.org/abs/0709.2995. 328, 329, 342

T. Timmermann, C *-pseudo-Kac systems and duality for coactions of concrete Hopf
C *-bimodules. SFB 478 - Geometrische Strukturen in der Mathematik, Miinster,
Technical Report No. 484, October 2007. Available at www.arxiv.org/abs/0709.4617.
328, 342

T. Timmermann, Finite-dimensional Hopf-C *-bimodules and C *-pseudo-multipli-
cative unitaries. SFB 478 - Geometrische Strukturen in der Mathematik, Miinster,
November 2007. Available at www.arxiv.org/abs/0711.1420. 328, 342



394

[157]

[158]

[159]

[160]

[161]

[162]

[163]

[164]

[165]

[166]

[167]

[168]

[169]

[170]

[171]

[172]

Bibliography

S. Vaes, Examples of locally compact quantum groups through the bicrossed prod-
uct construction. In XI1Ith International congress on mathematical physics (London,
2000), International Press, Boston 2001, 341-348. 227

S. Vaes, Locally compact quantum groups. PhD thesis, Katholieke Universiteit Leu-
ven, Leuven 2001. Available at http://wis.kuleuven.be/analyse/stefaan/PhD.html 97,
203, 206, 210, 211, 214, 215, 217, 218, 219, 220, 222, 223, 224, 225, 226, 227, 272,
273

S. Vaes, The unitary implementation of a locally compact quantum group action.
J. Funct. Anal. 180 (2001), 426-480. 252

S. Vaes, A new approach to induction and imprimitivity results. J. Funct. Anal. 229
(2005), 317-374. 252

S. Vaes, Strictly outer actions of groups and quantum groups. J. Reine Angew. Math.
578 (2005), 147-184. 252

S. Vaes and L. Vainerman, Extensions of locally compact quantum groups and the
bicrossed product construction. Adv. Math. 175 (2003), 1-101. 227

S. Vaes and L. Vainerman, On low-dimensional locally compact quantum groups.
In Locally compact quantum groups and groupoids (Strasbourg, 2002), IRMA Lect.
Math. Theor. Phys. 2, Walter de Gruyter, Berlin 2003, 127-187. 252

S. Vaes and A. Van Daele, Hopf C*-algebras. Proc. London Math. Soc. (3) 82 (2001),
337-384. 106

L. Vainerman, 2-cocycles and twisting of Kac algebras. Comm. Math. Phys. 191
(1998), 697-721. 105

L. Vainerman, The bicrossed product construction for locally compact quantum
groups. Bull. Kerala Math. Assoc. 2005, Special issue, 99-136. 227

L. Vainerman and G. I. Kac, Nonunimodular ring groups and Hopf-von Neumann
algebras. Dokl. Akad. Nauk SSSR 211 (1973), 1031-1034; English transl. Soviet.
Math. Dokl. 14 (1973), 1144-1148. xvii, 105

L. Vainerman and G. 1. Kac, Nonunimodular ring groups and Hopf-von Neumann
algebras. Mat. Sb. (N.S.) 94 (1974), 194-225; English transl. Math. USSR Sb. 23
(1974), 185-214. xvii, 105

L.L. Vaksman andY. S. Soibelman, Algebra of functions on the quantum group SU(2).
Funktsional. Anal. i Prilozhen. 22 (1988), 1-14; English transl. Funct. Anal. Appl. 22
(1988), 170-181. 135, 142

J.-M. Vallin, C*-algebres de Hopf et C*-algebres de Kac. Proc. London Math. Soc.
(3) 50 (1985), 131-174. xvii, 105

J.-M. Vallin, Bimodules de Hopf et poids opératoriels de Haar. J. Operator Theory 35
(1996), 39-65. 289, 290, 307, 313, 323

J.-M. Vallin, Unitaire pseudo-multiplicatif associ€ a un groupoide. Applications a la
moyennabilité. J. Operator Theory 44 (2000), 347-368. 289, 290, 314, 323



[173]

[174]

[175]

[176]
[177]

[178]

[179]

[180]

[181]

[182]

[183]

[184]

[185]

[186]

[187]

[188]

[189]

[190]

Bibliography 395

A. Van Daele, Quantum deformation of the Heisenberg group. In Current topics in op-
erator algebras (Nara, 1990), World Scientific Publishing, Singapore 1991, 314-325.
105

A.Van Daele, Multiplier Hopf algebras. Trans. Amer. Math. Soc. 342 (1994),917-932.
xvi, 22, 24, 40, 46

A. Van Daele, The Haar measure on a compact quantum group. Proc. Amer. Math.
Soc. 123 (1995), 3125-3128. 109

A. Van Daele, Discrete quantum groups, J. Algebra 180 (1996), 431-444. 91, 93

A. Van Daele, An algebraic framework for group duality. Adv. Math. 140 (1998),
323-366. xvi, 40, 46, 47, 50, 52, 55, 57, 58, 60, 62, 91

A. Van Daele, The Haar measure on some locally compact quantum groups. Technical
report, Katholieke Universiteit Leuven, Leuven 2001. Available at http://arxiv.org/
abs/math/0109004 227, 242, 244, 246, 247

A. Van Daele and S. Wang, Universal quantum groups. Internat. J. Math. 7 (1996),
255-263. 135, 159

A. Van Daele and S. L. Woronowicz, Duality for the quantum E(2) group. Pacific
J. Math. 173 (1996), 375-385. 227, 233, 238, 239

V. S. Varadarajan, Lie groups, Lie algebras, and their representations. Grad. Texts in
Math. 102, Springer-Verlag, New York 1984. 11, 33

R. Vergnioux, KK-théorie équivariante et opérateur de Julg-Valette pour les
groupes quantiques. PhD thesis, Universite Paris VII, Paris 2002. Available at
http://www.institut.math.jussieu.fr/theses/2002/vergnioux/ 252, 267

N. Ja. Vilenkin and A. U. Klimyk, Representation of Lie groups and special functions.
Volume 3: Classical and quantum groups and special functions, Math. Appl. 75 (Soviet
Series), Kluwer Academic Publishers, Dordrecht 1992. 142

D. V. Voiculescu, K. J. Dykema, and A. Nica, Free random variables. CRM Monogr.
Ser. 1, Amer. Math. Soc., Providence, RI, 1992. 155

S. Wang, General constructions of compact quantum groups. PhD thesis, University
of California, Berkeley 1993. 135, 154, 159

S. Wang, Free products of compact quantum groups. Comm. Math. Phys. 167 (1995),
671-692. 135, 154, 159

S. Wang, Tensor products and crossed products of compact quantum groups. Proc.
London Math. Soc. (3) 71 (1995), 695-720. 135, 154

S. Wang, Deformations of compact quantum groups via Rieffel’s quantization. Comm.
Math. Phys. 178 (1996), 747-764. 135

S. Wang, Quantum symmetry groups of finite spaces. Comm. Math. Phys. 195 (1998),
195-211. 135, 141

A. Weil, L’intégration dans les groupes topologiques et ses applications. Hermann,
Paris 1940. 3, 225



396

[191]

[192]

[193]

[194]

[195]

[196]

[197]

[198]

[199]

[200]

[201]

[202]

[203]

[204]

[205]

[206]

[207]

[208]

Bibliography

D. P. Williams, Crossed products of C *-algebras. Math. Surveys Monogr. 134, Amer.
Math. Soc., Providence, RI, 2007. 252, 254, 255

S. L. Woronowicz. On the purification of factor states. Comm. Math. Phys. 28 (1972),
221-235. 89

S. L. Woronowicz, Compact matrix pseudogroups. Comm. Math. Phys. 111 (1987),
613-665. xvii, 66, 97, 105, 107, 109, 136

S. L. Woronowicz, Twisted SU(2) group. An example of a noncommutative differential
calculus. Publ. Res. Inst. Math. Sci. 23 (1987), 117-181. 105, 135, 142, 145, 149,
150, 152

S. L. Woronowicz, Tannaka-Krein duality for compact matrix pseudogroups. Twisted
SU(N) groups. Invent. Math. 93 (1988), 35-76. 120, 139, 162

S. L. Woronowicz, Quantum E(2) group and its Pontryagin dual. Lett. Math. Phys.
23 (1991), 251-263. 227, 233, 238, 239, 241

S. L. Woronowicz, Unbounded elements affiliated with C *-algebras and noncompact
quantum groups. Comm. Math. Phys. 136 (1991), 399-432. 227, 228, 229, 230, 231,
233,235

S. L. Woronowicz, Operator equalities related to the quantum E(2) group. Comm.
Math. Phys. 144 (1992), 417-428. 227, 239, 241, 242

S. L. Woronowicz. Quantum SU(2) and E(2) groups. Contraction procedure. Comm.
Math. Phys. 149 (1992), 637-652. 233

S. L. Woronowicz, C *-algebras generated by unbounded elements. Rev. Math. Phys.
7 (1995), 481-521. 231, 232

S. L. Woronowicz, From multiplicative unitaries to quantum groups. Internat. J. Math.
7 (1996), 127-149. 105, 167, 189, 197, 199

S. L. Woronowicz, Compact quantum groups. In Symétries quantiques (Les Houches,
1995), North-Holland, Amsterdam 1998, 845-884. xvii, 66, 97, 105, 107, 109

S. L. Woronowicz, Quantum exponential function. Rev. Math. Phys. 12 (2000),
873-920. 227

S. L. Woronowicz, Quantum “az + b” group on complex plane. Internat. J. Math. 12
(2001), 461-503. 227, 228, 242, 244, 245, 246, 247

S. L. Woronowicz, Haar weights on some quantum groups. In Group 24: Physical and
mathematical aspects of symmetries, Proceedings of the 24th international colloquium
on group theoretical methods in physics, Paris, 15-20 July 2002, Conference Series
173, Institute of Physics Publishing, Bristol 2002, 763-772. 166, 203, 227, 228, 242,
244,247

S. L. Woronowicz and K. Napiérkowski, Operator theory in the C *-algebra frame-
work. Rep. Math. Phys. 31 (1992), 353-371. 231

S. L. Woronowicz and S. Zakrzewski, Quantum ‘ax + b’ group. Rev. Math. Phys. 14
(2002), 797-828. 227, 228

T. Yamanouchi, Bicrossproduct Kac algebras, bicrossproduct groups and von Neu-
mann algebras of Takesaki’s type. Math. Scand. 71 (1992), 252-260. 105



Symbol Index

(€]
1§)

(A, A)cop
[X]

A%

ag)
Ay
(A(w)(V)’ A)

Ady
(Aw) (V). A)

C
CeD

C x, A(V), C x, A(V)
C Xo,r G

€(8)

€(X)

C}(G)
C*(G)

D(H.y)
D(K.v)

A

51 5382, ui EE|u2, X] EEXZ

81 &82, 75} |Zu2, X] |ZX2

A®
Ay, Ay

bra-operator associated to an element &, xvi
ket-operator associated to an element &, xvi
coopposite of a coalgebra, bialgebra,
C*-bialgebra (4, A), 13, 16, 43, 98

closed linear span of a set X, xvi

opposite of an algebra A, 16, 98

Sweedler notation, 13, 43, 67

predual of a von Neumann algebra A, 377
right leg of a (pseudo)multiplicative unitary V,
175-176, 321

conjugation by the unitary U, 370

left leg of a (pseudo)multiplicative unitary V,
175-176, 321

the set of complex numbers, xv

internal tensor product of C*-families, 353
reduced crossed product of a coaction, 274, 279
reduced crossed product of an action, 254

space of matrix elements of a corepresentation 4,
67

space of matrix elements of a corepresentation
operator X, 74, 115

reduced group C*-algebra of a group G, 102
full group C*-algebra of a group G, 100

¥-bounded elements of a right Hilbert module H,
296

¥-bounded elements of a left Hilbert module K,
296

comultiplication, 5, 12, 42, 44, 98

direct sum of corepresentation
(operators/matrices), 7576, 120

tensor product of corepresentation
(operators/matrices), 77-78, 120-121

iterates of the comultiplication A, 14, 44
comultiplications on the legs of a (pseudo)multi-
plicative unitary V', 172, 317, 362



398

Dom(¢)

EoF,ExoF

EQuF,EoF,Ec F

€
€

g!
n

|H), (H|

H®K
v

Hy

H(E)

id
ido f, f oid
id®¢, ¢ ®id
id ®¢. ¢ ® id
Im(¢)

k
Ka(E, F)
K(G)

K (Hy, Hz)

kG

LA(E, F)
Ly (n)

L(E, F)

L(G)
L(Hy, Hy)

Symbol Index

domain of definition of a map ¢, xv

flipped internal tensor product of C*-modules,
329

internal tensor product of C*-modules, 330, 375
counit, 5, 12, 45

counits on the legs of a multiplicative unitary, 184
unit map of an algebra, 5

convolution product, 16-18, 99

unit space of a groupoid, 323
Pontrjagin dual of a locally compact
abelian group G, 3

spaces of ket-bra operators, 192
relative tensor product of Hilbert modules, 301

GNS-space for the weight ¢, 215
family of all homogeneous elements of a right
C *-bimodule, 342

identity map, xv

algebraic slice map, 377

C *-algebraic slice map, 378

von Neumann-algebraic slice map, 380
image of a map ¢, xv

some field, xv

set of compact operators on C *-modules, 374
algebra of all k-valued functions on a group G, 6
set of compact linear operators on Hilbert spaces,
Xvi

group algebra of a group G, 9

set of adjointable operators on C*-modules, 374
left multiplication by the {-bounded element 7,
296

family of homogeneous operators on right
C*-bimodules, 339

von Neumann algebra of a group G, 104

set of bounded linear operators on Hilbert spaces, xv



PAut(A)

R
Rep(G)

S

S, s
span X
span X

-
TnA

Symbol Index

GNS-map for the weight ¢, 215
fixed GNS-map for the opposite weight y°P, 292

multiplication map of an algebra, 5
multiplier algebra of an algebra A4, 41
multiplier C *-family of a C *-family €, 341
fiber product of von Neumann modules, 308

space of ¢-integrable elements, 204

the set of natural numbers, xv
tensor product of von Neumann algebras, 377
space of ¢-square-integrable elements, 204

coordinate algebra of a matrix group or affine algebraic group G,
8,9
algebraic tensor product, 111

inverse semigroup of partial automorphisms of A, 337

the set of real numbers, xv
algebra of representative functions on a group G, 7

antipode, 5, 45, 219

antipodes on the legs of a multiplicative unitary, 185, 199
linear span of the set X, xvi

closed linear span of a set X, xvi

the set of complex numbers of modulus 1, xv
affiliated element of a C *-algebra A, 229

canonical generator of a group algebra, or multiplier of a group
C*-algebra, 10, 101

Sweedler notation, 67
leg notation, 169

auxiliary unitaries of a balanced multiplicative unitary V', 264

the set of integers, xv

399






Index

x-algebra, *-coalgebra, *x-bialgebra,
*-Hopf algebra, 26
*-homomorphism, 26, 369
covariant, 253, 257
*-linear map, 26

(A, A)-C*-algebra, 257
action, 259
dual, 255, 281
strongly continuous, 253
affiliated element of a C *-algebra, 229
algebraic quantum group, 52
compact, 65, 86, 128-134
discrete, 91
dual, 63-64
analytic extension, 208
antipode
of a C*-bialgebra, 99
of a Hopf *x-algebra, 27
of a Hopf algebra, 5, 17-22
of a multiplier Hopf algebra, 46
of a reduced C *-algebraic
quantum group, 219, 220
on the legs of a multiplicative
unitary, 184—187, 199-200
approximate unit, 369

Baaj—Skandalis duality, 252, 286
balanced multiplicative unitary, 196,
264,267, 282
Banach algebra, 369
bialgebra, 15
coopposite, 16
counital, 15
direct sum, 16
dual, 28
opposite, 16

tensor product, 16
unital, 15
bounded element of a Hilbert module,
296

C*-(semi)norm, 369
C *-algebra, 369
C *-algebraic compact quantum group,
107, 127
amenable, 134
reduced, 110, 132-134, 211
universal, 130-134
C *-algebraic quantum group
compact, see C *-algebraic com-
pact quantum group
full/universal, 104, 203
reduced, see reduced
C *-algebraic quantum
group
C*-bialgebra, 98
coopposite, 98
direct sum, 98
of functions on a group, 100, 101,
211
opposite, 98
tensor product, 98
C*-family, 341
non-degenerate, 341
C*-module, 373
full, 373
character of a corepresentation, 88
closed map, 213
CMQG, see compact matrix quantum
group
coaction, 256
dual, 278, 280, 286
left, 257



402 Index

regular, 257
right, 256
trivial, 257
coalgebra, 12
cocommutative, 13
coopposite, 13
counital, 12
direct sum, 13
dual algebra, 28
tensor product, 13
cocommutative coalgebra, 13
compact matrix quantum group, 136
compact quantum group, Xvii
C *-algebraic, see C*-algebraic
compact quantum group
algebraic, see algebraic quantum
group, compact
compact matrix quantum group,
136
free product, 155
tensor product, 158
comultiplication
of a Hopf C *-family, 358
of a C*-bialgebra, 98
of a bialgebra, 15
of a coalgebra, 12
of a Hopf algebra, 5
of a von Neumann bialgebra, 98
on the legs of a (pseudo-)multi-
plicative unitary, 172, 317,
362
Connes’ fusion, see relative tensor
product of Hilbert modules
convolution algebra, 17
convolution product, 16, 99
coproduct, see comultiplication
core, 214
corepresentation, 67, 112
character, 88
conjugate, 78, 121
direct sum, 75, 120

finite-dimensional, 114
intertwiner, 115
irreducible, 67, 115
matrix, 73, 116
matrix elements, 67, 115
operator, 74, 114
regular, 68, 119, 120
tensor product, 77, 120
unitary, 67, 112
counit
of a x-coalgebra, 27
of a C*-bialgebra, 99
of a coalgebra, 12, 13
of a Hopf algebra, 5
of a multiplier Hopf algebra, 46
on the legs of a multiplicative
unitary, 184-187
covariant
*-homomorphism, 253, 257
representation, 253
CQG, see compact quantum group
crossed product
reduced of a coaction, 274, 279,
286
reduced of an action, 254, 280

decomposable
groupoid, 348
right C*-bimodule, 342
densely defined map, 213
discrete quantum group, see algebraic
quantum group, discrete
dual
action, 255, 281
algebra of a coalgebra, 28
algebraic quantum group, 63—-64
coaction, 278, 280, 286
coalgebra of a finite-dimensional
algebra, 28
finite-dimensional bialgebra, 28
finite-dimensional Hopf algebra,
28,32



Kac system, 285

locally compact abelian group, 3

multiplier Hopf algebra, 58—64

reduced C*-algebraic quantum
group, 224, 225

restricted dual of a unital
algebra, bialgebra,
Hopf algebra, 36, 37

weak Kac system, 268

dual pairing

of Hopf algebras, 32, 38

of the legs of a multiplicative
unitary, 184

duality

Baaj—Skandalis duality, 286

of algebraic quantum groups,
62-64

of finite-dimensional bialgebras
and Hopf algebras, 28

of locally compact abelian groups,
3

of multiplier Hopf algebras,
58-64

of reduced C *-algebraic
quantum groups, 225

Pontrjagin duality, 3, 31, 225

Takesaki—Takai duality, 256

enveloping C *-algebra, 371

Fell bundle, 261

fiber product of von Neumann
modules, 308

flipped internal tensor product, 329

free orthogonal quantum group, 160

free product of compact quantum groups,

155
free unitary quantum group, 160
full C *-algebraic quantum group, 203
full C*-module, 373
functional
left-/right-invariant, 48

Index 403

G-C *-algebra, see action
GNS-construction
for a state, 371
for a weight, 215
group algebra, 9, 27, 30, 31, 38, 49
group C *-algebra
full, 100
of a discrete group, 108, 110
reduced, 102, 211, 262
of a discrete group, 108, 110
group representation, 68, 101, 115
group von Neumann algebra, 104, 206
groupoid, 323
decomposable, 348

Haar state
of a C*-algebraic compact
quantum group, 110
of an algebraic compact
quantum group, 65
Haar system
left, 323
right, 323
Haar weight, 206, 211
Hilbert module, 291
standard, 292
homogeneous
element of a right C *-bimodule,
342
operator on a right
C *-bimodule, 337
subset of a groupoid, 348
Hopf C*-family, 358
Hopf algebra, xv, 5, 23
dual, 28
of functions on a finite group, 6,
26, 30
of polynomial functions on a
matrix group, 8
of polynomial functions on an
algebraic group, 9, 38



404 Index

of representative functions of a
group, 7, 27, 33, 38, 49, 68
Hopf C*-algebra, 106
Hopf-von Neumann bimodule, 313

integral, 48
faithful, 48-50
normalized, 48, 49, 51
positive, 48, 49, 52
internal tensor product
of (C*-)families, 353
of homogeneous operators, 351
intertwiner, 115

Kac algebras, xvii, 105
Kac system, 282, 286
of acompact quantum group, 269,
285
of a group, 268, 284
dual, opposite, predual, 285
weak, see weak Kac system
ket-bra notation, xx
KMS-weight, 210, 216

left-invariant
functional on a multiplier Hopf
algebra, 48
weight on a C *-bialgebra, 210
weight on a von Neumann
bialgebra, 205
leg notation, 168, 192
legs
of adecomposable pseudo-multi-
plicative unitary, 359
of a multiplicative unitary,
172-176
of a pseudo-multiplicative
unitary, 316-322
linearly dense, xx
locally compact quantum group, 206

matrix elements, 67, 115
modular automorphism
of a multiplier Hopf algebra, 57

of an algebraic compact
quantum group, 89
modular automorphism group of
a weight, 209, 210
modular conjugation, 216
modular element
of a multiplier Hopf algebra, 55
of a reduced C *-algebraic
quantum group, 222
modular function of a group, 54
modular operator, 216
morphism
of x-algebras, *-coalgebras,
x-bialgebras,
Hopf-x-algebras, 26
of C *-bialgebras, 98
of bialgebras, 15
of coalgebras, 13
of Hilbert modules, 291
of Hopf algebras, 6, 22
of multiplier bialgebras, 43
of multiplier Hopf algebras, 45
of von Neumann modules, 307
multiplicative unitary, xvii, 169, 267
antipode on the legs, 184—187,
199-200
balanced, 196, 264, 267, 282
commutative, cocommutative,
170
counit on the legs, 184—187
dual pairing of the legs, 184
irreducible, 283
legs, 172-176
manageable, 198
modular, 198
of a C *-algebraic compact
quantum group, 171-172
of acompact quantum group, 269
of a group, 170, 179-181, 187,
190, 268



of areduced C *-algebraic
quantum group, 217, 222
of an algebraic quantum group,
170-171,181-183, 188, 190
opposite, 169
regular, 189, 195
semi-regular, 189, 194, 196
weakly regular, 189, 194
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370
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one-parameter group, 207
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quantum group
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quantum group
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group
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discrete, see algebraic quantum
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mann algebras, 206
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see reduced C *-algebraic
quantum group
quantum groupoid, 290
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dual, 224
modular element, 222
multiplicative unitary, 217, 222
scaling group, 220
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reduced crossed product
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representation, 370, 374
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scaling constant of a reduced
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state
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group, 203
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von Neumann bialgebra, 98
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von Neumann module, 307
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group, 272
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189
weight, 204
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214
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